Kinetic invariant domains and relaxation limit from a BGK model to isentropic gas dynamics

F. Berthelin^1 and F. Bouchut^2

1 Université d’Orléans et CNRS, UMR 6628 Département de Mathématiques BP 6759 45067 Orléans cedex 2, France e-mail: florent.berthelin@labomath.univ-orleans.fr

2 Département de Mathématiques et Applications Ecole Normale Supérieure et CNRS, UMR 8553 45, rue d’Ulm 75230 Paris cedex 05, France e-mail: Francois.Bouchut@ens.fr

Abstract We obtain rigorously the correspondence between kinetic and macroscopic invariant domains for a vector kinetic BGK system considered in a previous paper of the authors. We establish the convergence, as the relaxation parameter tends to 0, to weak entropy solutions of isentropic gas dynamics equations.

Key-words: isentropic gas dynamics – kinetic BGK model – kinetic entropy – kinetic invariant domain – relaxation limit

Mathematics Subject Classification: 35L65, 76N15, 35B35, 82C40

Work partially supported by European TMR network projects Hyperbolic Conservation Laws contract # ERBFMRXCT960033 Kinetic theory contract # ERBFMRXCT970157

Contents

1 Introduction and main results 2

2 Notations 6

3 Preliminary Convexity results 7

4 The Key convexity inequality 12

5 Maximum principle 15

6 Relaxation limit 15

1 Introduction and main results

In this paper we consider the vector kinetic BGK model already studied in [3], which leads in the relaxation limit to the one-dimensional system of isentropic gas dynamics { ∂_tρ + ∂_x(ρu) = 0, ∂_t(ρu) + ∂_x(ρu^2 + κρ^γ ) = 0,

(1.1)

with ρ(t, x) ≥ 0, u(t, x) ∈ R and κ > 0, 1 < γ < 3. The aim of this paper is to obtain rigorously the correspondence between kinetic invariant domains of the BGK model and the macroscopic ones of (1.1), to establish a maximum principle and to prove the convergence as the relaxation parameter tends to 0. The kinetic model has been introduced in [4], and can be written as ∂_tf + ξ∂_xf = M[f] − f ε in ]0, ∞[×R × R, (1.2)

where f = f(t, x, ξ) ∈ R^2 , t > 0, x ∈ R, ξ ∈ R, f(t, x, ξ) ∈ D, (1.3) D = {(f_0, f_1) ∈ R^2 , f_0 > 0 or f_1 = f_0 = 0}, (1.4) M[f](t, x, ξ) = M (ρ(t, x), u(t, x), ξ) , (1.5) ρ(t, x) = ∫ R f_0(t, x, ξ) dξ, ρ(t, x)u(t, x) = ∫ R f_1(t, x, ξ) dξ, (1.6) and M(ρ, u, ξ) = ( χ(ρ, ξ − u), ((1 − θ)u + θξ)χ(ρ, ξ − u) ) , (1.7) χ(ρ, ξ) = c_{γ,κ} ( 4γκ (γ − 1)^2 ρ^{γ−1} − ξ^2 )λ + , (1.8)

θ = γ − 1 2 , λ = 1 γ − 1 − 1 2 , c_{γ,κ} = 1 J_λ ( 4γκ (γ − 1)^2 )−1/(γ−1) , (1.9)

J_λ = ∫ 1 −1 (1 − z^2)^λ dz = √ πΓ(λ + 1)/Γ(λ + 3/2). (1.10)

The kinetic equilibrium χ in (1.8) has been introduced in [8] as a generating function for entropies, and has also been used in the stability analysis of [9]. This function is also involved in [10] for the so called kinetic formulation, which is slightly different from the BGK equation considered here. The aim of the present paper is to extend to the above case of isentropic gas dynamics the results obtained for scalar equations in [12]. We refer also to [6], [16], [17], [15], [13] for related works.

We consider the system (1.2) with initial data

f(0, x, ξ) = f^0(x, ξ) (1.11) satisfying energy bounds. We recall that the energy for (1.1) is given by η(ρ, u) = ρu^2/2 + κ γ − 1 ρ^γ, (1.12)

and is a mathematical entropy for (1.1). The corresponding kinetic entropy for (1.2) is given, for f = (f_0, f_1) ∈ D, by H(f, ξ) = θ 1 − θ ξ^2 2 f_0 + θ 2c^{1/λ}γ,κ f^{1+1/λ} 0 1 + 1/λ + 1 1 − θ 1 2 f^2_1 f_0 − θ 1 − θ ξf_1, (1.13)

H(0, ξ) = 0. (1.14) We recall that H ≥ 0. In [3], we proved the existence of a weak solution satisfying a kinetic entropy inequality for any initial data with finite energy. Let us recall the main results of [3].

Theorem 1.1 Assume that f^0 ∈ L^1(R_x × R_ξ ) satisfies

f^0(x, ξ) ∈ D a.e. in R × R (1.15) and ∫∫ R×R H(f^0(x, ξ), ξ) dxdξ = C^0_H < ∞. (1.16) Then there exists a solution f to (1.2)-(1.11) satisfying

f ∈ C([0, ∞[, L^1(R × R)), (1.17)

f ∈ L^∞([0, ∞[, L^1(R × R)), (1.18) ∀t ≥ 0, f(t, x, ξ) ∈ D a.e. in R × R, (1.19) ∂_t( ∫ R f dξ) + ∂_x( ∫ R ξf dξ) = 0, (1.20) ∀t ≥ 0, ∫∫ R×R H(f(t, x, ξ), ξ) dxdξ ≤ C^0_H . (1.21)

Theorem 1.2 The solution f obtained in Theorem 1.1 satisfies ∫∫ R×R H(f(t, x, ξ), ξ) dxdξ T

0 = 1 ε ∫∫∫ ]0,T [×R×R

( H^′(f, ξ) − ( γκ γ − 1 ρ^{γ−1} − u^2 2 , u) ) · (M[f] − f) dtdxdξ, (1.22)

where the derivative H^′(f, ξ) of H(f, ξ) with respect to f is given by H^′(f, ξ) = ( θ 1 − θ ξ^2 2 + θ 2c^{1/λ}γ,κ f^{1/λ}_0 − 1 1 − θ 1 2 f^2_1 f^2_0 , − θ 1 − θ ξ + 1 1 − θ f_1 f_0 ) (1.23)

for f ≠ 0, and H^′(0, ξ) = (^θ_{1−θ}^{ξ2}_2 , −^θ_{1−θ} ξ) by convention. Moreover, ( H^′(f, ξ) − ( γκ γ − 1 ρ^{γ−1} − u^2 2 , u) ) · (M[f] − f) ≤ 0 a.e. (1.24)

Indeed, the definition of H^′(0, ξ) does not really matter in (1.22), since by applying the result of [5] to each component of f, we have M[f] − f = 0 a.e. t, x, ξ where f = 0. (1.25) Following [14], let us now introduce the notion of kinetic invariant domains, which is the heart of this paper.

Definition 1.3 A family D̃_ξ of subsets of R^2 is a family of kinetic invariant domains if, denoting by f the solution obtained in Theorem 1.1, f^0(x, ξ) ∈ D̃_ξ a.e. x, ξ ⇒ ∀t f(t, x, ξ) ∈ D̃_ξ a.e. x, ξ. (1.26) We have the following result.

Theorem 1.4 For any ω_{min} < ω_{max}, the system (1.2) has the property that D̃_ξ = {f ∈ D; f = 0 or ω_{min} ≤ ω_1(f, ξ) ≤ ω_2(f, ξ) ≤ ω_{max}} (1.27) is a family of convex kinetic invariant domains, where ω_1(f, ξ) = u(f, ξ) − 2 √ γκ γ − 1 ρ(f, ξ)^γ �1_2 , ω_2(f, ξ) = u(f, ξ) + 2 √ γκ γ − 1 ρ(f, ξ)^γ �1_2 , (1.28) with u(f, ξ) = f_1/f_0 − θξ 1 − θ , (1.29) and ρ(f, ξ) = ( 4γκ (γ − 1)^2 )−1/(γ−1) ( f_1/f_0 − ξ 1 − θ )2 + (f_0/c_{γ,κ})^{1/λ} 1/(γ−1) . (1.30)

Moreover, the set D̃_ξ is associated with the invariant domain of (1.1)

D̃ = {(ρ, u) ∈ R^+ × R; ρ = 0 or ω_{min} ≤ ω_1 ≤ ω_2 ≤ ω_{max}}, (1.31)

where the Riemann invariants ω_1, ω_2 are given by

ω_1 = u − 2 √ γκ γ − 1 ρ^γ �1_2 , ω_2 = u + 2 √ γκ γ − 1 ρ^γ �1_2

, (1.32)

in the sense that ∀(ρ, u) ∈ D̃, M(ρ, u, ξ) ∈ D̃_ξ a.e.ξ, (1.33) and for any f(ξ) ∈ L^1(R_ξ ) such that f(ξ) ∈ D̃_ξ a.e. ξ, (ρ, u) ∈ D̃ with (ρ, ρu) = ∫ R f(ξ) dξ. (1.34) In particular, if the initial data of Theorem 1.1 satisfies f^0(x, ξ) ∈ D̃_ξ for a.e. x, ξ, then (ρ, u) defined by (1.6) verify ∀t ≥ 0, (ρ(t, x), u(t, x)) ∈ D̃ for a.e. x. Besides f(t, x, ξ) ∈ D̃_ξ ∀t ≥ 0 and consequently f has compact support with respect to ξ, supp_ξf ⊂ [ω_{min}, ω_{max}].

According to [9], we define entropy solutions to (1.1) as solutions with finite energy, i.e. sup_t ∫ η(ρ(t, x), u(t, x)) dx < ∞, which satisfy the entropy inequalities ∂_t(η_S) + ∂_x(G_S) ≤ 0 (1.35) where η_S and G_S are suitable entropy and entropy flux for (1.1) parametrized by a convex function S with subquadratic growth that will be defined precisely in the next section. We have the following convergence result.

Theorem 1.5 Let us denote by f_ε the solution of Theorem 1.1 with the same initial data f^0(x, ξ) ∈ L^1(R × R) that satisfies f^0(x, ξ) ∈ D̃_ξ a.e. for some ω_{min} < ω_{max}, and the energy bound (1.16). Then (ρ_ε, u_ε) defined by (1.6) are uniformly bounded in L^∞, and passing if necessary to subsequences, (ρ_ε, ρ_εu_ε) converge a.e. in ]0, ∞[×R when ε → 0 to an entropy solution (ρ, ρu) to (1.1), with initial data (ρ^0, ρ^0u^0) = ∫ f^0dξ.

We have to notice that in particular, we can take as initial data

f^0(x, ξ) = M(ρ^0(x), u^0(x), ξ), (1.36)

with (ρ^0(x), u^0(x)) ∈ D̃ a.e., ∫ R ρ^0(x) dx < ∞, ∫ R η(ρ^0(x), u^0(x)) dx < ∞. (1.37)

The analysis relies on the stability results of [9] together with the use of the kinetic entropies H_S(f, ξ) introduced in [4], that are associated to the entropies η_S via the properties ∫ H_S(M(ρ, u, ξ), ξ) dξ = η_S(ρ, u), (1.38) η_S(ρ, u) ≤ ∫ H_S(f(ξ), ξ) dξ, (ρ, ρu) = ∫ f(ξ)dξ. (1.39) They verify also the important relation H^′_S(M(ρ, u, ξ), ξ) = η^′_S(ρ, u), (1.40) whenever M(ρ, u, ξ) ≠ 0. In general, a weaker form holds with a subdifferential, ∂H_S (M(ρ, u, ξ), ξ) ∋ T_S(ρ, u), (1.41) where T_S(ρ, u) is the Lagrange multiplier corresponding to the minimization problem associated to (1.39), and coincides with η^′_S(ρ, u) when ρ > 0 (see Proposition 4.1).

Let us finally remark that the BGK system (1.2) leads formally, at first order in ε, to the viscous model ∂_tρ + ∂_x(ρu) = εμ∂_x(ρ^{γ−1}∂_xρ), ∂_t(ρu) + ∂_x(ρu^2 + κρ^γ ) = εμ∂_x(ρ^{γ−1}∂_x(ρu)),

(1.42)

with μ = κγ(3 − γ)/(γ − 1).

2 Notations

In order to define the kinetic entropies, we need to introduce some notations. We set Φ(ρ, u, ξ, v) = (1 − θ)^2 θ c_{γ,κ} J_λ 1I_{ω1<ξ<ω2} 1I_{ω1<v<ω2} |ξ − v|^{2λ−1}Υ_{λ−1}(z), (2.1) where z = (ξ + v)(ω_1 + ω_2) − 2(ω_1ω_2 + ξv) (ω_2 − ω_1)|ξ − v| , (2.2) and Υ_{λ−1}(z) = ∫ z 1 (y^2 − 1)^{λ−1} dy, z ≥ 1. (2.3)

The z from (2.2) is indeed greater than 1, because

(ξ + v)(ω_1 + ω_2) − 2(ω_1ω_2 + ξv) − (ω_2 − ω_1)(ξ − v) = 2(ω_2 − ξ)(v − ω_1), (ξ + v)(ω_1 + ω_2) − 2(ω_1ω_2 + ξv) + (ω_2 − ω_1)(ξ − v) = 2(ξ − ω_1)(ω_2 − v),

which are both nonnegative in {ω_1 < ξ, v < ω_2}. Also,

z^2 − 1 =

4(ω_2 − ξ)(ξ − ω_1)(ω_2 − v)(v − ω_1) (ω_2 − ω_1)^2(ξ − v)^2

· (2.4)

One can check that Φ ≥ 0, ∫ Φ(ρ, u, ξ, v) dv = χ(ρ, ξ − u), ∫ vΦ(ρ, u, ξ, v) dv = [(1 − θ)u + θξ)]χ(ρ, ξ − u), (2.5) and similar relations also hold for integration in ξ since Φ is symmetric in ξ, v. We now define for any convex function S the kinetic entropy H_S(f, ξ) = ∫ R Ψ(f, ξ, v)S(v) dv, for f ≠ 0, H_S(0, ξ) = 0, (2.6) where Ψ(f, ξ, v) = Φ(ρ(f, ξ), u(f, ξ), ξ, v), f ≠ 0, (2.7) and its macroscopic version G_S(ρ, u, ξ) = ∫ R Φ(ρ, u, ξ, v)S(v) dv = H_S(M(ρ, u, ξ), ξ). (2.8) Then, the entropy and entropy flux for (1.1) are defined by η_S(ρ, u) = ∫ R χ(ρ, v − u)S(v) dv = ∫ G_S(ρ, u, ξ) dξ, (2.9) G_S(ρ, u) = ∫ R [(1 − θ)u + θv)]χ(ρ, v − u)S(v) dv = ∫ ξ G_S(ρ, u, ξ) dξ. (2.10) Let us remark that for S(v) = v^2/2, we get H_S = H and η_S = η. We shall prove the differentiability of H_S for f ∈ D \ {0}, and we use the convention H^′_S(0, ξ) = 0 for S ∈ C^1(R, R) and not identically equal to v → v^2/2, while H^′(0, ξ) = (^θ_{1−θ}^{ξ2}_2 , −^θ_{1−θ} ξ) (but this is not really necessary, according to (1.25)). We finally define A_γ = 4γκ (γ − 1)^2

, (2.11)

l(z) = u + √ A_γ ρ^{(γ−1)/2} z, (2.12) m(z) = −u + γ − 1 2 √ A_γ ρ^{(γ−1)/2} z, (2.13) and T (ρ, u) = ( γκ γ − 1 ρ^{γ−1} − u^2/2, u), (2.14)

which coincides with η^′(ρ, u) whenever ρ > 0. Here and all throughout the paper, the prime denotes differentiation with respect to conservative variables, (ρ, q ≡ ρu) here. 3 Preliminary Convexity results

In this section we prove that H_S is convex in D, and some technical regularity results. We notice that

M_0(ρ, u, ξ) = χ(ρ, ξ − u) = c_{γ,κ} [(ω_2 − ξ)(ξ − ω_1)]^λ_+ , (3.1)

with ω_1 = u −^{2√γκ}_{γ−1} ρ^γ

�1_2

, ω_2 = u +^{2√γκ}_{γ−1} ρ^γ

�1_2 .

Let us first invert the maxwellian function. Consider the relation f = M(ρ, u, ξ) for some fixed ξ ∈ R. Whenever f_0 > 0, this relation can be inverted in u = u(f, ξ), ρ = ρ(f, ξ) from (1.29), (1.30), and then ω = F (f) with

F (f) = f1/f0−θξ 1−θ − √( f1/f0−ξ 1−θ )2 + (f_0/c_{γ,κ})^{1/λ} f1/f0−θξ 1−θ + √( f1/f0−ξ 1−θ )2 + (f_0/c_{γ,κ})^{1/λ} . (3.2)

The inverse relation is given by f = R(ω), with

R(ω) = c_{γ,κ} (( ω2−ω1 2 )2 − ( ξ −^{ω1+ω2}_2 )2)λ + ( (1 − θ)^{ω1+ω2}_2 + θξ ) c_{γ,κ} (( ω2−ω1 2 )2 − ( ξ −^{ω1+ω2}_2 )2)λ + . (3.3)

Lemma 3.1 By these formulas, {f_0 > 0} is in bijection with {ω_1 < ξ < ω_2}.

Proof. Whenever f_0 > 0, we can check that R(F (f)) = f. Obviously, we have |^{ω2−ω1}_2 | > |ξ −^{ω2+ω1}_2 | ⇔ ω_1 < ξ < ω_2, thus F (R(ω)) = ω in {ω_1 < ξ < ω_2}. Furthermore, R(ω)_0 > 0 in {ω_1 < ξ < ω_2} and

F (f)_1 − ξ = 1 1 − θ (f_1/f_0 − ξ) − ( f_1/f_0 − ξ 1 − θ )2 + (f_0/c_{γ,κ})^{1/λ} < 0 if f_0 > 0.

Finally we get a C^∞ change of variable.

Lemma 3.2 i) If S : R → R is of class C^k then the functions (ρ, u) → η_S(ρ, u) and (ρ, q) → η_S(ρ, u) with q = ρu are C^k in {ρ > 0}.

ii) If S : R → R is bounded on compact sets, then the function (ω_1, ω_2) → G_S(ρ, u, ξ) is continuously differentiable in {ω_1 < ξ < ω_2}, with ∂G_S ∂ω_i (ρ, u, ξ) = ∫ R ∂Φ ∂ω_i (ρ, u, ξ, v)S(v) dv for i = 1, 2. iii) If S : R → R is bounded on compact sets, then H_S(., ξ) is continuous at 0 in {f ∈ D ; |f_1| ≤ Af_0}, for any A > 0.

Proof. i) By the change of variable v − u =^{2√γκ}_{γ−1} ρ^γ

�1_2

z, we get η_S(ρ, u) = ρ J_λ ∫ R (1 − z^2)^λ_+S ( u + 2 √ γκ γ − 1 ρ^γ �1_2 z ) dz, (3.4) and we can obviously differentiate under the integral.

ii) Let us first show that G_S in (2.8) is well defined. Since we need ω_1 < v < ω_2 for Φ to be different from zero, we only have to check that ∫ ω_2 ω1 Φ dv < ∞. Obviously this integral vanishes if ξ /∈]ω_1, ω_2[, thus let us assume that ω_1 < ξ < ω_2. The only possible singularities of Φ in v are at the points ω_1, ω_2, and ξ. We have Υ_{λ−1}(z) ∼_{z→1} 2^{λ−1}(z − 1)^λ/λ, hence Υ_{λ−1}(z) ∼_{v→ω2} L(ω_2 − v)^λ with L a constant. Thus Φ is continuous at ω_2, and also at ω_1.

Next, if λ > 1/2, Υ_{λ−1}(z) ∼_{z→∞} z^{2λ−1}/(2λ − 1), which yields Υ_{λ−1}(z) ∼_{v→ξ} L^′|ξ − v|^{−(2λ−1)} with L^′ a constant, and therefore lim_{v→ξ} |ξ − v|^{2λ−1}Υ_{λ−1}(z) is finite. If λ = 1/2, we get Υ_{λ−1}(z) ∼_{v→ξ} | ln |ξ − v||, which is integrable at ξ. If 0 < λ < 1/2, Υ_{λ−1}(z) has a finite limit when v → ξ, and |ξ − v|^{2λ−1}Υ_{λ−1}(z) is integrable in v at ξ.

Finally, in any case, G_S is defined by a convergent integral. More generally, we have that for any A > 0, v → |ξ − v|^{2λ−1}Υ_{λ−1} ( A |ξ − v| ) is locally integrable in v. (3.5)

In the set {ω_1 < ξ < ω_2}, we can locally upper estimate Φ by such a function, thus by Lebesgue’s theorem, we obtain that G_S is continuous in {ω_1 < ξ < ω_2}.

Next, we have in distribution sense in {ω_1 < ξ < ω_2}, for any v ≠ ξ, ∂ ∂ω_1 (1I_{ω1<v<ω2} Υ_{λ−1}(z)) = 1I_{ω1<v<ω2} ∂ ∂ω_1 Υ_{λ−1}(z), because Υ_{λ−1}(z) vanishes for ω_1 = v. Now ∂ ∂ω_1 (Υ_{λ−1}(z)) = (z^2 − 1)^{λ−1} ∂z ∂ω_1 , with ∂z ∂ω_1 = − 2(ω_2 − ξ)(ω_2 − v) |ξ − v|(ω_2 − ω_1)^2 , thus ∂ ∂ω_1 (1I_{ω1<v<ω2} Υ_{λ−1}(z)) = −21I_{ω1<v<ω2} [ (ω_2 − ξ)(ω_2 − v)

(ω_2 − ω_1)^2 ]λ [4(ξ − ω_1)(v − ω_1)]^{λ−1} |ξ − v|^{2λ−1} · Similarly, we have in distribution sense in {ω_1 < ξ < ω_2}, for any v ≠ ξ, ∂ ∂ω_2 (1I_{ω1<v<ω2} Υ_{λ−1}(z)) = 21I_{ω1<v<ω2} [ (ξ − ω_1)(v − ω_1)

(ω_2 − ω_1)^2 ]λ [4(ω_2 − ξ)(ω_2 − v)]^{λ−1} |ξ − v|^{2λ−1} · With this formula, we see that

Λ_i(ω_1, ω_2) ≡ ∫ R ∂Φ ∂ω_i (ρ, u, ξ, v)S(v) dv is well-defined for ω_1 < ξ < ω_2, and is locally bounded. Moreover, one can easily deduce that ∂_{ωi} G_S = Λ_i in the sense of distributions in {ω_1 < ξ < ω_2}. Then, by the change of variable μ = v − ω_1, we see by Lebesgue’s theorem that Λ_1 is continuous in {ω_1 < ξ < ω_2}. A similar result holds for Λ_2, thus we obtain the result.

iii) Let ξ be fixed. In {f ∈ D ; |f_1| ≤ Af_0 and f_0 ≤ B}, and if f ≠ 0, setting (ω_1, ω_2) = F (f) from (3.2), we have D ≤ ω_1 < ξ < ω_2 ≤ E with D, E some constants. Then, S(v) is bounded in [D, E], and thus f_0 inf S ≤ H_S(f, ξ) ≤ f_0 sup S, which yields that H_S(f, ξ) → 0 as f → 0 with |f_1| ≤ Af_0.

Proposition 3.3 If S : R → R is of class C^1 then we have H^′_S(M(ρ, u, ξ), ξ) = η^′_S(ρ, u) whenever (M(ρ, u, ξ))_0 > 0.

Proof. Since by Lemma 3.1 H_S(f, ξ) = G_S(ρ(f, ξ), u(f, ξ), ξ) whenever f_0 > 0, we get from Lemma 3.2(ii) that H_S is C^1 in {f_0 > 0}. Furthermore, for ω_1 < ξ < ω_2, ∂G_S ∂ω_1 (ρ, u, ξ) = −2 (1 − θ)^2 θ c_{γ,κ} J_λ 4^{λ−1} (ω_2 − ξ)^λ(ξ − ω_1)^{λ−1} (ω_2 − ω_1)^{2λ} × ∫ R 1I_{ω1<v<ω2} (ω_2 − v)^λ(v − ω_1)^{λ−1}S(v) dv, ∂G_S ∂ω_2 (ρ, u, ξ) = 2 (1 − θ)^2 θ c_{γ,κ} J_λ 4^{λ−1} (ω_2 − ξ)^{λ−1}(ξ − ω_1)^λ (ω_2 − ω_1)^{2λ} × ∫ R 1I_{ω1<v<ω2} (ω_2 − v)^{λ−1}(v − ω_1)^λS(v) dv.

Then, we have by Lemma 3.2(i) that for ρ > 0, η_S is C^1, and by differentiating directly (2.9), we get for ρ > 0 ∂η_S ∂ρ (ρ, u) = 1 ρ ∫ c_{γ,κ}[(ω_2 − v)(v − ω_1)]^{λ−1}_+ [ (1 − θ)(ω_2 − ω_1)^2/4 −2λu(v − u) ] S(v)dv, ∂η_S ∂q (ρ, u) = 1 ρ ∫ c_{γ,κ}[(ω_2 − v)(v − ω_1)]^{λ−1}_+ 2λ(v − u)S(v)dv. Next, we write M_0(ρ, u, ξ) = c_{γ,κ} [(ω_2 − ξ)(ξ − ω_1)]^λ_+ , M_1(ρ, u, ξ) = [ (1 − θ) ω_1 + ω_2 2 + θξ ] M_0(ρ, u, ξ), and for ω_1 < ξ < ω_2, we get ∂M_0 ∂ω_1 = −λc_{γ,κ}(ω_2 − ξ)^λ(ξ − ω_1)^{λ−1}, ∂M_0 ∂ω_2 = λc_{γ,κ}(ω_2 − ξ)^{λ−1}(ξ − ω_1)^λ, ∂M_1 ∂ω_1 = −λc_{γ,κ}(ω_2 − ξ)^λ(ξ − ω_1)^{λ−1} [u − θ(ω_2 − ω_1)/2] , ∂M_1 ∂ω_2 = λc_{γ,κ}(ω_2 − ξ)^{λ−1}(ξ − ω_1)^λ [u + θ(ω_2 − ω_1)/2] .

Finally, a computation gives that for ω_1 < ξ < ω_2, ∂η_S ∂ρ (ρ, u) ∂M_0 ∂ω_i (ρ, u, ξ) + ∂η_S ∂q (ρ, u) ∂M_1 ∂ω_i (ρ, u, ξ) = ∂G_S ∂ω_i (ρ, u, ξ), i = 1, 2. This formula can be written equivalently η^′_S(ρ, u)M^′(ρ, u, ξ) = G^′_S(ρ, u, ξ), ω_1 < ξ < ω_2. Since for ω_1 < ξ < ω_2, G_S(ρ, u, ξ) = H_S(M(ρ, u, ξ), ξ) and M^′(ρ, u, ξ) is invertible, this gives the result.

Corollary 3.4 If S : R → R is of class C^k then H_S(., ξ) is C^k in {f_0 > 0}.

The main result of this section is the following.

Proposition 3.5 i) If S : R → R is convex, of class C^2, then η_S is convex in {ρ > 0}, and if S^{′′} > 0 then η^{′′}_S > 0.

ii) If S : R → R is convex and continuous, then H_S(., ξ) is convex in D.

Proof. The i) was proved in [10]. Indeed, from (3.4) we get η^{′′}_S(ρ, u) · X · X = 1 J_λ ∫ 1 −1 (1 − z^2)^λ { γκρ^{γ−2}(1 − z^2)X^2_0 +

(X_1 + m(z)X_0)^2 ρ } S^{′′}(l(z)) dz, (3.6) which yields the result.

We turn to the ii). We can assume that S is C^2 and S^{′′} > 0, since the general case of a continuous convex S can easily be obtained by approximating S by smooth strictly convex functions.

Let us first prove that H_S is convex in {f_0 > 0}. Since by Corollary 3.4, H_S is C^2 there, and according to Proposition 3.3, H^′_S(f, ξ) = η^′_S(M^{−1}(f, ξ)), we get by differentiation that H^{′′}_S(f, ξ) = η^{′′}_S(M^{−1}(f, ξ))(M^{−1})^′(f, ξ) for f_0 > 0. Then, we can apply Lemma 3.6 below with B = (M^{−1})^′, C = η^{′′}_S, D = H^{′′}_S. We need only to prove that the eigenvalues of M^′ are positive, and this was done in [4].

Finally, we need to extend this convexity around 0. For f, g ∈ D \ {0}, 0 < ϑ < 1, we have the convexity inequality H_S((1 − ϑ)f + ϑg, ξ) ≤ (1 − ϑ)H_S(f, ξ) + ϑH_S(g, ξ). Now letting f tend to 0 in the cones, iii) of Lemma 3.2 gives H_S(ϑg, ξ) ≤ ϑH_S(g, ξ), and it yields that H_S is convex in D.

Lemma 3.6 If D = CB in M_n(R) with D symmetric, C symmetric positive definite, and σ(B) ⊂ R^+ , then D is positive semidefinite.

Proof. C defines a scalar product in R^n by (X|Y ) = X^tCY . Since D = CB is symmetric, we have (Y |BX) = Y^tDX = X^tDY = (X|BY ), hence B is self-adjoint for (.|.) and thus diagonalizable. Then, (X|BX) = X^tDX gives that σ(B) ⊂ R^+ if and only if D is positive semidefinite.

4 The Key convexity inequality

We need now to generalize Proposition 2.4 of [3].

Proposition 4.1 If S : R → R is convex, of class C^1, then for every f ∈ D, ρ ≥ 0 and u, ξ ∈ R, we have H_S(f, ξ) ≥ H_S(M(ρ, u, ξ), ξ) + T_S(ρ, u) · (f − M(ρ, u, ξ)), (4.1) with T_S(ρ, u) = 1 J_λ ∫ 1 −1 (1 − z^2)^λ ( S(l(z)) + m(z)S^′(l(z)) S^′(l(z)) ) dz, (4.2) which coincides with η^′_S(ρ, u) when ρ > 0.

We recall from (2.12) and (2.13) that l(z) = u + √ A_γρ^{(γ−1)/2}z, and m(z) = −u +^{γ−1}_2 √ A_γ ρ^{(γ−1)/2}z. We remark that T_{v→v}2_{/2} = T . Let us first state two lemmas that are left to the reader.

Lemma 4.2 H_{v→1}(f, ξ) = f_0, H_{Id}(f, ξ) = f_1, H_{v→v}2_{/2}(f, ξ) = H(f, ξ).

Lemma 4.3 For S : R → R of class C^1, we have for any fixed u ∈ R, η^′_S(ρ, u) = T_S(ρ, u) →_{ρ→0+} T_S(0, u). Proof of Proposition 4.1. We only treat the case when S is of class C^2 such that S^{′′} ≥ C > 0, since the general case can easily be deduced by approximation of S.

*If M_0(ρ, u, ξ) ≠ 0.

Then T_S(ρ, u) = η^′_S(ρ, u). The convexity of H_S (Proposition 3.5) together with the identity of Proposition 3.3 give the result.

*If M_0(ρ, u, ξ) = 0 and ρ ≠ 0. Let us consider ψ : D → R defined by ψ(f) = H_S(f, ξ) − H_S(M(ρ, u, ξ), ξ) − T_S(ρ, u) · (f − M(ρ, u, ξ)) = H_S(f, ξ) − T_S(ρ, u) · f. We need to prove that ψ is nonnegative. – At infinity, We have S(v) ≥ a + bv + Cv^2/2, thus from the definition (2.6) of H_S and since Φ ≥ 0, we obtain with Lemma 4.2 H_S(f, ξ) ≥ af_0 + bf_1 + CH(f, ξ). (4.3) Now f → af_0 + bf_1 − T_S(ρ, u) · f is linear and C > 0 thus by the superlinearity of H (Lemma 2.3 of [3]), H(f, ξ) ≥ ε_0f^{p0}_0 + ε_1|f_1|^{p1} , with p_0 = 1 + 1/λ, p_1 = 2(1 + λ)/(1 + 2λ), we obtain that ψ(f) →_{f→∞} ∞. Moreover, since H ≥ 0, we deduce with (4.3) that ψ is lower bounded in D.

– At the frontier {f_0 = 0, f_1 ≠ 0}, The inequality (4.3) gives that ψ(f) → ∞. – At 0, From (4.3) again and since H ≥ 0, we obtain lim_{f→0} ψ(f) ≥ 0.

– Inside D, It only remains to study the possible minima of ψ in int(D). By Proposition 3.3, ψ is C^1 there, and ψ^′(f) = η^′_S(ρ(f, ξ), u(f, ξ))−η^′_S(ρ, u). From the identity ( η^′_S(Y ) − η^′_S(X) ) (Y − X) = ∫ 1 0 η^{′′}_S((1 − ϑ)X + ϑY ) · (Y − X) · (Y − X) dϑ, and since η^{′′}_S is positive definite, we conclude that if at some point f with f_0 > 0, ψ^′(f) = 0, we must have ρ(f, ξ) = ρ, u(f, ξ) = u, and therefore f = M(ρ, u, ξ). But since M(ρ, u, ξ) = 0, we get a contradiction. Therefore, there is no interior point that is a minimum, and we conclude that ψ ≥ 0 in D. *If ρ = 0.

We now know from the previous steps that (4.1) holds as soon as ρ > 0. Taking f, u and ξ fixed, we let ρ → 0. We see obviously that M(ρ, u, ξ) → 0, while remaining in a cone, and with Lemma 3.2 we get that H_S(M(ρ, u, ξ), ξ) → 0. With Lemma 4.3, we can pass to the limit ρ → 0 and get the result.

We deduce obviously as in Proposition 2.5 of [3] an entropy minimization principle.

Corollary 4.4 Assume that S : R → R is convex, of class C^1 and such that |S(v)| ≤ B(1 + v^2) for some B ≥ 0. Consider f ∈ L^1(R_ξ ) such that f ∈ D a.e. and ∫ R H(f(ξ), ξ) dξ < ∞. (4.4) Then H_S(f(ξ), ξ) and H_S(M[f](ξ), ξ) lie in L^1(R_ξ ) with ∫ R H_S(M[f](ξ), ξ) dξ ≤ ∫ R H_S(f(ξ), ξ) dξ. (4.5) Proof. Since Φ ≥ 0, we get from definition (2.6) that |H_S(f, ξ)| ≤ B(f_0 + 2H(f, ξ)), (4.6) thus ∫ |H_S(f(ξ), ξ)|dξ < ∞, and ∫ |H_S(M[f](ξ), ξ)|dξ < ∞. Then, integrating the inequality of Proposition 4.1 with respect to ξ, with (ρ, ρu) = ∫ f(ξ)dξ gives the result.

Another important consequence of Proposition 4.1 is

Proposition 4.5 Assume that S : R → R is convex, of class C^1 and such that |S(v)| ≤ B(1 + v^2) for some B ≥ 0. Then, with f the solution of Theorem 1.1, ∫∫ R×R H_S(f(t, x, ξ), ξ) dxdξ ≤ ∫∫ R×R H_S(f^0(x, ξ), ξ) dxdξ. (4.7)

Proof. We apply Corollary 4.4 at fixed t and for a.e. x. We obtain ∫ R H_S(M[f](t, x, ξ), ξ) dξ ≤ ∫ R H_S(f(t, x, ξ), ξ) dξ ∀t ≥ 0, a.e. x ∈ R. Then, because of (4.6), we have obviously ∫∫ |H_S(f(t, x, ξ), ξ)|dxdξ < ∞, ∫∫ |H_S(M[f](t, x, ξ), ξ)|dxdξ < ∞, and therefore ∫∫ R×R H_S(M[f](t, x, ξ), ξ) dxdξ ≤ ∫∫ R×R H_S(f(t, x, ξ), ξ) dxdξ, ∀t ≥ 0. (4.8) But we have a representation of the solution f, f(t, x, ξ) = f^0(x − tξ, ξ)e^{−t/ε} + 1 ε ∫ t 0 e^{−s/ε}M[f](t − s, x − sξ, ξ) ds. According to Jensen’s inequality with the convex function H_S, we deduce as in [3] that H_S(f(t, x, ξ), ξ) ≤ H_S(f^0(x − tξ, ξ), ξ)e^{−t/ε} + 1 ε ∫ t 0 e^{−s/ε}H_S(M[f](t − s, x − sξ, ξ), ξ) ds. By integration in x and ξ, we obtain ∫∫ R×R H_S(f(t, x, ξ), ξ) dxdξ ≤ ∫∫ R×R H_S(f^0(x − tξ, ξ), ξ) dxdξ e^{−t/ε} + 1 ε ∫ t 0 e^{−s/ε} ∫∫ R×R H_S(M[f](t − s, x − sξ, ξ), ξ) dxdξ ds = ∫∫ R×R H_S(f^0(x, ξ), ξ) dxdξ e^{−t/ε} + 1 ε ∫ t 0 e^{−(t−s)/ε} ∫∫ R×R H_S(M[f](s, x, ξ), ξ) dxdξ ds, and setting F_S(t) = ∫∫ R×R H_S(f(t, x, ξ), ξ) dxdξ, we get with (4.8) F_S(t) ≤ F_S(0)e^{−t/ε} + 1 ε ∫ t 0 e^{−(t−s)/ε}F_S(s) ds. Gronwall’s lemma finally gives F_S(t) ≤ F_S(0) and our result.

5 Maximum principle

This short section is devoted to the proof of Theorem 1.4 giving the maximum principle on the Riemann invariants.

Proof of Theorem 1.4. We have first that D̃_ξ is convex. Indeed, using S_M (v) = (v − ω_{max})^2_+ and S_m(v) = (ω_{min} − v)^2_+ which are convex and C^1, we notice that H_{SM} ≥ 0, H_{Sm} ≥ 0, and we have for a fixed ξ H_{SM} (f, ξ) ≤ 0 ⇔ f = 0 or Φ(ρ(f, ξ), u(f, ξ), ξ, v)(v − ω_{max})^2_+ = 0 a.e. v ⇔ f = 0 or (v − ω_{max})_+ = 0 a.e. in ]ω_1(f, ξ); ω_2(f, ξ)[ ⇔ f = 0 or ω_2(f, ξ) ≤ ω_{max}. A similar result holds for S_m, thus finally

(H_{SM} (f, ξ) ≤ 0 and H_{Sm} (f, ξ) ≤ 0) ⇔ f ∈ D̃_ξ, (5.1)

and we conclude with Proposition 3.5 that D̃_ξ is convex.

Let us now denote by f(t, x, ξ) the solution of Theorem 1.1, with f^0(x, ξ) ∈ D̃_ξ. Then by Proposition 4.5 H_{SM} (f(t, x, ξ), ξ) = H_{Sm} (f(t, x, ξ), ξ) = 0 ∀t ≥ 0, a.e. x, ξ. This proves that f ∈ D̃_ξ ∀t ≥ 0 and D̃_ξ is kinetic invariant.

We turn now to properties (1.33) and (1.34). Let (ρ, u) ∈ D̃. Then either M(ρ, u, ξ) = 0 ∈ D̃_ξ, or M(ρ, u, ξ) ≠ 0, and in this case obviously ω_i(M(ρ, u, ξ), ξ) = ω_i(ρ, u) for i = 1; 2. Therefore, M(ρ, u, ξ) ∈ D̃_ξ also since (ρ, u) ∈ D̃ and ρ > 0. Thus (1.33) is proved.

Let now f(ξ) ∈ L^1_ξ such that f(ξ) ∈ D̃_ξ a.e. ξ. Setting (ρ, ρu) = ∫ R f(ξ) dξ, we have by integrating (4.1) for S = S_M or S_m 0 ≤ ∫ R H_S(M[f](ξ), ξ) dξ ≤ ∫ R H_S(f(ξ), ξ) dξ = 0, thus H_S(M[f](ξ), ξ) = 0 a.e. ξ. Therefore M[f](ξ) = M(ρ, u, ξ) ∈ D̃_ξ for a.e. ξ. Then, either ρ = 0 and (ρ, u) ∈ D̃, or ρ > 0, and in this case, for ω_1(ρ, u) < ξ < ω_2(ρ, u) we have ω_i(M[f](ξ), ξ) = ω_i(ρ, u) for i = 1; 2, thus ω_{min} ≤ ω_1(ρ, u) ≤ ω_2(ρ, u) ≤ ω_{max}, and (ρ, u) ∈ D̃, that is (1.34).

Finally, the compact support property comes directly from the fact that if ξ ∉]ω_{min}, ω_{max}[, we have D̃_ξ = {0}. Indeed, let us suppose that ξ ∉]ω_{min}, ω_{max}[, and let f ∈ D̃_ξ. If f ≠ 0 then according to Lemma 3.1 ω_{min} ≤ ω_1(f, ξ) < ξ < ω_2(f, ξ) ≤ ω_{max}, which is impossible, thus f = 0.

6 Relaxation limit

Let f_ε be the solution of Theorem 1.1 with the same initial data f^0(x, ξ) and (ρ_ε, u_ε) be the approximate solutions to (1.1) defined by (1.6). In order to prove the convergence, as ε tends to 0, of ρ_ε and u_ε, we are going to use the stability result of [9]. Thus we need to prove that

∂_t[η_S(ρ_ε, u_ε)] + ∂_x[G_S(ρ_ε, u_ε)] is compact in H^{−1}_{loc} , (6.1) for any suitable entropy η_S and entropy flux G_S (see Proposition 6.5 for a more precise result). In order to obtain this, we shall need to prove first that M[f_ε]−f_ε tends to 0 strongly. We refer to [1] and [2] and the references therein for other situations where a similar result can be obtained. Let us begin by an a priori bound.

Proposition 6.1 If we suppose that f^0(x, ξ) ∈ D̃_ξ a.e. x, ξ, then f_ε, M[f_ε] ∈ D̃_ξ for any t > 0 and a.e. x, ξ, and ρ_ε, u_ε, f_ε, M[f_ε] are uniformly bounded in L^∞.

Proof. This is an immediate consequence of the maximum principle stated in Theorem 1.4 and of formula (3.3). In all this section, we shall suppose that f^0(x, ξ) ∈ D̃_ξ for a.e. x, ξ, (6.2) and we shall denote by F the a priori L^∞ bound. Thus we have |f_ε| ≤ F, |M[f_ε]| ≤ F, (6.3) supp_ξf_ε ⊂ [ω_{min}, ω_{max}], supp_ξM[f_ε] ⊂ [ω_{min}, ω_{max}]. (6.4) From the definition of D̃_ξ, we see that we have also for some constant A the bounds |(f_ε)_1| ≤ A(f_ε)_0, |(M[f_ε])_1| ≤ A(M[f_ε])_0. (6.5) Proposition 6.2 After extraction of a subsequence, f_ε−M[f_ε] →_{ε→0} 0 a.e. t, x, ξ.

Proof. From the entropy dissipation identity ∫∫ R×R H(f_ε(T, x, ξ), ξ) dxdξ + ∫∫∫ ]0,T [×R×R (H^′(f_ε, ξ) − T (ρ_ε, u_ε)) · f_ε − M[f_ε] ε dtdxdξ = ∫∫ R×R H(f^0(x, ξ), ξ) dxdξ, and since H ≥ 0 and (H^′(f_ε, ξ) − T (ρ_ε, u_ε)) · (f_ε − M[f_ε]) ≥ 0, we get ∫∫∫ ]0,T [×R×R (H^′(f_ε, ξ) − T (ρ_ε, u_ε)) · (f_ε − M[f_ε]) dtdxdξ ≤ C^0_H ε,

which yields that (H^′(f_ε, ξ) − T (ρ_ε, u_ε)) · (f_ε − M[f_ε]) → 0 in L^1(]0, T [×R × R). Then, extracting a subsequence if necessary, (H^′(f_ε, ξ) − T (ρ_ε, u_ε)) · (f_ε − M[f_ε]) →_{ε→0} 0 a.e. t, x, ξ. (6.6) Since by Proposition 3.3 T (ρ_ε, u_ε) = H^′(M[f_ε], ξ) whenever M[f_ε] ≠ 0, in order to deduce the result, we need to get somehow a lower estimate on H^{′′}. We notice that for X = (X_0, X_1) ∈ D \ {0}, Y = (Y_0, Y_1) ∈ R^2 , H^{′′}(X, ξ) · Y · Y = K_1X^{1/λ−1}_0 Y^2_0 + K_2(X_1Y_0 − X_0Y_1)^2/X^3_0 , (6.7) with K_1 = θ/2λc^{1/λ}_{γ,κ} and K_2 = 1/(1 − θ).

First step: let us prove that for λ ≥ 1, (f_ε)_0 − (M[f_ε])_0 →_{ε→0} 0 a.e. t, x, ξ. Consider a point (t, x, ξ) where (M[f_ε])_0(t, x, ξ) ≠ 0 and (f_ε)_0(t, x, ξ) ≠ 0. We set X(ϑ) = (1 − ϑ)f_ε + ϑM[f_ε]. For every ϑ ∈ [0, 1], X(ϑ)^{1/λ−1}_0 ≥ F^{1/λ−1} because λ ≥ 1, thus with (6.7) (H^′(M[f_ε], ξ) − H^′(f_ε, ξ)) · (M[f_ε] − f_ε) = ∫ 1 0 H^{′′}(X(ϑ), ξ) · (M[f_ε] − f_ε)^2 dϑ ≥ K_1F^{1/λ−1}((M[f_ε])_0 − (f_ε)_0)^2.

(6.8)

Taking into account (1.25), we deduce that 1I_{(M[fε])0≠0}(H^′(M[f_ε], ξ) − H^′(f_ε, ξ)) · (M[f_ε] − f_ε) ≥ 1I_{(M[fε])0≠0}K_1F^{1/λ−1}((M[f_ε])_0 − (f_ε)_0)^2 a.e., and together with the entropy dissipation (6.6) we conclude that 1I_{(M[fε])0≠0}((M[f_ε])_0 − (f_ε)_0)^2 →_{ε→0} 0 a.e. t, x, ξ. (6.9) But ∫ R(fε)0 dξ = ∫ R(M[fε])0 dξ a.e. t, x, thus for any bounded domain B in (t, x), ∫∫∫ {(t,x)∈B}∩{(M[fε])0≠0} ((M[f_ε])_0 − (f_ε)_0) dtdxdξ = ∫∫∫ {(t,x)∈B}∩{(M[fε])0=0} ((f_ε)_0 − (M[f_ε])_0) dtdxdξ = ∫∫∫ {(t,x)∈B}∩{(M[fε])0=0} (f_ε)_0 dtdxdξ = ∫∫∫ {(t,x)∈B}∩{(M[fε])0=0} |(f_ε)_0 − (M[f_ε])_0| dtdxdξ.

But by dominated convergence and with (6.9), ∫∫∫ {(t,x)∈B}∩{(M[fε])0≠0} ((M[f_ε])_0 − (f_ε)_0) dtdxdξ →_{ε→0} 0,

and we get ∫∫∫ {(t,x)∈B}∩{(M[fε])0=0} |(f_ε)_0 − (M[f_ε])_0| dtdxdξ →_{ε→0} 0.

Extracting a subsequence if necessary, we conclude that 1I_{(M[fε])0=0}((M[f_ε])_0 − (f_ε)_0) →_{ε→0} 0 a.e. t, x, ξ. (6.10) Finally, (6.9) and (6.10) give that (f_ε)_0 − (M[f_ε])_0 →_{ε→0} 0 a.e. t, x, ξ. Second step: we prove that for λ < 1, (f_ε)_0 − (M[f_ε])_0 →_{ε→0} 0 a.e. t, x, ξ. Consider a point (t, x, ξ) where (M[f_ε])_0(t, x, ξ) ≠ 0 and (f_ε)_0(t, x, ξ) ≠ 0. We set X(ϑ) = (1 − ϑ)f_ε + ϑM[f_ε]. For every ϑ ∈ [^1_2 , 1], X(ϑ)^{1/λ−1}_0 ≥ (1/2)^{1/λ−1}(M[f_ε])^{1/λ−1}_0 because λ < 1. Thus (H^′(M[f_ε], ξ) − H^′(f_ε, ξ)) · (M[f_ε] − f_ε) ≥ ∫ 1 1 2 K_1X(ϑ)^{1/λ−1}_0 ((M[f_ε])_0 − (f_ε)_0)^2 dϑ ≥ K_1(1/2)^{1/λ}(M[f_ε])^{1/λ−1}_0 ((M[f_ε])_0 − (f_ε)_0)^2, and we deduce with (1.25) that for any α > 0

1I_{(M[fε])0>α}(H^′(M[f_ε], ξ) − H^′(f_ε, ξ)) · (M[f_ε] − f_ε) ≥ K_1(1/2)^{1/λ}α^{1/λ−1}((M[f_ε])_0 − (f_ε)_0)^21I_{(M[fε])0>α} a.e.

(6.11)

Together with (6.6), we deduce the convergence 1I_{(M[fε])0>α}((M[f_ε])_0 − (f_ε)_0) →_{ε→0} 0 a.e. t, x, ξ, (6.12) for every α > 0. In order to treat the domain where (M[f_ε])_0 ≤ α, we use the conservation relation ∫ R(fε)0 dξ = ∫ R(M[fε])0 dξ a.e. t, x, which gives ∫∫∫ {(t,x)∈B}∩{(M[fε])0≤α} (f_ε)_0 dtdxdξ = ∫∫∫ {(t,x)∈B}∩{(M[fε])0>α} ((M[f_ε])_0 − (f_ε)_0) dtdxdξ + ∫∫∫ {(t,x)∈B}∩{(M[fε])0≤α} (M[f_ε])_0 dtdxdξ.

Now, since (M[f_ε])_0 ≤ α in the last integral, we can choose an α small enough so that this integral is less than an arbitrarily given μ > 0. Then, from (6.12), the first integral can also be made less than μ if ε is small enough. Therefore, for such α and ε, ∫∫∫ {(t,x)∈B}∩{(M[fε ])0≤α} (f_ε)_0 dtdxdξ ≤ 2μ, ∫∫∫ {(t,x)∈B}∩{(M[fε ])0≤α} ( (f_ε)_0 + (M[f_ε])_0 ) dtdxdξ ≤ 3μ.

Putting this together with (6.12), we conclude that for ε small enough, ∫∫∫ (t,x)∈B |(f_ε)_0 − (M[f_ε])_0| dtdxdξ ≤ 4μ. This means that ∫∫∫ (t,x)∈B |(f_ε)_0 − (M[f_ε])_0| dtdxdξ −→ 0 as ε → 0, and extracting a subsequence if necessary, we get that (f_ε)_0 − (M[f_ε])_0 →_{ε→0} 0 a.e. t, x, ξ. (6.13) Third step: we prove that (f_ε)_1 − (M[f_ε])_1 →_{ε→0} 0 a.e. t, x, ξ, for every λ > 0. Consider a point (t, x, ξ) where (M[f_ε])_0(t, x, ξ) ≠ 0 and (f_ε)_0(t, x, ξ) ≠ 0. By using the lower estimate from (6.7) H^{′′}(X, ξ) · Y · Y ≥ K_2(X_1Y_0 − X_0Y_1)^2/X^3_0 with X = X(ϑ) = (1 − ϑ)f_ε + ϑM[f_ε] and Y = M[f_ε] − f_ε, we get (H^′(M[f_ε], ξ) − H^′(f_ε, ξ)) · (M[f_ε] − f_ε) ≥ K_2 ∫ 1 0 1 X(ϑ)^3_0

(X(ϑ)_1Y_0 − X(ϑ)_0Y_1)^2 dϑ.

But X(ϑ)_1Y_0 − X(ϑ)_0Y_1 = (f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1, and for ϑ ∈ [0, 1], we have the two upper estimates X(ϑ)_0 ≤ (f_ε)_0 + (M[f_ε])_0 and X(ϑ)_0 ≤ F , thus X(ϑ)^3_0 ≤ F ((f_ε)_0 + (M[f_ε])_0)^2. Therefore we obtain 1I_{(M[fε])0≠0;(fε)0≠0}(H^′(M[f_ε], ξ) − H^′(f_ε, ξ)) · (M[f_ε] − f_ε) ≥ K_2 F ( (f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1

(f_ε)_0 + (M[f_ε])_0 )2 1I_{(M[fε])0≠0;(fε)0≠0},

and we conclude with (6.6) that

1I_{(M[fε])0≠0}

(f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1

(f_ε)_0 + (M[f_ε])_0 →_{ε→0} 0 a.e. t, x, ξ. (6.14) Then, we remark that 1I_{(M[fε])0≠0}((f_ε)_1 − (M[f_ε])_1) = 1I_{(M[fε])0≠0}

(f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1 (M[f_ε])_0 − 1I_{(M[fε])0≠0}((M[f_ε])_0 − (f_ε)_0)

(M[f_ε])_1 (M[f_ε])_0 , (6.15)

and that 1I_{(fε)0≠0}((f_ε)_1 − (M[f_ε])_1) = 1I_{(fε)0≠0}

(f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1 (f_ε)_0 − 1I_{(fε)0≠0}((M[f_ε])_0 − (f_ε)_0)

(f_ε)_1 (f_ε)_0 . (6.16)

Multiplying (6.15) by 1I_{(fε)0≠0}1I_{(fε)0≤(M[fε])0} , (6.16) by 1I_{(M[fε])0≠0} 1I_{(M[fε])0<(fε)0} , and then adding the two, we get

1I_{(M[fε])0≠0;(fε)0≠0}((f_ε)_1 − (M[f_ε])_1) = 1I_{(M[fε])0≠0; (fε)0≠0; (fε)0≤(M[fε])0}

(f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1 (M[f_ε])_0 + 1I_{(M[fε])0≠0; (fε)0≠0; (M[fε])0<(fε)0}

(f_ε)_1(M[f_ε])_0 − (f_ε)_0(M[f_ε])_1 (f_ε)_0 − 1I_{(M[fε])0≠0; (fε)0≠0; (fε)0≤(M[fε])0} ((M[f_ε])_0 − (f_ε)_0)

(M[f_ε])_1 (M[f_ε])_0 − 1I_{(M[fε])0≠0; (fε)0≠0; (M[fε])0<(fε)0} ((M[f_ε])_0 − (f_ε)_0)

(f_ε)_1 (f_ε)_0 .

(6.17)

From (6.5) and (6.13), the last two terms tend to 0 a.e. But according to (6.14), the two first terms also tend to 0 a.e., and we conclude that

1I_{(M[fε])0≠0; (fε)0≠0}((f_ε)_1 − (M[f_ε])_1) →_{ε→0} 0 a.e. t, x, ξ.

Then, 1I_{(M[fε])0=0}|(f_ε)_1 − (M[f_ε])_1| = 1I_{(M[fε])0=0}|(f_ε)_1| ≤ A1I_{(M[fε])0=0}(f_ε)_0 = A1I_{(M[fε])0=0}((f_ε)_0 − (M[f_ε])_0) →_{ε→0} 0 a.e.

(6.18)

We perform a similar computation for1I_{(fε)0=0}|(f_ε)_1 − (M[f_ε])_1|, and we obtain finally (f_ε)_1 − (M[f_ε])_1 →_{ε→0} 0 a.e. t, x, ξ, which completes the proof of Proposition 6.2.

Proposition 6.3 For S : R → R convex, of class C^1, such that |S(v)| ≤ B(1 + v^2) for some B ≥ 0, we have ∂_t ∫ R H_S(f_ε(t, x, ξ), ξ) dξ + ∂_x ∫ R ξH_S(f_ε(t, x, ξ), ξ) dξ ≤ 0, (6.19) with equality if S(v) = 1 or v.

Proof. Proposition 4.5 gives that H_S(f_ε, ξ) ∈ L^∞(]0, T [, L^1(R×R)). According to Proposition 3.3 and Proposition 6.1, H^′_S(f_ε, ξ) ∈ L^∞, since H^′_S(f_ε, ξ) = η^′_S(ρ(f_ε, ξ), u(f_ε, ξ)) whenever (f_ε)_0 > 0 (see (4.2)). Thus, according to [5],

∂_t(H_S(f_ε, ξ)) + ξ∂_x(H_S(f_ε, ξ)) = H^′_S(f_ε, ξ) · M[f_ε] − f_ε ε . (6.20)

From Proposition 4.1, we have

H_S(f_ε, ξ) ≥ H_S(M[f_ε], ξ) + T_S(ρ_ε, u_ε) · (f_ε − M[f_ε]). (6.21)

Besides, since H_S is convex (Proposition 3.5), H_S(M[f_ε], ξ) ≥ H_S(f_ε, ξ) + H^′_S(f_ε, ξ) · (M[f_ε] − f_ε) (6.22) for f_ε ≠ 0, but it is still valid where f_ε = 0 because there M[f_ε] = 0 a.e., see (1.25). Thus by combining (6.21) and (6.22) we get (H^′_S(f_ε, ξ) − T_S(ρ_ε, u_ε)) · (M[f_ε] − f_ε) ≤ 0. (6.23) Therefore, we obtain by integration of (6.20) with respect to ξ ∂_t ∫ R H_S(f_ε(t, x, ξ), ξ) dξ + ∂_x ∫ R ξH_S(f_ε(t, x, ξ), ξ) dξ = ∫ R H^′_S(f_ε, ξ) · M[f_ε] − f_ε ε dξ = ∫ R (H^′_S(f_ε, ξ) − T_S(ρ_ε, u_ε)) · M[f_ε] − f_ε ε dξ ≤ 0. (6.24)

If S(v) = 1 or v, then H_S(f, ξ) = f_0 or f_1, thus H^′_S(f, ξ) = (1, 0) or (0, 1), and (6.24) becomes an equality.

Proposition 6.4 For S : R → R convex, of class C^1, such that |S(v)| ≤ B(1 + v^2) for some B ≥ 0, we have ∫ R H_S(f_ε(t, x, ξ), ξ) dξ − ∫ R H_S(M[f_ε](t, x, ξ), ξ) dξ →_{ε→0} 0, ∫ R ξH_S(f_ε(t, x, ξ), ξ) dξ − ∫ R ξH_S(M[f_ε](t, x, ξ), ξ) dξ →_{ε→0} 0 (6.25)

in L^1(]0, T [×B_R) for any R > 0.

Proof. Integrating (6.21) and (6.22), we get 0 ≤ ∫ R H_S(f_ε, ξ) dξ − ∫ R H_S(M[f_ε], ξ) dξ ≤ ∫ R H^′_S(f_ε, ξ) · (f_ε − M[f_ε]) dξ, which is bounded by Cε in L^1(]0, ∞[×R) according to (6.24), and we get the first convergence of (6.25). From (6.21) and (6.22), we also have | | | ∫ R ξH_S(f_ε, ξ) dξ − ∫ R ξH_S(M[f_ε], ξ) dξ | | | ≤ ∫ R | |ξH_S(f_ε, ξ) − ξH_S(M[f_ε], ξ) | | dξ ≤ ∫ R |ξ| max ( |T_S(ρ_ε, u_ε) · (f_ε − M[f_ε])|, |H^′_S(f_ε, ξ) · (f_ε − M[f_ε])| ) dξ ≤ ∫ R |ξT_S(ρ_ε, u_ε) · (f_ε − M[f_ε])| dξ + ∫ R |ξ|(H^′_S(f_ε, ξ) − T_S(ρ_ε, u_ε)) · (f_ε − M[f_ε]) dξ. Since ξ remains bounded, the second integral is of order ε in L^1(]0, ∞[×R) as before. For the first one, we conclude with Proposition 6.2 and by using that T_S(ρ_ε, u_ε) is bounded in L^∞(]0, T [×R) according to Proposition 6.1. Therefore we get the second convergence of (6.25).

Proposition 6.5 For S : R → R convex, of class C^1, such that |S(v)| ≤ B(1 + v^2) for some B ≥ 0, we have that ∂_t[η_S(ρ_ε, u_ε)] + ∂_x[G_S(ρ_ε, u_ε)] ≤ R_{S,ε}(t, x) (6.26) with R_{S,ε} → 0 in W^{−1,p}_{loc} for any 1 < p < ∞ as ε → 0. Moreover, (6.26) becomes an equality if S(v) = 1 or v. Proof. We have that ∫ R H_S(M(ρ_ε, u_ε, ξ), ξ) dξ = η_S(ρ_ε, u_ε), ∫ R ξH_S(M(ρ_ε, u_ε, ξ), ξ) dξ = G_S(ρ_ε, u_ε). Thus we can write ∂_t[η_S(ρ_ε, u_ε)] + ∂_x[G_S(ρ_ε, u_ε)] = ∂_t ∫ R H_S(M(ρ_ε, u_ε, ξ), ξ) dξ + ∂_x ∫ R ξH_S(M(ρ_ε, u_ε, ξ), ξ) dξ = ∂_tW_ε + ∂_xZ_ε + ∂_t ∫ R H_S(f_ε, ξ) dξ + ∂_x ∫ R ξH_S(f_ε, ξ) dξ, where W_ε = ∫ R H_S(M[f_ε], ξ) dξ − ∫ R H_S(f_ε, ξ) dξ, Z_ε = ∫ R ξH_S(M[f_ε], ξ) dξ − ∫ R ξH_S(f_ε, ξ) dξ tend to 0 in L^p_{loc} according to Proposition 6.4. With Proposition 6.3, we obtain the result.

Finally, in order to obtain Theorem 1.5, we need only to apply the stability result of [9], which is valid for a sequence ρ_ε, u_ε bounded in L^∞ satisfying the conclusion of Proposition 6.5.

References

[1] A. Arnold, P. Markowich, G. Toscani, A. Unterreiter, On convex Sobolev inequalities and the rate of convergence to equilibrium for Fokker-Planck type equations, preprint (2000).

[2] A. Arnold, P. Markowich, G. Toscani, A. Unterreiter, On Csiszár-Kullback inequalities, preprint (2000).

[3] F. Berthelin, F. Bouchut, Solution with finite energy to a BGK system relaxing to isentropic gas dynamics, preprint.

[4] F. Bouchut, Construction of BGK models with a family of kinetic entropies for a given system of conservation laws, J. Statist. Phys. 95 (1999), 113–170.

[5] F. Bouchut, On transport equations and the chain rule, preprint (1999).

[6] Y. Brenier, L. Corrias, A kinetic formulation for multi-branch entropy solutions of scalar conservation laws, Ann. Inst. H. Poincaré Anal. Non Linéaire 15 (1998), 169-190.

[7] G.Q. Chen, C.D. Levermore, T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 787- 830.

[8] R.J. DiPerna, Convergence of the viscosity method for isentropic gas dynamics, Comm. Math. Phys. 91 (1983), 1–30.

[9] P.-L. Lions, B. Perthame, P.E. Souganidis, Existence and stability of entropy solutions for the hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian coordinates, Comm. Pure Appl. Math. 49 (1996), 599–638.

[10] P.-L. Lions, B. Perthame, E. Tadmor, Kinetic formulation of the isentropic gas dynamics and p-systems, Comm. Math. Phys. 163 (1994), 415–431.

[11] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, J. Diff. Eq. 148 (1998), 292–317.

[12] B. Perthame, E. Tadmor, A kinetic equation with kinetic entropy functions for scalar conservation laws, Comm. Math. Phys. 136 (1991), 501-517.

[13] B. Perthame, A.E. Tzavaras, Kinetic formulation for systems of two conservation laws and elastodynamics, preprint (1999).

[14] D. Serre, Relaxation semi-linéaire et cinétique des systèmes de lois de conservation, Ann. Inst. H. Poincaré Anal. non linéaire 17 (2000), 169-192.

[15] A.E. Tzavaras, Materials with internal variables and relaxation to conservation laws, Arch. Ration. Mech. Anal. 146 (1999), 129-155.

[16] A. Vasseur, Kinetic semidiscretization of scalar conservation laws and convergence by using averaging lemmas, SIAM J. Numer. Anal. 36 (1999), 465-474.

[17] A. Vasseur, Convergence of a semi-discrete kinetic scheme for the system of isentropic gas dynamics with γ = 3, Indiana Univ. Math. J. 48 (1999), 347-364.