WEAKLY COUPLED SYSTEMS OF QUASILINEAR HYPERBOLIC EQUATIONS

Roberto Natalini

Istituto per le Applicazioni del Calcolo “M. Picone” Consiglio Nazionale delle Ricerche, Viale del Policlinico 137, I–00161 Roma (Italy)

Bernard Hanouzet

Département de Mathématiques Appliquées Université de Bordeaux I, F–33405 Talence Cedex (France)

Abstract. We obtain some general comparison results for entropy solutions of weakly coupled systems of conservation laws with source. For some particular couplings, by using these comparison methods, we show the global existence of the solutions to the Cauchy problem.

1. Introduction We consider the Cauchy problem for weakly coupled first order quasilinear hyperbolic equations:

∂_tu_i + ∂_xf_i(u_i) = g_i(U), i = 1, . . . , N , (1.1) U(x, 0) = U^0(x) , (1.2)

where U = (u_1, . . . , u_N ) is the unknown function and F (U) = (f_1(u_1), . . . , f_N (u_N )), G(U) = (g_1(U), . . . , g_N (U)) are given locally Lipschitz continuous functions; U^0 is a given bounded measurable N–valued function.

1980 Mathematics Subject Classification (1985 Revision). Primary 35L60, 35L65; Secondary 35F25.

Key words and phrases. Quasilinear hyperbolic equations, conservation laws with source, weakly coupled systems, global existence, comparison methods.

Typeset by AMS-TEX

The system (1.1) is said to be weakly coupled because the differential part is in diagonal form. Then the coupling — or the source — G does not depend on the derivatives of the unknown U.

In general these systems arise as simplified or asymptotic models in many applications. For example in combustion theory the popular Majda’s model for detonation [11] was intensively studied in [20], [21] and [10] (see Section 4 b) ). Another interesting example is given by a 2 × 2 quasilinear system arising in chromatography [17], [18]; a computational study of this model was given in [16], while well–posedness was established in [22]. This system belongs to the class of quasimonotone systems considered in Section 4 a) .

The aim of this paper is to start a general theory of these weakly coupled systems. First we obtain a general local existence and continuation result: there is T = T (‖U^0‖_∞) > 0 such that there exists a unique bounded entropy solution of (1.1)–(1.2) in Σ_T = IR × (0, T ).

Actually the L^∞–norm of the local entropy solution does not need to be bounded: either the entropy solution is global or there exists T^∗ < +∞ such that, for each T < T^∗, U is defined and bounded in Σ_T and ‖U‖_L∞_{(ΣT )} → +∞ as T → T^∗_−.

The scalar case was investigated in [12], [14], [15] by using comparison methods in the framework first introduced in [8]. In particular global existence, blow–up and qualitative behaviour results were established.

In the vector case we first develop some new comparison tools, wellknown in the parabolic case (see [4] and references therein). Therefore we apply these comparison methods to some special couplings.

In particular, in Section 4, we consider a class of 2×2 quasilinear systems with quasimonotone interactions, the Majda’s model for detonation and some related couplings. Next we discuss the class of the conservative interactions. In the semilinear case these couplings were investigated in [5], [1] and [2] by using energy methods. Here we extend these results to the quasilinear case, by using only the comparison tools.

Finally let us observe that these well-posedness and comparison results can be applied in a number of situations. Some new results have been recently obtained for the Chapman–Jouguet limit of the Majda’s model [7] and for the convergence to equilibrium of conservation laws with relaxation [13].

2. Uniqueness and comparison This section is devoted to some general results concerning stability and comparison properties of entropy solutions of the Cauchy problem (1.1)–(1.2). Let Σ_T denote the strip IR × (0, T ) (T > 0), Σ = Σ_∞. First we consider the scalar problem

∂_tu + ∂_xf(u) = g , in Σ_T , (2.1) u(·, 0) = u^0 , in IR , (2.2)

where f is a locally Lipschitz continuous function and g ∈ L^∞_{loc}(Σ_T ); we consider only bounded initial data u^0. Let us recall some standard definitions [8]. Denote [r]_± =^1_2 (|r| ± r) and H^±(r) =^1_2 ( sgnr ± 1). H^+ = H is just the Heaviside function.

Definition 2.1. A function u ∈ L^∞(Σ_T ) is said to be an entropy subsolution of (2.1)–(2.2) in Σ_T , if for any φ ∈ C^∞_0 (Σ_T ), φ ≥ 0, and k ∈ IR, we have ∫∫ {[u − k]_+∂_tφ + H^+(u − k)((f(u) − f(k))∂_xφ + gφ)} dx dt ≥ 0 (2.3)

and, for any interval I,

esslim t→0+ ∫ I [u(x, t) − u^0(x)]_+ dx = 0 . (2.4)

An entropy supersolution of (2.1)–(2.2) is defined replacing in (2.3)–(2.4) [ ]_+, H^+ by [ ]_−, H^−. An entropy solution is defined as being both entropy subsolution and supersolution.

Next we consider the vectorial case (1.1)–(1.2).

Definition 2.2. A vector–valued function U ∈ L^∞(Σ_T )^N is said to be an entropy subsolution of the Cauchy problem (1.1)–(1.2) if each component u_i is an entropy subsolution of

∂_tu_i + ∂_xf_i(u_i) = g_i(U) , in Σ_T , (1.1)_i u_i(·, 0) = u^0_i , in IR . (1.2)_i

Entropy supersolutions and solutions are similarly defined.

Observe that, by definition, our solutions will be always bounded in space.

Theorem 2.1 (Uniqueness). Let U^0 ∈ L^∞(IR)^N and T > 0. There is at the most one entropy solution to the Cauchy problem (1.1)–(1.2) in Σ_T .

For any given vectors A, B ∈ IR^N , we set A ≤ B if a_i ≤ b_i, i = 1, . . . , N; if A ≤ B, the corresponding interval will be denoted by [A, B]. Fix an interval [A, B] (with non empty interior). Define L = L(A, B, F ) = max_{1≤i≤N} L_i = max_{1≤i≤N} ‖ ‖ ‖ ∂f_i ∂u ‖ ‖ ‖_{L∞ (ai,bi)} , M = M(A, B, G) = max_{1≤i,j≤N} ‖ ‖ ‖ ‖ ∂g_i ∂u_j ‖ ‖ ‖ ‖_{L∞ ([A,B])} . For each real interval I = (α, β), set τ = τ (I, L) =^{β−α}_{2L} . Theorem 2.1 follows immediately from the more precise local argument:

Proposition 2.1. Let U, V be entropy solutions of the Cauchy problem (1.1)–(1.2) in Σ_T , with U, V ∈ [A, B]. Then, for each interval (α, β) and for a.e. t ∈ (0, min(τ, T )), we have N∑ i=1 ∫_{β−tL} α+tL |u_i(x, t) − v_i(x, t)| dx ≤ e^{tMN} N∑ i=1 ∫_β α |u^0_i (x) − v^0_i (x)| dx . (2.5)

The following lemma, essentially due to Kružkov [8] (see also [12] for the sub–/supersolutions version), will be used in the proof of Proposition 2.1 and of the comparison theorem. The proof is omitted.

Lemma 2.1. Let u (v) be an entropy subsolution (supersolution) of problem (2.1)–(2.2) in Σ_T for the right–hand side g (h) and the initial data u^0 (v^0). Fix a, b ∈ IR, a < b, such that u, v ∈ [a, b] in Σ_T . Then for each interval (α, β) we have ∫_{β−tK} α+tK [u(x, t) − v(x, t)]_+ dx ≤ ∫_β α [u^0(x) − v^0(x)]_+ dx + ∫_t 0 ds ∫_{β−sK} α+sK H(u(x, s) − v(x, s))(g(x, s) − h(x, s)) dx , (2.6) where K ≥ L = L(a, b, f), 0 < t < min (τ , T ).

Proof of Proposition 2.1 . Let i ∈ {1, . . . , N}. From the assumptions, u_i, v_i are subsolutions and supersolutions of (1.1)_i–(1.2)_i for right–hand sides g_i(U(x, t)) and g_i(V (x, t)). Hence, from (2.6), we have ∫_{β−tL} α+tL |u_i(x, t) − v_i(x, t)| dx ≤ ∫_β α |u^0_i (x) − v^0_i (x)| dx + ∫_t 0 ds ∫_{β−sL} α+sL |g_i(U(x, s)) − g_i(V (x, s))| dx , since L ≥ L_i. Set μ(t) = N∑ i=1 ∫_{β−tL} α+tL |u_i(x, t) − v_i(x, t)| dx . We have_N ∑ i=1 |g_i(U) − g_i(V )| ≤ MN N∑ i=1 |u_i − v_i| . So μ(t) ≤ μ(0) + MN ∫_t 0 μ(s) ds . The conclusion follows by Gronwall’s inequality.⊓⊔

In the vectorial case, comparison properties need to introduce quasimonotone interactions.

Definition 2.3. Let Ω be an open, convex set in IR^N . A function G : Ω → IR^N is said to be quasimonotone (nondecreasing) if each component g_i of G is nondecreasing in u_j for j ≠ i.

In the particular case of autonomous systems of ordinary differential equations, U̇ = G(U), the quasimonotonicity of G is a necessary and sufficient condition for the flow to preserve the ordering in IR^N (see [19]. This quasimonotonicity condition is also known as Kamke condition). This ordering property is also well–known for reaction–diffusion flows (see for instance [4]).

Next, let us turn to the hyperbolic case.

Theorem 2.2 (Comparison). Let U (U ) be an entropy subsolution (supersolution) of (1.1)–(1.2) in Σ_T with initial data U^0 (U^0). Assume that there are A, B ∈ IR^N , A ≤ B, such that:

G is quasimonotone in [A, B] , (2.7)

U , U ∈ [A, B] a.e. in Σ_T . (2.8) If U^0 ≤ U^0 a.e. in IR, then U ≤ U a.e. in Σ_T . Set M^+ = M^+(A, B, G) = max_{i≠j} 1≤i,j≤N ‖ ‖ ‖ ‖ ∂g_i ∂u_j ‖ ‖ ‖ ‖_{L∞([A,B])} . Proposition 2.2. In the assumptions of Theorem 2.2, for each interval (α, β) and for a.e. t ∈ (0, min(τ, T )), we have: N∑ i=1 ∫_{β−tL} α+tL [u_i(x, t) − u_i(x, t)]_+ dx

≤ e^{t(M+(N−1)M +)} N∑ i=1 ∫_β α [u^0_i (x) − u^0_i (x)]_+ dx .

(2.9)

Proof . As in the proof of Proposition 2.2, we have, applying again (2.6), ∫_{β−tL} α+tL [u_i(x, t) − u_i(x, t)]_+ dx ≤ ∫_β α [u^0_i (x) − u^0_i (x)]_+ dx + ∫_t 0 ds ∫_{α−sL} α+sL H(u_i(x, s) − u_i(x, s))(g_i (U (x, s)) − g_i(U (x, s))) dx . Set μ^+(t) = N∑ i=1 ∫_{β−tL} α+tL [u_i(x, t) − u_i(x, t)]_+ dx . By using (2.7) we obtain N∑ i=1 H(u_i − u_i)(g_i(U ) − g_i(U ))

≤ (M + (N − 1)M^+) N∑ i=1 [u_i − u_i]_+ dx and then

μ^+(t) ≤ μ^+(0) + (M + (N − 1)M^+) ∫_t 0 μ^+(s) ds .⊓⊔

The estimate (2.9) show that, if U^0 ≤ U^0 a.e. in some interval, then this inequality is established in a domain of determinacy. So these uniqueness and comparison properties take in account for the hyperbolic nature of the problem, namely for the finite speed of propagation.

Monotonicity methods can be used also in some applications with non quasimonotone coupling. In particular the following result could be useful.

Proposition 2.3. Let U (U, U ) be a subsolution for G (solution for G, supersolution for G) of (1.1)–(1.2) in Σ_T with initial data U^0 (U^0, U^0). Assume that there are A, B ∈ IR^N , A ≤ B, such that: G ≤ G ≤ G in [A, B] , (2.10) G, G are quasimonotone in [A, B] , (2.11) U , U, U ∈ [A, B] in Σ_T . (2.12) If U^0 ≤ U^0 ≤ U^0, then U ≤ U ≤ U in Σ_T .

Proof . It is enough to observe that U is a supersolution for G and a subsolution for G. Then we apply Theorem 2.2.⊓⊔

Remark. Let G be a Lipschitz continuous coupling, defined in [A, B]. For G we can consider the inferior quasimonotone envelope of G in [A, B], i.e.: the supremum of the quasimonotone functions smaller than G in [A, B]. For G we can consider the superior quasimonotone envelope.

3. Local existence and continuation Concerning the existence of an entropy solution to the Cauchy problem (1.1)–(1.2), the following result holds true.

Theorem 3.1 (Local existence). For any U^0 ∈ L^∞(IR)^N , there is T > 0 (depending only on ‖U_0‖_∞) such that in Σ_T there exists a (unique) entropy solution U of (1.1)–(1.2) and U ∈ C([0, T ]; L^1_{loc}(IR)^N ).

By following the proof given in [8] for the scalar case, we approximate the problem (1.1)–(1.2) by its parabolic regularization:

∂_tU^ε + ∂_xF^ε(U^ε) = G^ε(U^ε) + ε∂^2_xU^ε , in Σ_T , (3.1) U^ε(·, 0) = U^{0ε} , in IR . (3.2)

Here F^ε, G^ε and U^{0ε} are suitable regularizations of the function F, G and U^0 (see for instance [6]).

First we establish the following L^∞–estimate.

Proposition 3.1. There are T, R > 0, which depend only on ‖U^0‖_∞, such that for every ε > 0 there exists a unique classical solution U^ε to (3.1)–(3.2) in Σ_T and ‖U^ε‖_L∞_{(ΣT )}N ≤ R . (3.3)

Proof . Let us prove (3.3). Pick R_0 > 0 such that U^0 ∈ B_{R0} = {U : |U| ≤ R_0} and fix R > √ NR_0. Let χ ∈ C^∞([0, ∞)), 0 ≤ χ ≤ 1, χ ≡ 1 in [0, 1], supp χ ⊂ [0, 2]. Let φ_R(U) = χ(R^{−1}|U|) and set G_R(U) = φ_R(U)G(U) . If K_R = max_B2R |G(U)|, we have |G_R(U)| ≤ K_R and so |(G^ε)_R(U)| ≤ K_{R+1}, for ε < 1.

Let Ũ^ε be the global solution to problem (3.1)–(3.2) with G^ε replaced by G^ε_R. By the maximum principle, we obtain |ũ^ε_i (x, t)| ≤ R_0 + tK_{R+1} , for i = 1, . . . , N. Therefore, setting T =^{R−} √ NR0 √ NK_R+1 , we have

Ũ ε ∈ B_R, for 0 ≤ t < T . Since G^ε_R ≡ G^ε for |U| ≤ R, by uniqueness, we obtain Ũ^ε ≡ U^ε in Σ_T and the conclusion follows. ⊓⊔

Proof of Theorem 3.1 . We establish a compactness framework in L^1_{loc} for the bounded sequence {U^ε} in Σ_T . Let us set W = W^{ε,h}(x, t) = U^ε(x + h, t) − U^ε(x, t) , for |h| < h_0. To obtain the L^1–estimate of the modulus of continuity of U^ε in the space variable, we notice that the function W satisfies the linear problem ∂_tW + ∂_x(BW ) = ε∂^2_xW + CW , (3.4) where B = diag (b_i), C = diag (c_i), b_i(x, t) = ∫_1 0 f^′_i (αu_i(x + h, t) + (1 − α)u_i(x, t)) dα and c_i(x, t) = ∫_1 0 ∂g_i ∂u_i (u_1, . . . , αu_i(x + h, t) + (1 − α)u_i(x, t), . . . , u_N ) dα . Let φ_i ∈ C^∞(Σ_T ), φ_i ≥ 0. Multiplying (3.4)_i by (sgn w_i)φ_i gives ∂_t(|w_i|φ_i) + ∂_x(b_i|w_i|φ_i) − ε∂^2_x(|w_i|φ_i) ≤ (∂_tφ_i + b_i∂_xφ_i + c_iφ + ε∂^2_xφ_i)|w_i| − 2ε∂_x (|w_i|∂_xφ_i) .

(3.5)

Let us choose φ_i as the solution of the following backward parabolic problem, for 0 < τ ≤ T ; { ∂_tφ_i + b_i∂_xφ_i + c_iφ_i + ε∂^2_xφ_i = 0 , in Σ_τ , φ_i(x, τ ) = ψ_i(x) , with supp ψ_i ⊆ [−a, a], ‖ψ_i‖_∞ ≤ 1.

As in [8], we have two suitable constants C_1, C_2 > 0, such that: |φ_i(x, t)| ≤ C_1 min{1, e^{− 1ε [|x|−a−C2(τ−t)]}} . Integrating (3.5) and choosing a sequence ψ_i which converges to the characteristic function of the interval [−a, a], we get ∫_a −a |u^ε_i (x + h, τ ) − u^ε_i (x, τ )| dx ≤ ∫ |u^{0ε}_i (x + h) − u^{0ε}_i (x)|φ^ε_i (x, 0) dx ≤ w^{T,a}(|h|) .

Here the modulus of continuity w^{T,a}(|h|) does not depend on ε.

The L^1–estimate of the modulus of continuity in time follows from ([8], Lemma 5, p. 233). Hence we have, for τ > 0, ∫_a −a |u^ε_i (x, t + τ ) − u^ε_i (x, t)| dx ≤ w̃^{T,a}(τ ) , with w̃^{T,a}(τ ) = C_a min_{|h|≤h0} [ |h| + w^{T,a}(|h|) +^τ_{h2} ] . The convergence of the sequence U^ε to a (unique) entropy solution follows easily, by using the usual diagonal compactness arguments in L^1_{loc}(Σ_T ) and C([0, T ]; L^1_{loc}(IR)).⊓⊔ Theorem 3.2 (Continuation). Let U be the local entropy solution of (1.1)–(1.2). Two possibilities occur: either U ∈ L^∞(Σ_T )^N for any T > 0 or there exists T^∗ < +∞ such that, for any T < T^∗, U is defined on Σ_T and lim T →T^∗_− ‖U‖_L∞_{(ΣT )}N = +∞.

In the first case the entropy solution U is said to be global, in the second case the solution blows up in finite time and T^∗ is the blow–up time. Proof . Let τ be such that for any T ∈ (0, τ ), the solution U is defined in Σ_T and L = lim_{T →τ−} ‖U‖_L∞_{(ΣT )}N < +∞ . Since U ∈ C([0, τ ); L^1_{loc}(IR)^N ), so for any t ∈ (0, τ ), ‖U(·, t)‖_L∞_{(IR)}N ≤ L. The conclusion follows from Theorems 2.1, 3.1, by using standard arguments.⊓⊔

4. Applications a) Quasimonotone couplings

Let us consider the following 2×2 systems with quasimonotone coupling: { ∂_tu_1 + ∂_xf_1(u_1) = (a_2(u_2) − a_1(u_1)) , ∂_tu_2 + ∂_xf_2(u_2) = (a_1(u_1) − a_2(u_2)),

(4.1)

where the functions a_i are smooth with a^′_i(u) > 0 for u > 0 and a_i(0) = 0 (i = 1, 2).

A first particular case is the well-known Carleman’s model, given by the semilinear system { ∂_tu_1 + ∂_xu_1 = (u^2 − u^2_1) , ∂_tu_2 − ∂_xu_2 = (u^2_1 − u^2),

(4.2)

which was studied in [9] as the simplest model for the discrete velocity gas.

Another example is given by the following quasilinear system arising in chromatography [17], [18] { ∂_tu_1 + ∂_xf(u_1) =^1_ε (u_2 − A(u_1)) , ∂_tu_2 = −^1_ε (u_2 − A(u_1)),

(4.3)

where ε > 0 and A^′ ≥ 0, A(0) = 0. This system was studied in [22], while a computational study was given in [16].

Theorem 4.1. Let U^0 ∈ L^∞(IR)^2, U^0 ≥ 0. Then the solution of the Cauchy problem (4.1)–(1.2) is global and there exists a constant C > 0, only depending on the L^∞ norm of the initial data, such that:

0 ≤ max(‖u_1‖_∞, ‖u_2‖_∞) ≤ C. (4.4)

Moreover the inequality (2.5) holds with M = 0.

Proof . Notice that the right–hand side is quasimonotone for U^0 ≥ 0. Set R_i = ‖u_i‖_∞ (i = 1, 2). Therefore Theorem 2.2 applies with U = (0, 0) and U = (x_1, x_2), where (x_1, x_2) solves the problem { ẋ_1 = (a_2(x_2) − a_1(x_1)) , ẋ_2 = (a_1(x_1) − a_2(x_2)),

and (x_1(0), x_2(0)) = (R_1, R_2). It is easy to check that U is bounded by a constant which depends only on (R_1, R_2). The inequality (2.5), with M = 0, follows from (2.6) by a direct checking.⊓⊔

Observe that inequality (2.5), with M = 0, implies a uniform estimates of the modulus of continuity in L^1 for the solutions of problems (4.2) and (4.3); in particular for (4.3) the estimate does not depend on ε > 0, as well as inequality (4.4). This establishes the compactness of the solutions in L^1 as in the proof of Theorem 3.1.

b) Majda’s model for combustion

Consider the following 2 × 2 system { ∂_tu_1 + ∂_xf_1(u_1) = αφ(u_1)u_2 , ∂_tu_2 + ∂_xf_2(u_2) = −βφ(u_1)u_2 ,

(4.5)

where α, β > 0 and φ : IR → [0, 1].

For f_2 ≡ 0, u_2 ≥ 0 and φ monotone increasing, the system (4.5) has been intensively studied as a simplified model for detonation [11]. In particular the existence and the uniqueness of entropy solutions were first established in [20] by using the Lax–Friedrichs scheme. Afterwards the convergence of the viscosity approximation was proved in [21] and [10]. We refer to [23] for a discussion about some recent related works concerning the stability of the viscous profiles and the inviscid elementary waves.

We can consider now the system (4.5) by using comparison methods. Notice that in the following proposition the monotonicity of the function φ is not assumed.

Theorem 4.2. Assume that φ : IR → [0, 1] is Lipschitz continuous. Then, for any U^0 ∈ L^∞(IR)^2, there is a unique entropy solution U to the Cauchy problem (4.5)–(1.2) and the following estimate holds:

|u_1(x, t)| ≤ ‖u^0_1‖_∞ + αt‖u^0_2‖_∞ , |u_2(x, t)| ≤ ‖u^0_2‖_∞ . (4.6)

Proof . By assumptions g_1 = αφ(u_1)u_2 is monotone in u_2, since φ ≥ 0. Also

−β|u_2| ≤ g_2(u_1, u_2) sgnu_2 ≤ 0 .

Let us set g_1 = g_1 = g_1 and g_2 = { 0 , u_2 ≥ 0 , −βu_2 , u_2 ≤ 0 , g_2 = { −βu_2 , u_2 ≥ 0 , 0 , u_2 ≤ 0 .

So g_2 ≤ g_2 ≤ g_2, and g_2, g_2 are both monotone with respect to u_1. Hence we can apply Proposition 2.3. Take X^0 = (‖u^0_1‖_∞, ‖u^0_2‖_∞) and let X = (x_1, x_2) be the solution of the problem Ẋ = G(X) , X(0) = X^0 .

Then, for any t ≥ 0 x^0_1 ≤ x_1(t) ≤ x^0_1 + αtx^0_2 , x_2(t) = x^0_2 and U ≤ X . In the same way let X = (x_1, x_2) be the solution of Ẋ = G(X) , X(0) = −X^0 .

Then, for any t ≥ 0 −x^0_1 ≥ x_1(t) ≥ −(x^0_1 + αtx^0_2) , x_2(t) = −x^0_2 and U ≥ X.⊓⊔ We notice also that no assumptions were made about the convexity of the fluxes or the sign of the state variables. We can also consider other cases in which φ is not bounded. For instance, it is easy to see that if

G = (u_1u_2, −u_1u_2)

and if U_0 is a bounded nonnegative data, we have a global entropy solution U and the following estimates hold: 0 ≤ u_1(x, t) ≤ e^{t‖u02‖∞} ‖u^0_1‖_∞ , 0 ≤ u_2(x, t) ≤ ‖u^0_2‖_∞ .

In fact the following general statement holds true.

Theorem 4.3. Consider the problem (1.1)–(1.2) with N = 2. Let us assume there exist some constants c_1, c_2 > 0 and some continuous functions α_1, α_2 : IR → (0, ∞) such that:

g_1(U)u_1 ≤ α_1(u_2)u^2_1 + α_2(u_2) , g_2(U)u_2 ≤ c_1u^2 + c_2 ,

(4.7)

for any U = (u_1, u_2) ∈ IR^2. Hence the solution of (1.1)–(1.2) is global for any bounded initial data and we have |u_2(x, t)| ≤ e^{c1t} ( ‖u^0_2‖^2_∞ + c_2 c_1 )_{1/2} = M_2(t) , |u_1(x, t)| ≤ e^{α1(t)t} ( ‖u^0_1‖^2_∞ + α_2(t) α_1(t) )_{1/2} = M_1(t)

(4.8)

where α_1(t) = max_{|ξ|≤M2(t)} α_1(ξ) and α_2(t) = max_{|ξ|≤M2(t)} α_2(ξ).

Proof . Let T > 0 be fixed. Set

b_2 = −a_2 = e^{c1T} ( ‖u^0_2‖^2_∞ + c_2 c_1 )_{1/2} = M_2(T ) and b_1 = −a_1 = e^{α1(T )T} ( ‖u^0_1‖^2_∞ + α_2(T ) α_1(T ) )_{1/2} = M_1(T ) .

Let G (G) be the superior (inferior) quasimonotone envelope of G in the interval [A, B]. Then, the functions g_1, g_2 (g_1, g_2) verify (4.7) in [A, B] with α_i = α_i(T ) =const.. In fact we have the following property, for example, for g_1: for any U = (u_1, u_2) ∈ [A, B], there exists u^∗_2 such that U^∗ = (u_1, u^∗_2) ∈ [A, B] and g_1(U) = g_1(U^∗).

For X^0 = (‖u^0_1‖_∞, ‖u^0_2‖_∞), let X be the solution of the problem

Ẋ = G(X) , X(0) = X^0 . (4.9)

By multiplying (4.9) by X, we obtain d dt x^2_i = 2g_i(X)x_i , i = 1, 2 , which gives, for all t ∈ (0, T ), |x_i(t)| ≤ M_i(t) , i = 1, 2 . Moreover, by Proposition 2.3, U(x, t) ≤ X(t) , for a.e. (x, t) ∈ Σ_T . In the same way, let X be the solution of Ẋ = G(X) , X(0) = −X^0 , then, for all t ∈ (0, T ), |x_i(t)| ≤ M_i(t) , i = 1, 2 , and X(t) ≤ U(x, t) , for a.e. (x, t) ∈ Σ_T .⊓⊔ c) Nonlinear optics

Next we consider the following 2 × 2 system with quadratic coupling { ∂_tu_1 + ∂_xf_1(u_1) = u^2 , ∂_tu_2 + ∂_xf_2(u_2) = −u_1u_2 .

(4.10) In the semilinear case this system arises in nonlinear optics [3]. It was considered in [5] as a kind of (quadratic) conservative interaction. A quadratic interaction is said to be conservative if there is λ > 0 such that, for any U ∈ IR^2, u_1g_1(U) + λu_2g_2(U) = 0 . (4.11) In the conservative semilinear case, the global existence of the solution is obtained by using energy methods and the method of characteristics. In fact it is possible to show the global existence for all bounded initial data if and only if G(U) = (β_2u_2(c_1u_1 + c_2u_2) , −β_1u_1(a_1u_1 + a_2u_2)) , for β_1, β_2 ≥ 0 (see [5], [1] and [2] for more details and references). In the quasilinear case it seems hard to apply the same methods. Nevertheless we can obtain some results by using comparison arguments.

Theorem 4.4. For any U^0 ∈ L^∞(IR)^2, the solution of (4.10)–(1.2) is global and we have the following estimate:

−‖u^0_1‖_∞ ≤ u_1(x, t) ≤ ‖u^0_1‖_∞ + t‖u^0_2‖_∞e^{2t‖u01‖∞} ; |u_2(x, t)| ≤ ‖u^0_2‖_∞e^{t‖u01‖∞} . (4.12)

Proof . Set m_i = ‖u^0_i ‖_∞ , i = 1, 2 .

For any fixed T > 0, consider the interval [A, B] with a_1 = −m_1 , b_1 = m_1 + T m_2e^{2T m1} ; b_2 = −a_2 = m_2e^{T m1} .

Since G = (u^2, −u_1u_2) is not quasimonotone, we consider the inferior and superior quasimonotone envelopes of G. We have for G:

g_1 = a^2 ;

g_2 = { −u_1u_2 , u_2 ≤ 0 , −a_1u_2 , u_2 ≥ 0 .

Also, for G, we have:

g_1 = { 0 , u_2 ≤ 0 , u^2 , u_2 ≥ 0 ;

g_2 = { −u_1u_2 , u_2 ≤ 0 , −b_1u_2 , u_2 ≥ 0 .

First we consider the system of ordinary differential equations Ẋ = G(X) , X(0) = M = (m_1, m_2) .

The solution is given, for t ∈ [0, T ], by:

x_1(t) = m_1 + tb^2 , x_2(t) = m_2e^{m1t}

we observe that for t ∈ [0, T ], X(t) ∈ [A, B]. In the same way, consider the system Ẋ = G(X) , X(0) = −M .

Now the solution is given by x_1(t) = −m_1 , x_2(t) = −m_2e^{m1t} .

Finally, by using Proposition 2.3, we have for a.e. (x, t) ∈ Σ_T : X(t) ≤ U(x, t) ≤ X(t) and the conclusion follows.⊓⊔

To consider the general conservative (quadratic) interactions, which verify (4.11), let us notice that by simple transformations we can reduce our study to the case G(U) = (u_2(u_2 − u_1), μu_1(u_1 − u_2)) , μ > 0 . (4.13) We have the following partial result.

Theorem 4.5. Consider the problem (1.1)–(1.2) for N = 2 and G given by (4.13) with μ = 1. Let U^0 ∈ L^∞(IR)^2, with u^0_2 ≥ 0 a.e. in IR. Then the solution is global and we have: −R ≤ u_1(x, t) ≤ R + 4tR^2e^{2tR} , 0 ≤ u_2(x, t) ≤ 2Re^{Rt} , (4.14)

where R = max(‖u^0_1‖_∞, ‖u^0_2‖_∞).

Proof . For any fixed T > 0, consider the interval [A, B] with a_1 = −R , b_1 = R + 4T R^2e^{2T R} ; a_2 = 0 , b_2 = 2Re^{RT} .

Since the coupling G is no longer quasimonotone in this interval, we take its quasimonotone envelopes.

For G, we have: g_1 = { 0 , u_2 ≤ u_1 , u_2(u_2 − u_1) , u_2 ≥ u_1 ;

g_2 = { R(u_2 + R) , u_1 ≤ u_2 + R , u_1(u_1 − u_2) , u_1 ≥ u_2 + R .

In the same way we have:

g_1 = { −^{u21}_4 , u_2 ≤^{u1}_2 , u_2(u_2 − u_1) , u_2 ≥^{u1}_2 ;

g_2 = { −^{u2}_4 , u_1 ≤^{u2}_2 , u_1(u_1 − u_2) , u_1 ≥^{u2}_2 .

First we consider the system of ordinary differential equations Ẋ = G(X) , X(0) = (R, R) . Setting Q(t) = ∫_t 0 x_2(s) ds, it is easily seen that we have

x_1(t) = Re^{−Q(t)} + ∫_t 0 e^{(Q(s)−Q(t))}x^2(s) ds , x_2(t) = R(2e^{Rt} − 1) .

Observe that for t ∈ [0, T ], X(t) ∈ [A, B]. Next, we have that X(t) = (−R, 0) is a stationary solution of the problem Ẋ = G(X) , X(0) = (−R, 0) .

Therefore, again from the Proposition 2.3, we have the following inequalities in Σ_T : X(t) ≤ U(x, t) ≤ X(t) and the estimate (4.12) follows easily.⊓⊔

An analogous statement could be made for U_0 ∈ L^∞(IR)^2, with u^0_1 ≥ 0 a.e. in IR.

References [1] D. Aregba–Driollet, B. Hanouzet, Problème de Cauchy à données petites pour des systèmes hyperboliques semi–linéaires 1–D, C.R. Acad. Sci. Paris, t. 315 Série I (1992), 1381–1383.

[2] D. Aregba–Driollet, B. Hanouzet, Cauchy problem for one–dimensional semilinear hyperbolic systems: global existence, blow up, Preprint CeReMaB, Bordeaux I (1993), to appear in J. Diff. Eq..

[3] A. Bamberger, C. Flytzanis, D. Jennevé, Etude mathématique et numérique d’un modèle de propagation d’ondes lumineuses dans un fibre optique non centrosymétrique, Ecole Polytechnique R.I. 1149 (1986).

[4] J. Bebernes, D. Eberly, Mathematical problems from combustion theory, Appl. Math. Sci. 83 New York (1982).

[5] D. Driollet, B. Hanouzet, Systèmes hyperboliques semi–linéaires conservatifs 1–D, C.R. Acad. Sci. Paris, t. 307 Série I (1988), 231–234.

[6] E. Godlewski, P.A. Raviart, Hyperbolic systems of conservation laws, Math. & Appl. 3/4 SMAI, Paris (1991).

[7] B. Hanouzet, R. Natalini and A. Tesei, in preparation. [8] S.N. Kružkov, First order quasilinear equations in several independent variables, Mat. Sb. 81 (1970), 285–255; Math. USSR Sb. 10 (1970), 217–243.

[9] I.I. Kolodner, On the Carleman’s model for the Boltzman equation and its generalizations, Ann. Mat. Pura Appl. 63 (1963), 11–32.

[10] A. Levy, On Majda’s model for dynamic combustion, Comm. Partial Differential Equations 17 (3 & 4) (1992), 657–698.

[11] A. Majda, A qualitative model for dynamic combustion, SIAM J. Appl.

Math. 41 (1981), 70–93.

[12] R. Natalini, Unbounded solutions for conservation laws with source, Nonlin. Anal. T.M.A. 21 n. 5 (1993), 349–362.

[13] R.

Natalini, Convergence to equilibrium for the relaxation approximations of conservation laws, preprint (1995).

[14] R. Natalini, C. Sinestrari e A. Tesei, Incomplete blow–up of solutions of quasilinear hyperbolic balance laws, Quaderno IAC 3/1994; to appear in Arch. Rational Mech. Anal..

[15] R. Natalini, A. Tesei, Blow–up of solutions for a class of balance laws, Comm. Partial Differential Equations 19 (3 & 4) (1994), 417–454.

[16] R.B. Pember, Numerical methods for hyperbolic conservation laws with stiff relaxation I. Spurious solutions, SIAM J.Appl.Math. 53 (1993), 1293–1330.

[17] H. K. Rhee, R. Aris and N. R. Amundsen, First–order partial differential equations: volume I, Theory and Applications of Quasi Linear Equations, Prentice Hall International series, 1986.

[18] H. K. Rhee, R. Aris and N. R. Amundsen, First–order partial differential equations: volume II, Theory and Applications of Quasi Linear Equations, Prentice Hall International series, 1989.

[19] H.L. Smith, Systems of ordinary differential equations which generate an order preserving flow. A survey of results, SIAM Review 30 n. 1 (1988), 87–113.

[20] Z. Teng, L. Ying, Riemann problem for a reacting and convection hyperbolic system, Approx. Theory Appl. 1 (1984), 95–122.

[21] Z. Teng, L. Ying, Existence, uniqueness and convergence as vanishing viscosity for a reaction–diffusion–convection system, Acta Math. Sinica (N.S.) 5 (1989), 114–135.

[22] A. Tveito, R. Winther, On the rate of convergence to equilibrium for a system of conservation laws including a relaxation term, preprint (1994).

[23] T. Zhang, The Riemann problem for combustion, Contemporary Math.

100 (1989), 111–124.