On maximal and minimal generalized entropy solutions to Cauchy problem for a first-order quasilinear equation.

E.Yu. Panov ( pey@novsu.ac.ru )^1

Abstract

We prove existence of maximal and minimal generalized entropy solutions (g.e.s.) of the Cauchy problem for a first-order quasilinear equation in the case of only continuous flux vector, and give some usefull applications. In particular we establish uniqueness of g.e.s. for input data which are periodic with respect to some linear independent n − 1 spatial vectors ( n is number of spatial variables ).

1. Introduction.

Consider Cauchy problem for a scalar first-order quasilinear equation

u_t + div_xφ(u) = g(t, x), (1)

φ = (φ_1, . . . , φ_n) , u = u(t, x) , (t, x) ∈ Π_T = (0, T ) × R^n , T > 0 , with an initial condition

u(0, x) = u_0(x) ∈ L^∞(R^n). (2)

The source term g = g(t, x) ∈ L^1_{loc}(Π_T ) in (1) must satisfy the following condition:

g(t, ·) ∈ L^∞(R^n) for almost all t ∈ (0, T ) and T∫ 0 ‖g(t, ·)‖_∞dt < ∞. (3) Flux functions φ_i(u) are supposed to be only continuous: φ_i(u) ∈ C(R) , i = 1, . . . , n . Definition 1 ( S.N.Kruzhkov, [8, 9] ). A bounded measurable function u = u(t, x) is called a generalized entropy solution ( g.e.s. for short ) to Cauchy problem (1), (2) if: a) ∀k ∈ R |u − k|_t + div_x[sign (u − k)(φ(u) − φ(k))] ≤ sign (u − k)g (4)

in the sense of distributions on Π_T ( in D^′(Π_T ) );

b) ess lim t→0+ u(t, ·) = u 0 in L^1_{loc}(R^n) , i.e. there exists a set E ⊂ (0, T ) of full Lebesgue measure such that u(t, ·) ∈ L^1_{loc}(R^n) , t ∈ E and u(t, ·) → u_0 in L^1_{loc}(R^n) as t → 0+ , t ∈ E . The condition (4) means that for any test function f = f(t, x) ∈ C^∞_0 (Π_T ) , f ≥ 0 ∫ Π {|u − k|f_t + sign (u − k)[(φ(u) − φ(k), ∇_xf) + gf]}dtdx ≥ 0, 1Supported by NATO Scientific Committee (grant no. 278253G) and Russian Foundation for Basic Research ( grant RFBR no. 00-01-00921 and grant of the President of Russian Federation no. 00-15-99254 )

here and below (·, ·) denotes scalar product in R^n .

It is well-known ( see for example [4, 9] ) that condition (4) can be written in equivalent form: for any convex function η(u) ∈ C^1(R) ( entropy )

η(u)_t + div_xψ(u) ≤ η^′(u)g in D^′(Π_T ), (5)

where ψ(u) = (ψ_1(u), . . . , ψ_n(u)) is a corresponding vector of entropy flux defining by the equality ψ(u) = η^′(u)φ(u) − ∫_u 0 φ(σ)dη^′(σ) (6) ( so in the case of smooth φ(u) ∈ C^1(R, R^n) the vector ψ(u) is determined up to an additive constant by the identity ψ^′(u) = η^′(u)φ^′(u) ).

Taking in (4) k = ±‖u‖_∞ we can easy derive that u_t + div_xφ(u) = g in D^′(Π_T ) and u(t, x) satisfies to equation (1) in the sense of distributions ( thus it is indeed a generalized solution ).

Study of the problem (1), (2) in the case of only continuous flux φ(u) was begun in [4, 10, 11]. Since then theory of the problem (1), (2) was considerably advanced.

Remind some notions and results which will be used below. It is known that a g.e.s. always exists ( the explicit proof contains in [1, 14, 15] ).

In the case under consideration when flux vector φ(u) is assumed to be only continuous the effect of infinite speed of propagation of an initial perturbation generally appears which can imply even nonuniqueness of g.e.s. to the problem (1), (2) if space dimension n > 1 . The corresponding examples were constructed in [12]-[14] for the case n = 2 , g ≡ 0 . Remark that for Lipschitz-continuous flux vector uniqueness of g.e.s. is well-known ( see [8, 9] ). Some sufficient condition of uniqueness were found in [12]-[14]. Moreover under these conditions comparison principle for generalized entropy sub- and super-solutions was obtained in [13] ( see also [5, 6] ).

Recall the definitions of generalized entropy sub- and super-solutions ( see [2]-[7],[12] ). Let f^+ = max(f, 0) , f^− = max(−f, 0) . Denote by χ_{u>v} a characteristic function of the set of independent variables on which the relation u > v is satisfied for two given functions u and v . In the same way we use notations χ_{u<v} , χ_{u=v} and so on. Let sign^+(r) = χ_{r>0} be the Heaviside function and sign^−(r) = −sign^+(−r) .

Definition 2. A bounded measurable function u(t, x) on Π_T is called a generalized entropy sub-solution ( briefly g.e.sub-s. ) to the Cauchy problem (1), (2) if 1) ∀k ∈ R ((u − k)^+)_t + div_x[sign^+(u − k)(φ(u) − φ(k))] ≤ sign^+(u − k)g in D^′(Π_T ); (7)

2) ess lim t→0+ (u(t, x) − u 0(x))^+ = 0 in L^1_{loc}(R^n) .

Definition 3. A bounded measurable function u(t, x) on Π_T is called a generalized entropy super-solution ( briefly g.e.super-s. ) to the Cauchy problem (1), (2) if

1) ∀k ∈ R ((u − k)^−)_t + div_x[sign^−(u − k)(φ(u) − φ(k))] ≤ sign^−(u − k)g in D^′(Π_T ); (8)

2) ess lim t→0+ (u(t, x) − u 0(x))^− = 0 in L^1_{loc}(R^n) .

Remark 1 ( see [1, 5, 13, 17] ).

a) The conditions (7) and (8) are equivalent to requirements that (5) is satisfied for any nondecreasing ( respectively - nonincreasing ) convex function η(u) ∈ C^1(R) ;

b) A function u = u(t, x) ∈ L^∞(Π) is a g.e.super-s. of the problem (1), (2) if and only if the function −u is a g.e.sub-s. of the Cauchy problem for the equation u_t − div_xφ(−u) = −g with the initial function −u_0(x) ;

c) A function u(t, x) ∈ L^∞(Π) is a g.e.s. of the problem (1), (2) if and only if it is a g.e.sub-s. and a g.e.super-s. of this problem simultaneously;

d) Let y = Ax be a nondegenerate linear transform on R^n . Then u(t, x) is a g.e.sub-s. ( g.e.super-s., g.e.s. ) of the problem (1), (2) if and only if the function ū(t, y) = u(t, A^{−1}y) is a g.e.sub-s. ( respectively, g.e.super-s., g.e.s. ) of the problem

u_t + div_yφ̄(u) = ḡ, u(0, y) = u_0(A^{−1}y),

where ḡ(t, y) = g(t, A^{−1}y) and the flux vector φ̄(u) = A^∗φ(u) , A^∗ : R^n → R^n is a conjugate transform.

We also need the following result which is contained in [1, 6].

Proposition 1. Let u(t, x) and ũ(t, x) be a g.e.sub-s. and a g.e.super-s. of the problem (1), (2) with initial functions u_0(x) and ũ_0(x) and source terms g(t, x) and g̃(t, x) respectively.

Assume in addition that one of the following condition A) or B) is fulfilled: A) One of the function u or ũ doesn’t depend on x , i.e. u ≡ u(t) or ũ ≡ ũ(t) a.e. on Π_T ;

B) μ_{n+1}{ (t, x) ∈ Π_T | u(t, x) > ũ(t, x) } < ∞ , where μ_r , r ∈ N denotes r -dimensional Lebesgue measure.

Then for a.a. t ∈ (0, T ) ∫ Rn (u(t, x) − ũ(t, x))^+dx ≤ ∫ Rn (u_0(x) − ũ_0(x))^+dx + ∫ Π_t (g(τ, x) − g̃(τ, x))^+χ_{u≥ũ}dτ dx. (9) In particular if u_0 ≤ ũ_0 a.e. on R^n , g ≤ g̃ a.e. on Π_T then u ≤ ũ a.e. on Π_T ( comparison principle ).

Applying the comparison principle to a g.e.s. u of the problem (1), (2), g.e.sub-s. u_−(t) = ess inf u_0(x) + ∫_t 0 ess inf

x∈R^n g(τ, x)dτ and g.e.super-s. u

+(t) = ess sup u_0(x) + ∫_t 0 ess sup x∈R^n g(τ, x)dτ of the same problem ( notice that by (3) the functions u_−(t) and u_+(t) are bounded ) we easy derive the following maximum principle ( see [5, 6] ):

Corollary 1. If u = u(t, x) is a g.e.s. of the problem (1), (2) then for a.a. (t, x) ∈ Π_T ess inf u_0(x) + ∫_t 0 ess inf x∈R^n g(τ, x)dτ ≤ u(t, x) ≤ ≤ ess sup u_0(x) + ∫_t 0 ess sup x∈R^n g(τ, x)dτ.

For two g.e.s. u and ũ of the problem (1), (2) satisfying requirement A) of Proposition 1 we can change places of these functions in the inequality (9) and deduce the following

Corollary 2 ( see [5, 6] ). Let u = u(t, x) , ũ = ũ(t) be g.e.s. of the problem (1), (2) with initial functions u_0(x) and ũ_0(x) ≡ ũ(0) and source terms g(t, x) and g̃(t, x) ≡ g̃(t) respectively. Then for a.a. t ∈ (0, T ) ∫ Rn |u(t, x) − ũ(t)|dx ≤ ∫ Rn |u_0(x) − ũ(0)|dx + ∫ Π_t |g(τ, x) − g̃(τ )|dτ dx.

In [1, 5, 6] some special cases of uniqueness were investigated in the class of summarable with respect to spatial variables solutions. Established in these papers existence of the maximal and minimal g.e.s. playes crucial role for study of the problem. Existence of the maximal and minimal g.e.s. was proved under the requirement that initial data and source function in some sense vanish as x → ∞ .

In section 2 below we prove existence of the maximal and minimal solutions for a general situation and give some usefull application. In particular we show that the maximal (minimal) g.e.s. coincides the maximal g.e.sub-s. (respectively, the minimal g.e.super-s.), existence of which were recently established in [17]. In section 3 we prove uniqueness of g.e.s. to the problem (1), (2) in the case when input data of the problem are periodic functions with respect to some n − 1 spatial variables. Thus we present a generalization of the corresponding result in [17].

Remark that results similar mentioned above are true also for the stationary problem u + div_xφ(u) = g(x), u = u(x), x ∈ R^n, studied in papers [1, 5, 6], in parallel with investigation of the Cauchy problem.

In the present work we intend to consider only the case of the Cauchy problem but emphasize that proofs of the main results remain valid ( with corresponding changes ) for the stationary problem as well.

2. The main theorems.

Firstly, we give the following usefull reformulation of Definition 1. Let Π̄_T = [0, T )× R^n , C^∞_0 (Π̄_T ) be a subspace of functions in C^∞(Π̄_T ) with compact support ( which may have nonempty intersection with initial hyperplane {t = 0} ).

Proposition 2. A function u = u(t, x) ∈ L^∞(Π_T ) is a g.e.s. of the problem (1), (2) if and only if for any k ∈ R and any test function f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 ∫ Π_T {|u − k|f_t + sign (u − k)[(φ(u) − φ(k), ∇_xf) + gf]}dtdx + ∫ Rn |u_0(x) − k|f(0, x)dx ≥ 0. (10)

Proof. Let u = u(t, x) be a g.e.s. of the problem (1), (2); k ∈ R , f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 . Choose a function β(s) ∈ C^∞_0 (R) , supp β(s) ⊂ [0, 1] , β(s) ≥ 0 , ∫ β(s)ds = 1 and set for ν ∈ N δ_ν (s) = νβ(νs) , θ_ν (t) = ∫_t −∞ δ_ν (s)ds . It’s clear that the sequence δ_ν (s) converges to the Dirac δ -measure in D^′(R) as ν → ∞ ; 0 ≤ θ_ν (t) ≤ 1 , θ_ν (t) = 0 for t ≤ 0 , θ_ν (t) = 1 for t ≥ 1/ν and therefore the sequence θ_ν (t) converges to the Heaviside function sign^+(t) pointwise as ν → ∞ .

Applying the entropy inequality (4) to the test function f_ν = f_ν (t, x) = f(t, x)θ_ν (t − t_0) ∈ C^∞_0 (Π_T ) , t_0 ∈ (0, T ) we obtain that ∫_T 0 δ_ν (t − t_0) ∫ Rn |u(t, x) − k|f(t, x)dxdt + ∫ Π_T {|u − k|f_t + sign (u − k)[(φ(u) − φ(k), ∇_xf) + gf]}θ_ν (t − t_0)dtdx ≥ 0. (11) Let E_1 be the set of common Lebesgue points of functions t → F (k, t) = ∫ Rn |u(t, x) − k|f(t, x)dx for all rational k ∈ Q . Because Q is countable then E_1 is a set of full Lebesgue measure in (0, T ) . Evidently the map k → F (k, t) ∈ L^∞([0, T ]) is continuous uniformly by t ∈ [0, T ] and because Q is dense in R we derive that points t ∈ E_1 are Lebesgue points of the functions F (k, t) for all k ∈ R . Let E_2 ⊂ (0, T ) be the set of full measure from Definition 1 such that u(t, ·) ∈ L^1_{loc}(R^n) , t ∈ E_2 and u(t, ·) → u_0 in L^1_{loc}(R^n) as t → 0+ , t ∈ E_2 . Let E = E_1 ∩ E_2 . It’s clear that E is a set of full measure in (0, T ) and if t_0 ∈ E then in the limit as ν → ∞ the relation (11) is transformed to the inequality ∫ Rn |u(t_0, x) − k|f(t_0, x)dxdt + ∫ Π_T {|u − k|f_t + sign (u − k)[(φ(u) − φ(k), ∇_xf) + gf]}sign^+(t − t_0)dtdx ≥ 0,

which after passage to the limit as t_0 → 0 , t_0 ∈ E ( and taking into account requirement b) in Definition 1 ) implies (10).

For the proof of the inverse implication suppose that a function u = u(t, x) ∈ L^∞(Π_T ) satisfies the condition (10). Taking in this condition test functions from C^∞_0 (Π_T ) we immediately derive that

|u − k|_t + div_x[sign (u − k)(φ(u) − φ(k))] ≤ sign (u − k)g in D^′(Π_T )

and u satisfies the entropy requirement (4). It only remains to verify the initial condition. Choose some function ρ(x) ∈ C^∞_0 (R^n) , ρ(x) ≥ 0 and take in (10) f = f_ν (t, x) = ρ(x)(1 − θ_ν (t − t_0)) , where ν ∈ N , t_0 ∈ (0, T ) , 1/ν < T − t_0 . We obtain that for any k ∈ R ∫ Rn |u_0(x) − k|ρ(x)dx − ∫_T 0 δ_ν (t − t_0) ∫ Rn |u(t, x) − k|ρ(x)dxdt + ∫ Π_T

sign (u − k)[(φ(u) − φ(k), ∇_xρ) + gρ](1 − θ_ν (t − t_0))dtdx ≥ 0. (12) Let E be the set of common Lebesgue points for functions t → ∫ Rn |u(t, x) − k|ρ(x)dx, k ∈ R. In the same way as for the set E_1 above one could easy prove that E has full Lebesgue measure on (0, T ) and if t_0 ∈ E then passing to the limit in (12) as ν → ∞ we derive a relation ∫ Rn |u_0(x) − k|ρ(x)dx − ∫ Rn |u(t_0, x) − k|ρ(x)dx + ∫ Π_{t0} sign (u − k)[(φ(u) − φ(k), ∇_xρ) + gρ]dtdx ≥ 0, which implies an estimate ∫ Rn |u(t_0, x) − k|ρ(x)dx ≤ ∫ Rn |u_0(x) − k|ρ(x)dx + C(t_0), where, taking into account the condition (3), C(t_0) = ∫ Π_{t0} [|φ(u) − φ(k)| · |∇_xρ| + ‖g(t, ·)‖_∞|ρ|]dtdx →_{t0∈E,t0→0+} 0 ( here we use the notation |v| for Euclidean norm of a vector v ). Hence ∀k ∈ R and ∀ρ(x) ∈ C^∞_0 (R^n) , ρ(x) ≥ 0

lim sup t_0∈E,t_0→0+ ∫ Rn |u(t_0, x) − k|ρ(x)dx ≤ ∫ Rn |u_0(x) − k|ρ(x)dx. (13) By continuous dependence of the integrals ∫ Rn |u(t_0, x)−k|ρ(x)dx on the function ρ(x) ∈ L^1(R^n) and density of C^∞_0 (R^n) in L^1(R^n) the limit relation (13) is fulfilled for any nonnegative function ρ(x) ∈ L^1(R^n) .

Choose for some positive ε a step-function u_ε = N∑ r=1 α_rχ_{Ar} (x) such that ‖u_0−u_ε‖_∞ < ε . Here χ_{Ar} (x) are characteristic functions of measurable sets A_r ⊂ R^n . Then ∫ Rn |u(t_0, x) − u_0(x)|ρ(x)dx ≤ ε‖ρ‖_1 + ∫ Rn |u(t_0, x) − u_ε(x)|ρ(x)dx = ε‖ρ‖_1 + N∑ r=1 ∫ Rn |u(t_0, x) − α_r|ρχ_{Ar} (x)dx and by the limit relation (13)

lim sup t_0∈E,t_0→0+ ∫ Rn |u(t_0, x) − u_0(x)|ρ(x)dx ≤ ε‖ρ‖_1 + N∑ r=1 ∫ Rn |u_0(x) − α_r|ρχ_{Ar} (x)dx = ε‖ρ‖_1 + ∫ Rn |u_0(x) − u_ε(x)|ρ(x)dx ≤ 2ε‖ρ‖_1 for arbitrary ε > 0 . Therefore ∀ρ(x) ∈ L^1(R^n) , ρ(x) ≥ 0

lim sup t_0∈E,t_0→0+ ∫ Rn |u(t_0, x) − u_0(x)|ρ(x)dx = 0 and ess lim_{t→0+} u(t, ·) = u_0 in L^1_{loc}(R^n) . Thus u is a g.e.s. of the problem (1), (2). The proof is complete.

Corollary 3. If a function u = u(t, x) ∈ L^∞(Π_T ) is a g.e.s. of the problem (1), (2) then for any test function f = f(t, x) ∈ C^∞_0 (Π̄_T ) ∫ Π_T [uf_t + (φ(u), ∇_xf) + gf]dtdx + ∫ Rn u_0(x)f(0, x)dx = 0. (14)

Proof. Consider the relation (10) with k = ±M , M ≥ ‖u‖_∞ . Taking into account that evidently ∫

Π_T [kf_t + (φ(k), ∇_xf)]dtdx + ∫ Rn kf(0, x)dx = 0 we obtain the relation: for any f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 ± (∫ Π_T [uf_t + (φ(u), ∇_xf) + gf]dtdx + ∫ Rn u_0(x)f(0, x)dx ) ≥ 0, i.e. ∫ Π_T [uf_t + (φ(u), ∇_xf) + gf]dtdx + ∫ Rn u_0(x)f(0, x)dx = 0

for any nonnegative test function f . For the end of the proof it only remains to notice that any function f ∈ C^∞_0 (Π̄_T ) can be present as a difference of two nonnegative functions from C^∞_0 (Π̄_T ) . Indeed, f = (f + C)θ − Cθ , where a constant C > ‖f‖_∞ and the nonnegative function θ ∈ C^∞_0 (Π̄_T ) equals 1 on a support of the function f .

Remark 2. In the same way as in Proposition 2 above one could establish the following statements:

1) a function u = u(t, x) ∈ L^∞(Π_T ) is a g.e.sub-s. of the problem (1), (2) if and only if for any k ∈ R and any test function f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 ∫ Π_T {(u − k)^+f_t + sign^+(u − k)[(φ(u) − φ(k), ∇_xf) + gf]}dtdx + ∫ Rn (u_0(x) − k)^+f(0, x)dx ≥ 0;

2) a function u = u(t, x) ∈ L^∞(Π_T ) is a g.e.super-s. of the problem (1), (2) if and only if for any k ∈ R and any test function f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 ∫ Π_T {(u − k)^−f_t + sign^−(u − k)[(φ(u) − φ(k), ∇_xf) + gf]}dtdx + ∫ Rn (u_0(x) − k)^−f(0, x)dx ≥ 0. Theorem 1. There exists the maximal g.e.s. u = u(t, x) = J^+(u_0, g) of the problem (1), (2). Besides

1) u(t, x) ≥ v(t, x) a.e. on Π_T for any g.e.sub-s. v(t, x) of the problem (1), (2);

2) If u = J^+(u_0, g) , v = J^+(v_0, h) then for a.a. t ∈ (0, T ) ∫ Rn (u(t, x) − v(t, x))^+dx ≤ ∫ Rn (u_0(x) − v_0(x))^+dx + ∫ Π_t (g(τ, x) − h(τ, x))^+dτ dx. (15)

Proof. Let M = ‖u_0‖_∞ , M_1(t) = ‖g(t, ·)‖_∞ . Choose a sequence of constants d_ν , ν ∈ N such that ∀ν ∈ N M < d_{ν+1} < d_ν , set for ν ∈ N

u_{0,ν}(x) = u_0(x) , |x| ≤ ν d_ν , |x| > ν , g_ν (t, x) = g(t, x) , |x| ≤ ν M_1(t) , |x| > ν and let u_ν = u_ν (t, x) be a g.e.s. to the problem (1), (2) with an initial data u_{0,ν} (x) and a source function g_ν (t, x) ( such g.e.s. really can be found by the existence theorem ). Evidently the function ũ_ν (t) = d_ν + ∫_t 0 M_1(s)ds is a g.e.s. of the problem (1), (2) with a constant initial data u_0 ≡ d_ν and a source term g ≡ M_1(t) and this g.e.s. doesn’t depend on x . By Corollary 2 for a.a. t ∈ (0, T ) ∫ Rn |u_ν (t, x) − ũ_ν (t)|dx ≤ ∫ Rn |u_{0,ν} (x) − d_ν |dx + ∫ Π_T |g_ν (t, x) − M_1(t)|dtdx ≤ C_ν = [ (M + d_ν ) + 2 ∫_T 0 M_1(t)dt ] μ_n(B_ν ) < +∞, (16)

here B_ν is a ball in R^n of radius ν . Notice that ũ_{ν+1}(t) − ũ_ν (t) ≡ d_{ν+1} − d_ν . Then, using (16) we deduce that for any positive h < d_ν − d_{ν+1} for a.a. t ∈ (0, T ) ∫ Rn (u_{ν+1}(t, x) − u_ν (t, x) + h)^+dx = ∫ Rn (u_{ν+1}(t, x) − ũ_{ν+1}(t) + ũ_ν (t) − u_ν (t, x) + h + d_{ν+1} − d_ν )^+dx ≤ ∫ Rn (u_{ν+1}(t, x) − ũ_{ν+1}(t) + ũ_ν (t) − u_ν (t, x))^+dx ≤ ∫ Rn |u_{ν+1}(t, x) − ũ_{ν+1}(t)|dx + ∫ Rn |u_ν (t, x) − ũ_ν (t)|dx ≤ C_ν + C_{ν+1} < +∞. (17) This estimate yields μ_{n+1}{ (t, x) ∈ Π_T | u_{ν+1}(t, x) > u_ν (t, x) } = μ_{n+1}{ (t, x) ∈ Π_T | (u_{ν+1}(t, x) − u_ν (t, x) + h)^+ > h } ≤ 1 h ∫_T 0 ∫ Rn (u_{ν+1}(t, x) − u_ν (t, x) + h)^+dxdt ≤ (C_ν + C_{ν+1})T/h < ∞ (18)

and by Proposition 1, B) and the fact that u_{0,ν+1}(x) ≤ u_{0,ν} (x) a.e. on R^n , g_{ν+1}(t, x) ≤ g_ν (t, x) a.e. on Π_T we derive the estimate: for a.a. t ∈ (0, T ) ∫ Rn (u_{ν+1}(t, x) − u_ν (t, x))^+dx ≤ ∫ Rn (u_{0,ν+1}(x) − u_{0,ν} (x))^+dx + ∫ Π_T (g_{ν+1}(t, x) − g_ν (t, x))^+dtdx = 0.

Thus u_{ν+1}(t, x) ≤ u_ν (t, x) a.e. on Π_T for all ν ∈ N . By Corollary 1 the sequence u_ν (t, x) is also essentially bounded from below: u_ν (t, x) ≥ −M − ∫_T 0 M_1(t)dt a.e. on Π_T . Therefore for a.a. (t, x) ∈ Π_T there exists the limit function lim_{ν→∞} u_ν (t, x) = u(t, x) ∈ L^∞(Π_T ) . It’s clear that u_ν (t, x) → u(t, x) in L^1_{loc}(Π_T ) as ν → ∞ . By definition of the sequences u_{0,ν} , g_ν they converge as ν → ∞ to the functions u_0 and g respectively, pointwise and in the corresponding spaces L^1_{loc}(R^n) , L^1_{loc}(Π_T ) .

Since u_ν (t, x) is a g.e.s. to the problem (1), (2) with u_0 = u_{0,ν} , g = g_ν it satisfies the condition (10): for any k ∈ R and any test function f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 ∫ Π_T {|u_ν − k|f_t + sign (u_ν − k)[(φ(u_ν ) − φ(k), ∇_xf) + g_ν f]}dtdx + ∫ Rn |u_{0,ν} (x) − k|f(0, x)dx ≥ 0. Passing to the limit as ν → ∞ and taking into account the limit relations above we conclude that for any k ∈ R and any f = f(t, x) ∈ C^∞_0 (Π̄_T ) , f ≥ 0 ∫ Π_T {|u − k|f_t + sign (u − k)[(φ(u) − φ(k), ∇_xf) + gf]}dtdx + ∫ Rn |u_0(x) − k|f(0, x)dx ≥ 0 and by Proposition 2 u = u(t, x) is a g.e.s. of the original problem (1), (2).

Show that u(t, x) satisfies the requirement 1). Let v = v(t, x) be a g.e.sub-s. of the problem (1), (2). Since the function ṽ = ṽ(t) = M + ∫_t 0 M_1(s)ds is a g.e.s. ( and hence a g.e.super-s. ) of this problem with data u_0 ≡ M , g ≡ M_1(t) then by Proposition 1, A) for a.a. t ∈ (0, T ) ∫ Rn (v(t, x) − ṽ(t))^+dx ≤ ∫ Rn (u_0(x) − M)^+dx + ∫ Π_T

(g(t, x) − M_1(t))^+dtdx = 0

and v(t, x) ≤ ṽ(t) a.e. on Π_T . Using this unequality, the evident identity ṽ(t)−ũ_ν (t) = M − d_ν and the estimate (16) we establish that for any ν ∈ N , h ∈ R , 0 < h < d_ν − M ∫ Rn (v(t, x) − u_ν (t, x) + h)^+dx ≤ ∫ Rn (ṽ(t) − u_ν (t, x) + h)^+dx ≤ ∫ Rn (ũ_ν (t) − u_ν (t, x) + h + M − d_ν )^+dx ≤ ∫ Rn (ũ_ν (t) − u_ν (t, x))^+dx ≤ C_ν .

It implies that μ_{n+1}{ (t, x) ∈ Π_T | v(t, x) > u_ν (t, x) } = μ_{n+1}{ (t, x) ∈ Π_T | (v(t, x) − u_ν (t, x) + h)^+ > h } ≤ 1 h ∫_T 0 ∫ Rn (v(t, x) − u_ν (t, x) + h)^+dxdt ≤ C_ν T/h < ∞. Applying again Proposition 1, B) we deduce that for a.a. t ∈ (0, T ) ∫ Rn (v(t, x) − u_ν (t, x))^+dx ≤ ∫ Rn (u_0(x) − u_{0,ν} (x))^+dx + ∫ Π_T (g(t, x) − g_ν (t, x))^+dtdx = 0.

Therefore v(t, x) ≤ u_ν (t, x) a.e. on Π_T for all ν ∈ N and passing to the limit as ν → ∞ yields v(t, x) ≤ u(t, x) a.e. on Π_T . Thus the condition 1) is satisfied and in particular u(t, x) = J^+(u_0, g) is the maximal g.e.s. of our problem. It remains only to prove the property 2).

Let M = max(‖u_0‖_∞, ‖v_0‖_∞) , M_1(t) = max(‖g(t, ·)‖_∞, ‖h(t, ·)‖_∞) . In the same way as above choose the sequence d_ν , ν ∈ N such that ∀ν ∈ N M < d_{ν+1} < d_ν and set for ν ∈ N u_{0,ν} (x) = u_0(x) , |x| ≤ ν d_ν , |x| > ν , g_ν (t, x) = g(t, x) , |x| ≤ ν M_1(t) , |x| > ν ,

v_{0,ν} (x) = v_0(x) , |x| ≤ ν d_ν , |x| > ν , h_ν (t, x) = h(t, x) , |x| ≤ ν M_1(t) , |x| > ν . Let u_ν = u_ν (t, x) , v_ν = v_ν (t, x) be g.e.s. of the problem (1), (2) with data u_{0,ν} , g_ν and v_{0,ν}, h_ν respectively, and ũ_ν (t) be defined above. Then for any positive h < d_ν − d_{ν+1} for a.a. t ∈ (0, T ) ∫ Rn (u_{ν+1}(t, x) − v_ν (t, x) + h)^+dx = ∫ Rn (u_{ν+1}(t, x) − ũ_{ν+1}(t) + ũ_ν (t) − v_ν (t, x) + h + d_{ν+1} − d_ν )^+dx ≤ ∫ Rn |u_{ν+1}(t, x) − ũ_{ν+1}(t)|dx + ∫ Rn |v_ν (t, x) − ũ_ν (t)|dx ≤ C_ν + C_{ν+1} < +∞, with the constants C_ν defined at (16). As it was already shown this inequality yields ( cf. (18) ) that μ_{n+1}{ (t, x) ∈ Π_T | u_{ν+1}(t, x) > v_ν (t, x) } < ∞ and by Proposition 1, B) ∫ Rn (u_{ν+1}(t, x) − v_ν (t, x))^+dx ≤ ∫ Rn (u_{0,ν+1}(x) − v_{0,ν} (x))^+dx + ∫ Π_t (g_{ν+1}(τ, x) − h_ν (τ, x))^+dτ dx = ∫ |x|≤ν (u_0(x) − v_0(x))^+dx + ∫_t 0 ∫ |x|≤ν (g(τ, x) − h(τ, x))^+dτ dx. (19) In the limit as ν → ∞ the sequence u_{ν+1}(t, x) − v_ν (t, x) converges to u(t, x) − v(t, x) and passing to the limit in (19) with using the Fatou lemma we derive the estimate (15). Theorem is proved.

Suppose that a function u(t, x) ∈ L^∞(Π_T ) is the maximal g.e.s. of the Cauchy problem u_t − div_xφ(−u) = −g, u(0, x) = −u_0(x)

Then by Remark 1, b) the function −u(t, x) is the minimal g.e.s. of the original problem and it satisfies properties similar to ones in Theorem 1. More precisely we obtain the following

Theorem 1’. There exists the minimal g.e.s. u = u(t, x) = J^−(u_0, g) of the problem (1), (2). Moreover

1) u(t, x) ≤ v(t, x) a.e. on Π_T for any g.e.super-s. v(t, x) of the problem (1), (2); 2) If u = J^−(u_0, g) , v = J^−(v_0, h) then for a.a. t ∈ (0, T ) ∫ Rn (u(t, x) − v(t, x))^+dx ≤ ∫ Rn (u_0(x) − v_0(x))^+dx + ∫ Π_t (g(τ, x) − h(τ, x))^+dτ dx. (20)

Corollary 4. Suppose that u^± = J^±(u_0, g) , v^± = J^±(v_0, h) . Then 1) for a.a. t ∈ (0, T ) ∫ Rn |u^±(t, x) − v^±(t, x)|dx ≤ ∫ Rn |u_0(x) − v_0(x)|dx + ∫ Π_t |g(τ, x) − h(τ, x))|dτ dx. (21) ( L^1 -contraction property );

2) if u_0(x) ≤ v_0(x) a.e. in R^n , g(t, x) ≤ h(t, x) a.e. in Π_T then u^±(t, x) ≤ v^±(t, x) a.e. in Π_T ( monotonicity ).

Proof. For the proof of 1) we only need to change places of the solutions u and v in the relation (15) ( and, respectively, in (20) ) and to add the obtained inequality to the original one. The assertion 2) is immediately follows from (15), (20) as well.

Denote by D the set of pairs (u_0, g) , where u_0 ∈ L^∞(R^n) , g ∈ L^1_{loc}(Π_T ) and satisfies the conditions (3). Let α > 0 . Consider the following functional on D

I_α(u_0, g) = ess sup_{t∈(0,T )} ∫ Rn (u^+(t, x) − u^−(t, x))e^{−α|x|}dx, u^± = J^±(u_0, g). If u_0 − v_0 ∈ L^1(R^n) , g − h ∈ L^1(Π_T ) then, as it follows from (21), ∀α > 0

|I_α(u_0, g) − I_α(v_0, h)| ≤ 2(‖u_0 − v_0‖_L1_{(R}n_) + ‖g − h‖_L1_{(ΠT )}), (22)

i.e. this functional is Lipschitz-continuous on D with respect to L^1 -distance. It easy implies the following result.

Theorem 2. Let D_u be a subset of D consisting of pairs (u_0, g) , for which the problem (1), (2) has an unique g.e.s. Then the set D_u is closed with respect to L^1 -distance. In other words if sequence (u_k, g_k ) ∈ D_u , k ∈ N and (u_0, g) ∈ D such that u_k − u_0 ∈ L^1(R^n) , g_k − g ∈ L^1(Π_T ) and u_k − u_0 → 0 in L^1(R^n) , g_k − g → 0 in L^1(Π_T ) then (u_0, g) ∈ D_u .

Proof. Let α > 0 . It is evident that (u_0, g) ∈ D_u if and only if I_α(u_0, g) = 0 . Thus I_α(u_k, g_k) = 0 for all k ∈ N . Because u_k − u_0 → 0 in L^1(R^n) , g_k − g → 0 in L^1(Π_T ) the estimate (22) yields I_α(u_0, g) = 0 .

As it follows from Theorem 2, nonuniqueness of the g.e.s. of the problem (1), (2) doesn’t disappear after small enough perturbation of the input data. More precisely the following statement holds:

Theorem 3. Let (u_0, g) ∈ D \ D_u , u^± = J^±(u_0, g) , C = ess sup_{t∈(0,T )} ∫ Rn (u^+(t, x) − u^−(t, x))dx ≤ +∞ . If (v_0, h) ∈ D , u_0 − v_0 ∈ L^1(R^n) , g − h ∈ L^1(Π_T ) and 2(‖u_0 − v_0‖_L1_{(R}n_) + ‖g − h‖_L1_{(ΠT )}) < C then (v_0, h) /∈ D_u .

Proof. By Levi theorem C_α = I_α(u_0, g) → C as α → 0+ . Hence there exists α > 0 such that 2(‖u_0 − v_0‖_L1_{(R}n_) + ‖g − h‖_L1_{(ΠT )}) < C_α and by the estimate (22) I_α(v_0, h) > 0 , i.e. (v_0, h) /∈ D_u .

Notice that in examples of nonuniqueness in [12]-[14] the constant C = +∞ . Thus in these examples uniqueness fails for any L^1 -perturbation of input data.

3. Uniqueness of g.e.s. in the case of periodic input data.

Let ξ = {ξ_1, . . . , ξ_{n−1}} be a system of linear independent vectors in R^n . Functions u(x) ∈ L^∞(R^n) , g(t, x) ∈ L^∞(Π_T ) will be called ξ -periodic if u(x + ξ_i) = u(x) a.e. on

R^n and, respectively, g(t, x + ξ_i) = g(t, x) a.e. on Π_T for all i = 1, . . . , n − 1 .

Assume that input data u_0(x) , g(t, x) of the problem (1), (2) are ξ -periodic functions. Then the following lemma holds.

Lemma 1. The maximal and minimal g.e.s. of the problem (1), (2) are ξ -periodic functions.

Proof. Let u^+(t, x) be the maximal g.e.s. of the problem (1), (2), ξ = ξ_i , 1 ≤ i ≤ n − 1 . Then the functions u^+(t, x ± ξ) are g.e.s. of the same problem due to ξ -periodicity of input functions u_0(x) , g(t, x) . Since u^+(t, x) is the maximal g.e.s. we have inequalities u^+(t, x + ξ) ≤ u^+(t, x) , u^+(t, x − ξ) ≤ u^+(t, x) a.e. on Π_T . Applying shift transform to the latter inequality we can write it in the form u^+(t, x) ≤ u^+(t, x + ξ) a.e. on Π_T . Together with the former inequality it implies that u^+(t, x + ξ) = u^+(t, x) a.e. on Π_T , i = 1, . . . , n − 1 . Thus u^+(t, x) is a ξ -periodic function. The proof of ξ -periodicity of the minimal g.e.s. is the same.

Theorem 4. The g.e.s. of the problem (1), (2) is unique.

Proof. Using nondegenerate linear transform of spatial variables ( see Remark 1, d) ) we firstly reduce the problem to the case when ξ_i = e_{i+1} , i = 1, . . . , n − 1 are the last n − 1 basis vectors of the space R^n . Let u^+(t, x) and u^−(t, x) be the maximal and the minimal g.e.s. of the problem (1), (2). We only need to prove that these g.e.s. coincide almost everythere on Π_T .

Choose functions p(y) ∈ C^∞_0 (R^{n−1}) , q(t, s) ∈ C^∞_0 (Q̄_T ) , Q̄_T = [0, T ) × R ; p, q ≥ 0 , ∫ Rn−1 p(y)dy = 1 and let p_ν (y) = ν^{1−n}p(y/ν) , ν ∈ N . Since the functions u^+ , u^− are g.e.s. of the problem (1), (2) they satisfy the identity (14) in Corollary 3. After substructing these identities for the functions u^+ , u^− with a test function h(t, x) = p_ν (x^′)q(t, x_1) , x^′ = (x_2, . . . , x_n) ∈ R^{n−1} we obtain the following equality ∫ Π_T

[(u^+ − u^−)p_ν (x^′)q_t(t, x_1) +

(φ_1(u^+) − φ_1(u^−))p_ν (x^′)q_{x1} (t, x_1)]dtdx + ∫ Π_T n∑ i=2 (φ_i(u^+) − φ_i(u^−))ν^{−n}p_{yi} (x^′/ν)q(t, x_1)dtdx = 0. (23)

Write (23) in the form ∫ Rn−1 J_1(x^′)p_ν (x^′)dx^′ + ∫ Rn−1 n∑ i=2 J_i(x^′)ν^{−n}p_{yi} (x^′/ν)dx^′ = 0, where

J_1(x^′) = ∫ Q̄_T [(u

+ − u^−)q_t(t, x_1) + (φ_1(u^+) − φ_1(u^−))q_{x1} (t, x_1)]dtdx_1,

J_i(x^′) = ∫ Q̄_T (φ i(u^+) − φ_i(u^−))q(t, x_1)dtdx_1, i = 2, . . . , n and change variables setting y = x^′/ν . We obtain the relation ∫ Rn−1 J_1(νy)p(y)dy + 1 ν ∫ Rn−1 n∑ i=2 J_i(νy)p_{yi} (y)dy = 0. (24) By Lemma 1 u^+ and u^− are ξ -periodic functions that implies periodicity of the function J_1 . It is evident also that J_i ∈ L^∞(R^{n−1}) , i = 1, . . . , n . Then as it’s well-known the sequence J_1(νy) converges ∗ -weakly in L^∞(R^{n−1}) to a constant C = ∫ P J_1(y)dy , where P = [0, 1]^{n−1} , and passing to the limit as ν → ∞ in the relation (24) we deduce that C = 0 , i.e. ∫ Q̄_T ×P [(u + − u^−)q_t(t, x_1) + (φ_1(u^+) − φ_1(u^−))q_{x1} (t, x_1)]dtdx = 0. (25)

Choose some constant M ≥ max(‖u^+‖_∞, ‖u^−‖_∞) and let ω(r) = max{ |φ_1(u) − φ_1(v)| | u, v ∈ [−M, M], |u − v| ≤ r } be a modulus of continuity for the function φ_1(u) on [−M, M] . The function ω(r) is nondecreasing and subadditive on [0, +∞) and lim_{r→0+} ω(r) = ω(0) = 0 . Let ε > 0 . Represent r ≥ 0 in the form r = kε + s with k ∈ N ∪ {0} and 0 ≤ s < ε . Since ω(r) is nondecreasing and subadditive we have

ω(r) ≤ ω((k + 1)ε) ≤ (k + 1)ω(ε) ≤ (r + ε)ω(ε)/ε = C_ε(r + ε), (26)

for C_ε = ω(ε)/ε . Now, let χ(s) ∈ C^∞(R) be a nonincreasing function such that χ(s) = 1 for s ≤ R and χ(s) = 0 for s ≥ R + 1 with some positive constant R , and a function θ(t) ∈ C^∞_0 ([0, T )) be such that θ(t) ≥ 0 , θ^′(t) ≤ 0 . Define the test function q(t, x_1) = χ(s)θ(t) , s = |x_1| − C_ε(T − t) . If we substitute this test function in (25) then we’ll get the relation ∫ Q̄_T ×P (u + − u^−)χ(s)θ^′(t)dtdx + ∫ Q̄_T ×P [C ε(u^+ − u^−) + (φ_1(u^+) − φ_1(u^−))sign (x_1)]χ^′(s)θ(t)dtdx = 0. (27)

The values u^+(t, x), u^−(t, x) ∈ [−M, M] for a.a. (t, x) ∈ Π_T and by definition of the ω(r) and the relation (26)

|φ_1(u^+) − φ_1(u^−)| ≤ ω(u^+ − u^−) ≤ C_ε(u^+ − u^− + ε) a.e. on Π_T .

Therefore (27) implies the estimate ( remind also that χ^′(s) ≤ 0 , θ(t) ≥ 0 , θ^′(t) ≤ 0 ) ∫ [0,T ]×[−R,R]×P (u^+ − u^−)|θ^′(t)|dtdx ≤ ∫ Q̄_T ×P (u + − u^−)χ(s)|θ^′(t)|dtdx ≤ ∫ Q̄_T ×P [C ε(u^+ − u^−) − C_ε(u^+ − u^− + ε)]χ^′(s)θ(t)dtdx ≤ εC_ε · ‖θ(t)‖_∞ ∫ Q̄_T |χ ′(s)|dtdx_1 = 2T εC_ε · ‖θ(t)‖_∞, (28) because ∫ Q̄_T |χ ′(s)|dtdx_1 = 2 ∫_T 0 ∫_{+∞} 0 −χ^′(x_1 − C_ε(T − t))dx_1dt = 2 ∫_T 0 dt = 2T. Since εC_ε = ω(ε) →_{ε→0+} 0 passing to the limit as ε → 0+ in (28) yields ∫ [0,T ]×[−R,R]×P (u^+ − u^−)|θ^′(t)|dtdx = 0 for all R > 0 and for all choose of θ . It evidently implies identity u^+ = u^− a.e. on Π_T as required. Theorem is proved.

Corollary 5 ( comparison principle ). Let v(t, x) be a g.e.sub-s and w(t, x) be a g.e.super-s of the problem (1), (2) with input data (v_0(x), g(t, x)) and (w_0(x), h(t, x)) respectively, and suppose that v_0(x) ≤ w_0(x) a.e. on R^n , g(t, x) ≤ h(t, x) a.e. on Π_T . If at least one of the data (v_0(x), g(t, x)) or (w_0(x), h(t, x)) are ξ -periodic functions then v(t, x) ≤ w(t, x) a.e. on Π_T .

Proof. Let v^±(t, x) = J^±(v_0, g) , w^±(t, x) = J^±(w_0, h) . Assume that the functions w_0(x), h(t, x) are ξ -periodic. Then, by Corollary 4 and Theorem 4

v(t, x) ≤ v^+(t, x) ≤ w^+(t, x) = w^−(t, x) ≤ w(t, x) a.e. on Π_T .

The case of ξ -periodic functions v_0(x), g(t, x) is treated in the similar way: v(t, x) ≤ v^+(t, x) = v^−(t, x) ≤ w^−(t, x) ≤ w(t, x) a.e. on Π_T .

In addition to Theorem 4 remark that in the case of ξ -periodical data the problem (1), (2) can be considered as the Cauchy problem with spatial variables on a manifold T^{n−1} × R , where T^{n−1} is a n − 1 -dimensional torus. One of the consequences of Theorem 4 is existence and uniqueness of g.e.s. of this problem which is regarded in the sence of [16] ( where the general case of arbitrary manifold was investigated ).

In conclusion the author wishes to thank Professor Philippe Bénilan for his kind hospitality and usefull discussions on this paper while the author visited the university of Besançon (France).

References

[1] B.P.Andreianov, Ph.Benilan, S.N.Kruzhkov, L^1 -theory of scalar conservation law with continuous flux function. J. of Functional Analysis. 2000. V. 171. P. 15-33.

[2] L.Barthélemy, Probléme d’obstacle pour une équation quasilinéar du premier order.

Sci. Toulouse. 1988. V. 9. No 2. P. 137-159.

[3] L.Barthélemy, Ph.Bénilan, Subsolution for abstract evolution equations. Potential Analysis. 1992. V. 1. P. 93-113.

[4] Ph.Benilan, Equation d’evolution dans un space de Banach quelconque et applications. These de Doctorat d’Etat. Centre d’Orsey. Universite de Paris-Sud. 1972.

[5] Ph.Benilan, S.N.Kruzhkov, Quasilinear first order equations with continuous nonlinearities. Dokl. Ross. Akad. Nauk. 1994. V. 339. No 2. P. 151-154; English transl. in Russian Acad. Sci. Dokl. Math. 1995. V.50.

[6] Ph.Benilan, S.N.Kruzhkov, Conservation laws with continuous flux functions.

NoDEA. 1996. V. 3. P. 395-419.

[7] M.G. Crandall, The semigroup approach to first order quasilinear equations in several space variables. Israel J. Math. 1972. V. 12. P. 108-122.

[8] S.N.Kruzhkov, Generalized solutions of the Cauchy problem in the large for nonlinear equations of first order. Dokl. Akad. Nauk SSSR. 1969. V. 187. No 1. P. 29-32; English transl. in Soviet Math. Dokl. 1969. V. 10.

[9] S.N.Kruzhkov, First order quasilinear equations in several independent variables.

Mat. Sbornik. 1970. V. 81. No 2. P. 228-255; English transl. in Math. USSR Sb. 1970. V. 10. No 2. P. 217-243.

[10] S.N.Kruzhkov., F.Hildebrand, The Cauchy problem for quasilinear first order equations in the case the domain of dependence on initial data is infinite. Vestnik Mosc. Univ. 1974. No 1. P. 93-100; English transl. in Moscow Univ. Math. Bull. 1974. V. 29. No 1.

[11] S.N.Kruzhkov., P.A.Andreyanov, On the nonlocal theory of the Cauchy problem for quasi-linear equations of first order in the class of locally summable functions. Dokl. Akad. Nauk SSSR. 1974. V. 220. No 1. P. 23-26; English transl. in Soviet Math. Dokl. 1975. V.16.

[12] S.N.Kruzhkov., E.Yu.Panov, First order quasilinear conservation laws with an infinite domain of dependence on the initial data. Dokl. Akad. Nauk SSSR. 1990. V. 314. No 1. P. 79-84; English transl. in Soviet Math. Dokl. 1991. V.42. No 2.

[13] S.N.Kruzhkov., E.Yu.Panov, Osgood’s type conditions for uniqueness of entropy solutions to Cauchy problem for quasilinear conservation laws of the first order. Annali Univ. Ferrara-Sez. 1994-1995. V. XL. P. 31-53.

[14] E.Yu.Panov, Generalized solutions to Cauchy problem for quasilinear conservation laws. PhD thesis. Moscow State University. 1991.

[15] E.Yu.Panov, On measure valued solutions of the Cauchy problem for a first order quasilinear equation. Izvest. Ross. Akad. Nauk. 1996. No 2. P. 107-148; English transl. in Izvestiya: Mathematics. 1996. V. 60. No 2. P. 335-377.

[16] E.Yu.Panov, The Cauchy problem for a first-order quasilinear equation on a manifold. Differentsial’nye Uravneniya. V.33. No 2, pp. 257-266; English transl. in Differential Equation. 1997. V. 33. No 2.

[17] E.Yu.Panov, A remark on the theory of generalized entropy sub- and super-solutions of the Cauchy problem for a first-order quasilinear equation. Differentsial’nye Uravneniya. 2001. V. 37. N 2. P. 249-257. English transl. in Differential Equation. 2001. V. 37. No 2.