CONVERGENCE OF VISCOSITY SOLUTIONS FOR ISOTHERMAL GAS DYNAMICS

FEIMIN HUANG^† ZHEN WANG^‡ † INSTITUTE OF APPLIED MATHEMATICS,AMSS, ACADEMIA SINICA, BEIJING 100080, P.R. CHINA †DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVERSITY,OSAKA 560-0043,JAPAN ‡WUHAN INSTITUTE OF PHYSICS AND MATHEMATICS, THE CHINESE ACADEMY OF SCIENCES, P.O.BOX 71010, WUHAN 430071,CHINA FHUANG@MATH.SCI.OSAKA − U.AC.JP MAZWANG@CITYU.EDU.HK

Abstract. We study the hyperbolic system of Euler equations for an isothermal, compressible fluid. The strong convergence theorem of approximate solutions is proved by the theory of compensated compactness. The existence of weak entropy solution of Cauchy problems with large L^∞ initial data which may include vacuum is also obtained. We note that we establish the commutation relations not only for the weak entropies but also for the strong ones by using the analytic extension theorem.

Key Words: Isothermal gas dynamics, Compensated compactness, Analytic extension theorem

1. Introduction

The one dimension Euler equations of compressible fluid read { ρ_t + (ρu)_x = 0,

(ρu)_t + (ρu^2 + p(ρ))_x = 0,

(1.1)

where the unknown variable ρ ≥ 0 denotes the density of the mass, u the velocity. Usually, it is convenient to study (1.1) by a new variable, the momentum m = ρu. Thus (1.1) becomes { ρ_t + m_x = 0,

m_t + (^{m2}_ρ + p(ρ))_x = 0.

(1.2)

For polytropic perfect gas, p = p_0ρ^γ with γ the adiabatic exponent. (1.1) is called isentropic gas dynamics for γ > 1, while it is called isothermal gas dynamics for γ = 1. Without loss of generality, p_0 is normalized to be 1 here.

1991 Mathematics Subject Classification. 35D05,35L60,35L65.

The first draft was completed when the first author visited S.I.S.S.A., Via Beirut n.2-4, 34010, Trieste,Italy.

One of the main difficulties for the mathematical analysis of (1.1) is the singularity at the vacuum ρ = 0. It is noted that the term ρu^2 is only Lipschitz continuous for γ > 1 near the vacuum, while it is not even Lipschitz continuous for γ = 1 due to the infiniteness of the velocity u. This shows that the isothermal case is completely different from the isentropic one. Another difficulty is the development of shock wave in solutions of (1.1) no matter how smooth the initial data are.

Away from vacuum, the first result on the existence of BV solution with large initial data in the BV space was obtained in Nishida [16] by using the Glimm scheme [9] for γ = 1. Poupaud, Rascle and Vila [18] made a great simplification and improved the results of [16] to the isothermal Euler-Poisson system. For the case of γ > 1, the existence of BV solution was established in Nishida and Smoller [17] for large total variation with small γ − 1.

When vacuum occurs, the first global existence for (1.1) with large initial data in L^∞ was established in Diperna [8] for γ = 1+^2_{2n+1} , n ≥ 2 by the theory of compensated compactness. For the interval (1,^5_3 ], the existence was solved by Ding, Chen and Luo [1, 5]. Lions, Perthame, Tadmor and Sougandis [12,13] treated this problem for γ >^5_3 . More recently, Chen and Le Floch [3] studied the existence problem for general pressure where p acts like γ-law (1 < γ < 3) near the vacuum ρ = 0. The approach of [3] further simplified the proofs for the case of γ > 1.

The purpose of the present paper is to prove the existence of global weak L^∞ solution for isothermal gas dynamics with large initial data by the theory of compensated compactness. Our initial data are

(ρ(0, x), m(0, x)) = (ρ_0(x), m_0(x)) ∈ L^∞, (1.3)

where the vacuum may occur. It is known that all effective approaches for isentropic gas dynamics are based on the subtle analysis for Euler-Poisson- Darboux (EPD) equation, while the entropy equation of γ = 1 is not governed by EPD equation. Therefore all previous approaches [1,3,5,8,12,13] fail here. We shall use a new approach to achieve our goal. We establish the commutation relations for some strong entropies even though we do not know whether these strong waves satisfy the H^{−1} compact condition or not. It should be noted here that the strong entropy is useless for isentropic gas dynamics (see Lions, Perthame and Tadmor [12]).

In addition, we note that the vacuum may disappear in the solution to the Riemann problem for isothermal flow. This fact does not mean that studying vacuum is not meaningful. It is well known that the centered rarefaction wave disappears in the solution immediately for scalar conservation laws. But people investigate the initial value problems when the initial value problem includes the centered rarefaction wave for scalar equation.

Now we recall the definition of the weak entropy solution.

Definition 1. (ρ, m)(x, t) ∈ L^∞(R^2_+) is called a weak entropy solution of (1.2), if it holds, for any test function ϕ ∈ C^∞_0 (R^2_+), that ∫∫ t>0 (ρϕ_t + mϕ_x) dxdt + ∫ R ρ_0(x)ϕ(x, 0) dx = 0, ∫∫ t>0 mϕ_t + ( m^2 ρ + p(ρ))ϕ_x dxdt + ∫ R m_0(x)ϕ(x, 0) dx = 0, (1.4)

and for any weak entropy pair (η, q)(ρ, m) with convex η(ρ, m), η(ρ, m)_t + q(ρ, m)_x ≤ 0, (1.5) holds in the sense of distributions. Here the entropy pair (η, q) is determined by the additional conservation law η(ρ, m)_t + q(ρ, m)_x = 0, (1.6) for any smooth solution of (1.2) and weak entropy is an entropy that vanishes at the vacuum.

Our main results are Theorem 1 (Existence theorem).

Let γ = 1, assume that the initial data satisfy

0 ≤ ρ_0(x) ≤ M, |m_0(x)| ≤ ρ_0(x)(M + | log ρ_0(x)|), a.e. (1.7) then there exists a global weak entropy solution of (1.2), (1.3) satisfying 0 ≤ ρ(x, t) ≤ C, |m(x, t)| ≤ ρ(x, t)(C + | log ρ(x, t)|), a.e., (1.8) where C only depends on M.

Remark 1. It is known that Nishida [16] had established the existence of global BV solution for the isothermal gas dynamics if the initial data (ρ_0, u_0) ∈ BV (R) and ρ_0 > c > 0. But here our initial data is more rough, i.e. (ρ_0, u_0) ∈ L^∞(R). Furthermore, our initial data may include the vacuum. Theorem 2 (Compactness framework).

Let γ = 1 and (ρ^ε, m^ε) be a sequence of approximate solutions of (1.2) satisfying (1.8) uniformly in ε. Assume that, ∂_tη(ρ^ε, m^ε) + ∂_xq(ρ^ε, m^ε) is compact in H^{−1}_{loc} , (1.9) holds for some (not all) weak entropies (η, q) with

η = ρ^{11−ξ2} e^{ξ1−ξ2 u}, q = (u + ξ)η, ξ ∈ (−1, 1), (1.10) then there exists a function (ρ(x, t), m(x, t)) satisfying (1.8) such that, extracting a subsequence if necessary, (ρ^ε(x, t), m^ε(x, t)) → (ρ(x, t), m(x, t)), in L^p_{loc}(R^2_+), (1.11) for all p ∈ [1, +∞).

Remark 2. Theorem 2 is useful to study the existence of global weak L^∞ solution of (1.1) with source term for γ = 1, for instance, the compressible Euler equations with damping, the Euler-Poisson system, etc.

Before we explain our ideas, it is worthwhile to briefly recall the theory of compensated compactness. To prove the existence, one usually constructs a sequence of approximate solutions (ρ^ε, m^ε) by using viscosity perturbation or a finite difference scheme, then extracts a strong subsequence of (ρ^ε, m^ε), if necessary, to get the desired results. However, it is very difficult to get a strong convergent subsequence for (1.2). Usually it is easy to obtain the uniform boundness estimates for (ρ^ε, m^ε), which indicates that extracting a weak convergent subsequence is available. It is well known that only weak convergence is not sufficient to imply the existence of weak solution due to the nonlinearity of (1.2). So some information on the derivative of (ρ^ε, m^ε) is needed. Tartar [20] first applied Young measure to introduce the commutation relations < ν_{x,t}, q_1η_2 − q_2η_1 >=< ν_{x,t}, q_1 >< ν_{x,t}, η_2 > − < ν_{x,t}, q_2 >< ν_{x,t}, η_1 >, (1.12) with any two entropy pairs (η_i, q_i), i = 1, 2 for a.e. (x, t), if η_i(ρ^ε, m^ε) + q_i(ρ^ε, m^ε), (1.13) lie in a compact subset of H^{−1}_{loc} as ε vanishes. If Young measure satisfying (1.12) reduces to a point mass for a.e. (x, t), then the weak convergence becomes strong, and the existence of weak solution is established. Therefore the H^{−1} compact condition is essential to the theory of compensated compactness.

For strictly hyperbolic systems with smooth flux, the H^{−1} compact condition is easy due to the uniform boundness of approximate solutions and Murat’s lemma [15] provided that the system has a strictly convex entropy. However, for isentropic gas dynamics, not all entropy pairs can be applied into Tartar commutation relations (1.12) because only weak entropy-pairs are known to satisfy the H^{−1} compact condition. As pointed out by Lions, Perthame and Tadmor [12], strong entropies are useless for isentropic case. Fortunately, since all weak entropies obey famous EPD equation, people (see [1,5,8,12,13]) are able to imply the Young measure is either a single point or a subset of the vacuum by careful entropy analysis for EPD equation, and then prove the existence of weak solution for the isentropic case. More precisely, in the proof of [1,5,8], the heart of the matter is to construct the special weak entropies and apply them into the commutation relations. This is possible because (1.12) represents an imbalance of regularity: the operator on the left is more regular than the one on the right due to cancellation. The novel idea of applying the technique of fractional derivatives was introduced in [5]. A new analysis of (1.12) was proposed by Lions, Perthame, Tadmor and Souganidis [12,13] for γ > 1. Motivated by a kinetic formulation of (1.1), they made the crucial observation that the use of special weak entropies could be bypassed and (1.12) be directly expressed with the entropy kernel of EPD equation. We refer to [1,5,8,12,13] for details. Even though only weak entropy pairs are used in the case γ > 1, Diperna [8] conjectured that it may be possible to establish the commutation relations for all entropy pairs, weak and strong ones. If it is true, the proof is quite simple (see [8]).

In general, to exploit the classical theory of compensated compactness, the following steps are necessary:

(1) To construct a sequence of approximate solutions and obtain the uniform boundness of approximate solutions,

(2) To establish the H^{−1} compact condition for infinite entropy pairs, (3) To apply div-curl lemma into all entropy pairs satisfying (2) to establish the commutation relations,

(4) To apply the commutation relations to reduce Young measure to a point mass for a.e. (x, t).

Similar to the isentropic case, it is also difficult for γ = 1 to prove the H^{−1} compact condition for strong entropy pairs (step 2). In fact, we do not know whether the strong entropy pairs satisfy the H^{−1} compact condition or not. Compared with the isentropic case, the main difficulties for the isothermal flow arise on the following two aspects: the infiniteness of eigenvalues due to the presence of vacuum and the fact that the entropy equation is not of EPD type. Among them, the second one is essential. Thus all approaches of [1,5,8,12,13] fail here.

Since only weak entropies are known to satisfy H^{−1} compact condition for γ = 1, it seems that the strong entropies are useless like the isentropic case. However, the use of strong entropies is the key point of our proofs. The main novelty in this paper is that we establish the commutation relations not only for the weak entropies but also for the strong ones by using the analytic extension theorem even though we do not know whether strong entropies satisfy H^{−1} compact condition or not.

To achieve our goal, we first choose a special formula of entropies parameterized by a complex variable ξ. The formula includes both weak and strong entropies determined by the value of ξ. Then we prove that there exists a segment such that for any ξ belonging to the segment, the entropy pair is of weak type and satisfies the H^{−1} compact condition. Therefore the commutation relations are established for some weak entropies in this segment. It is observed that the two sides of (1.12) are regular for ξ. In fact, they are analytic functions with respect to ξ. So the commutation relations exactly hold for the whole complex space except two points (-1,0) and (1,0) due to the analytic extension theorem. It is noted that the entropies are strong if |ξ| > 1 (see (2.9)). Therefore Diperna’s conjecture [8] is partially verified for isothermal flow, i.e. the commutation relations hold for some weak and strong entropy pairs. We note that the H^{−1} compact condition for strong entropies (step 2) can be bypassed. Since both weak and strong entropy pairs are applied into (1.12), we establish a strong convergence theorem of approximate solutions and prove the existence of weak entropy solution for isothermal gas dynamics. Finally, it is worthwhile to point out that our approximate solutions are constructed by adding the viscosity perturbation to (1.1) due to the infiniteness of eigenvalues. It is observed that the eigenvalues λ_1 = u − 1 and λ_2 = u + 1 increase with the speed of | ln ρ|. This indicates the possibility of constructing approximate solutions by numerical scheme. We will discuss it in the future.

This paper is organized as follows: in section 2, we give a formula of entropy pairs, parameterized by a complex variable ξ. In section 3, we study the viscosity solutions (ρ^ε, m^ε) and prove the weak entropy fields lie in a compact subset of H^{−1}_{loc} when ξ ∈ (−1, 1) as ε vanishes. In section 4, we prove a strong convergence theorem of approximate solutions and obtain the existence of weak solution for isothermal gas dynamics.

2. Entropy waves This section is devoted to the entropy for isothermal flow. We recall that (η, q) is an entropy-flux pair if for any smooth solutions of (1.1), it satisfies an additional equation, η_t(ρ, u) + q_x(ρ, u) = 0. (2.1) By definition, weak entropy is an entropy η that vanishes at the vacuum.

Let γ = 1, (2.1) yields ▽η▽f = ▽q with the flux f = (ρu, ρu^2 + ρ)^T , i.e. q_ρ = uη_ρ + 1 ρ η_u, q_u = ρη_ρ + uη_u, (2.2) which indicates, η_{ρρ} = 1 ρ^2 η_{uu}. (2.3) We choose the form η = h(ρ)e^{ku}, then (2.3) infers h^{′′} − k^2 ρ^2 h = 0. (2.4) Thus, we have h(ρ) = ρ^m with m(m − 1) = k^2. Now we consider the parameter k in the complex space. Let k =^ξ_{1−ξ2} , ξ ∈ C, then m =^1_{1−ξ2} . Therefore we have the following formula of entropy pairs η = ρ^{11−ξ2} e^{ξ1−ξ2 u}, q = (u + ξ)η. (2.5)

We note that these entropies are analytic functions with respect to ξ. It is easy to see the points (-1,0) and (1,0) are singular for (η, q).

On the other hand, it is convenient to introduce a coordinate system of Riemann invariants (w, z) with ▽w · r_1 = 0, ▽z · r_2 = 0, (2.6) where r_1 = (1, u − 1)^T , r_2 = (1, u + 1)^T are the right eigenvectors of the Jacobian matrix of f: ▽fr_i = λ_ir_i, i = 1, 2. In the setting of isothermal flow, the Riemann invariants read w = ρe^u, z = ρe^{−u}. (2.7) Thus we rewrite (2.5) as η = w^{12(1−ξ)} z^{12(1+ξ)} , q = (u + ξ)η. (2.8)

It is observed that the formula (2.8) includes two kinds of entropies determined by the new complex variable ξ. By definition, η is a weak entropy if and only if the following holds Re 1 2(1 − ξ)

> 0, Re 1 2(1 + ξ)

> 0, (2.9)

i.e. ξ ∈ Ω_w = {ξ ∈ C; −1 < Reξ < 1}.

In fact, we can get more information from (2.8). If we consider ξ in the real space, the entropies defined in (2.8) form a fundamental set of weak entropies for isothermal flow, i.e.

Lemma 2.1. Let γ = 1, then for any φ(ξ) ∈ C^∞_0 (−1, 1), η = ∫_1 −1 φ(ξ)w^{12(1−ξ)} z^{12(1+ξ)} dξ, q = ∫_1 −1 φ(ξ)(u + ξ)w^{12(1−ξ)} z^{12(1+ξ)} dξ

(2.10)

is a weak entropy-flux pair of (1.1).

3. Viscosity solutions

We consider the following viscous perturbation of the isothermal flow ρ^ε_t + m^ε_x = ερ^ε_{xx}, m^ε_t + (^{(mε)2}_{ρε} + ρ^ε)_x = εm^ε_{xx},

(3.1)

with initial data (ρ^ε, m^ε)|_{t=0} = (ρ^ε_0(x), m^ε_0(x)), (3.2) where (ρ^ε_0(x),m^ε_0(x)) satisfy ε ≤ ρ^ε_0(x) ≤ M, |m^ε_0(x)| ≤ M. (3.3) It is easy to see (3.3) holds if ρ^ε_0(x) is given by smoothing out ρ_0(x) with a standard mollifier and adding ε.

In terms of the theory of positive invariant region in Chueh, Conley and Smoller [4], it is easy to see {(w, z); w ≤ const, z ≤ const} is the invariant region of (3.1), which indicates that the Riemann invariants w^ε, z^ε are uniformly bounded in L^∞. This implies that (ρ^ε, m^ε) are also uniformly bounded in L^∞. It is noted that there always exists a local smooth solution for (3.1) due to Diperna [8]. In order to prove the existence of smooth solution to (3.1) and (3.2), it is also important to obtain a priori estimate of lower bound for the density ρ^ε. Diperna first gave the lower bound by his lemma 4.1 (see [8]) even though this lemma was stated in an incorrect way. Chen [2] fixed this lemma. On the other hand, Lu [14] also studied the lower bound for general pressure p(ρ) by maximum principle, in which, the restriction of initial data on the infinity was not needed. Thus the uniform L^∞ estimates and the lower bound of ρ^ε adding the local existence theorem gives the following global existence result.

Lemma 3.1. If the initial data satisfy the condition (3.3), then for any fixed ε > 0, there exists a smooth solution for the Cauchy problem (3.1),(3.2) in R_T = R × [0, T ] (for arbitrary T ), which satisfies 0 < c(ε, t) ≤ ρ^ε(x, t) ≤ C, |m^ε(x, t)| ≤ ρ^ε(x, t)(C + | log ρ^ε(x, t)|), (3.4) where c(ε, t) is an appropriate function and C only depends on M.

In order to apply the theory of compensated compactness, it is necessary to prove the divergence of weak entropy-flux pair is in a compact subset of H^{−1} as ε vanishes.

Take the form (η, q) as in (2.8), let ξ ∈ (−1, 1), we compute, η_{ρρ} = ξ^2 (1 − ξ^2)^2

(1 − 2ξu + u^2)ρ^ξ 2 1−ξ2 −1e ξ 1−ξ2 u > 0, η_{ρm} = ξ^2 (1 − ξ^2)^2 (ξ − u)ρ^ξ 2 1−ξ2 −1e ξ 1−ξ2 u, η_{mm} = ξ^2 (1 − ξ^2)^2 ρ^ξ 2 1−ξ2 −1e ξ 1−ξ2 u > 0, (3.5)

and η_{ρρ}η_{mm} − η^2_{ρm} = ξ^4 (1 − ξ^2)^3 ρ^{2ξ} 2 1−ξ2 −2e 2ξ 1−ξ2 u > 0, (3.6) which indicates that η is strictly convex for any ξ ∈ (−1, 1). This implies that

η(ρ^ε, m^ε)_t + q(ρ^ε, m^ε)_x

is compact in H^{−1}_{loc} due to Diperna [7,8]. Therefore we have the following lemma.

Lemma 3.2. Assume that (ρ^ε, m^ε) are the solutions of (3.1), (3.2), then for any ξ ∈ (−1, 1), η_t(ρ^ε, m^ε) + q_x(ρ^ε, m^ε) is compact in H^{−1}_{loc} , (3.7) where (η, q) is defined as in (2.8).

4. Convergence of approximate solutions

This section is devoted to the existence of weak solution of isothermal gas dynamics. Choose (ρ^ε, m^ε) as in (3.4), there exists a subsequence of (ρ^ε, m^ε)

(still denoted by (ρ^ε, m^ε)), such that, as ε → 0, ρ^ε(x, t) ⇀ ρ(x, t), m^ε(x, t) ⇀ m(x, t), (4.1) in L^∞((0, T ) × R) weak star, for some measurable functions ρ(x, t), m(x, t).

Let us denote ν_{x,t} the Young measure associated to the weak limits (4.1). For any two entropy pairs in (2.8),

η_1 = w^{12(1−ξ}1^) z^{12(1+ξ}1^) , η_2 = w^{12(1−ξ}2^) z^{12(1+ξ}2^) , q_1 = (u + ξ_1)η_1, q_2 = (u + ξ_2)η_2, ξ_1, ξ_2 ∈ (−1, 1), Lemma 3.2 gives < ν_{x,t}, q_1η_2 − q_2η_1 >= < ν_{x,t}, q_1 >< ν_{x,t}, η_2 > − < ν_{x,t}, q_2 >< ν_{x,t}, η_1 >, a.e. x, t, (4.2) i.e.

(ξ_1 − ξ_2) < ν_{x,t}, η_1η_2 >= < ν_{x,t}, (u + ξ_1)η_1 >< ν_{x,t}, η_2 > − < ν_{x,t}, (u + ξ_2)η_2 >< ν_{x,t}, η_1 >, a.e. x, t. (4.3) We shall show ν_{x,t} is either a point mass or concentrated in the vacuum. To this end, we show (4.2) holds for any ξ_1, ξ_2 ∈ C except two points (−1, 0) and (1, 0) through analytic extension theorem. In another word, we establish the commutation relations for both weak and strong waves.

Since w, z is bounded, it is convenient to study (4.2) in w − z plane. Let Ω = {(w, z); 0 ≤ w_− ≤ w ≤ w_+, 0 ≤ z_− ≤ z ≤ z_+} be the smallest rectangle containing the support of a fixed ν_{x,t}. It is easy to see, if w_+ = 0 or z_+ = 0, Ω is supported in the vacuum. So we assume that w_− < w_+, z_− < z_+ in what follows.

Let ξ_1 = 1 −^1_{2n} , then η_1 = η_n = w^nz^{n4n−1} . From (4.2), we have < ν_{x,t}, q_nη − qη_n >=< ν_{x,t}, q_n >< ν_{x,t}, η > − < ν_{x,t}, q >< ν_{x,t}, η_n > . (4.4) We define probability measure μ_z as follows: for any h ∈ C_0(R^2), < μ_z, h >= lim_{n→∞} < ν_{x,t}, hw^nz^{n4n−1} > < ν_{x,t}, w^nz^{n4n−1} > . (4.5)

Similar to [7], it is easy to check that the support of the probability measure μ_z is contained in the line w = w_+.

On the other hand, (4.4) yields < ν_{x,t}, q_nη − qη_n > < ν_{x,t}, η_n > = < ν_{x,t}, q_n > < ν_{x,t}, η_n > < ν_{x,t}, η > − < ν_{x,t}, q > . (4.6)

Let n → ∞, we have < μ_z, q − λ_2η >=< ν_{x,t}, q − λ^+_2 η >, (4.7) where λ^+_2 =< μ_z, λ_2 > is finite even though λ_2 = u + 1 = ln^{w−}ln^z_2 + 1 may go to infinity. In fact, since the left term of (4.7) is finite and < ν_{x,t}, η > is positive, λ^+_2 must be bounded. In the same way, let ξ = −1 +^1_{2n} , we have < μ_w, q − λ_1η >=< ν_{x,t}, q − λ^+_1 η >, (4.8) with < μ_w, h >= lim_{n→∞}^{<νx,t,hw} n 4n−1 zn> <ν_{x,t},w^{n4n−1} z^n> , ∀h ∈ C_0(R^2), λ^+_1 =< μ_w, λ_1 > .

(4.9)

Combining (4.7) and (4.8), we have

Lemma 4.1. Let η = w^{12(1−ξ)} z^{12(1+ξ)} , q = (u + ξ)η, ξ ∈ (−1, 1), then the following holds (λ^+_2 − λ^+_1 )^{<νx,t,η>}

η(w^+,z^+) = (1 + ξ) < μw, ( w w^+ ) 1 2(1−ξ) > +(1 − ξ) < μ_z, (^z_{z+} )^{12(1+ξ)} > .

(4.10)

In view of Lemma 4.1, we can prove ν_{x,t}({ρ > 0}) = 1, a.e. x, t. This means that there is no positive mass concentrated in the vacuum for the measure ν_{x,t}. In fact, by the definitions of μ_w and μ_z, it is easy to check that μ_w({w > 0}) = μ_z({z > 0}) = 1 , thus (4.10) can be rewritten as

(λ^+_2 − λ^+_1 ) < ν_{x,t}, η > η(w^+, z^+)

= < μ_w, (1 + ξ) [ ( w w^+

)^{12(1−ξ)} − 1 ] > + < μ_z, (1 − ξ) [ ( z z^+

)^{12(1+ξ)} − 1 ] > +2. (4.11)

Letting Im ξ → ∞, we get

(λ^+_2 − λ^+_1 )ν_{x,t}({ρ > 0}) = −^1_2 < μ_w, ln(^w_{w+} ) > −^1_2 < μ_z, ln(^z_{z+} ) > +2 = (λ^+_2 − λ^+_1 ), (4.12) due to < μ_w, ln w_+ >=< μ_z, ln w_+ >= ln w_+ and 0 ≤^w_{w+} ,^z_{z+} ≤ 1. This implies ν_{x,t}({ρ > 0}) = 1. Since the functions < ν_{x,t}, η >, < μ_w, w^{12(1−ξ)} > and < μ_z, z^{12(1+ξ)} > are analytic in the domain Ω_w and (4.10) holds in the segment (−1, 1), (4.10) must hold for all ξ ∈ Ω_w = {ξ; −1 < Re ξ < 1} due to analytic extension theorem. We now establish the commutation relations for the whole complex space except two singular points (-1,0) and (1,0), i.e. (4.10) holds not only for weak entropies but also for the strong ones.

For any function h ∈ C_0(R^2), we define a probability measure as follows < μ_z, h >= lim_{n→∞} < ν_{x,t}, hw^n > < ν_{x,t}, w^n > . (4.13)

In the same way as in [7], it is easy to check supp μ_z ⊂ {(w, z); w = w^+}. We compute that, ∀h ∈ C_0(R^2), < μ_z, h > = lim_{n→∞} < ν_{x,t}, hw^nz^{n4n−1} > < ν_{x,t}, w^n > lim_{n→∞} < ν_{x,t}, w^n > < ν_{x,t}, w^nz^{n4n−1} > = < μ_z, hz^14 > < μ_z, z^14 > , (4.14)

which implies that < μ_z, z^{12(1+ξ)} > is analytic in the domain Re^1_{2(1+ξ)} > −^1_4 . In the same way, < μ_w, w^{12(1−ξ)} > is also analytic in the domain Re^1_{2(1−ξ)} > −^1_4 . Thus, the right term of (4.10) is analytic in the domain Ω_0 = {ξ ∈ C; Re^1_{2(1+ξ)} > −^1_4 , Re^1_{2(1−ξ)} > −^1_4 }. Next we show (4.10) holds for any ξ ∈ Ω̄_0 = {ξ ∈ C; |ξ| > 3} ⊂ Ω_0 by analytic extension theorem. Since η = w^{12(1−ξ)} z^{12(1+ξ)} may be unbounded in Ω̄_0, it is necessary to show that < ν_{x,t}, η > is well defined for any ξ ∈ Ω̄_0.

We compute f(ξ; w, z) = ( w w_+

) 1_{2(1−ξ)} ( z

z_+

) 1_{2(1+ξ)} + ( w w_+

) 1_{2(1+ξ)} ( z z_+

) 1_{2(1−ξ)}

= e ln ww + +ln zz + 2(1−ξ2 ) [ e (ln ww + −ln zz + )ξ 2(1−ξ2 ) + e −(ln ww + −ln zz + )ξ 2(1−ξ2 ) ]

= 2 1 + ∞∑ k=1 ( − ln^w_{w+} − ln^z_{z+} )_k 2^kk!

(^1_ξ2 1 −^1_{ξ2} )_k

× 1 + ∞∑ j=1 ( ln^w_{w+} − ln^z_{z+} )_{2j} 4^j(2j)!

(^1_ξ 1 −^1_{ξ2} )_{2j}

= 2 1 + ∞∑ m=1 [^m∑ k=1 ( − ln^w_{w+} − ln^z_{z+} )_k 2^kk! ( m − 1 k − 1 )] 1 ξ^{2m} × 1 + ∞∑ l=1 [^l∑ j=1 ( ln^w_{w+} − ln^z_{z+} )_{2j} 4^j(2j)! ( l + j − 1 2j − 1 )] 1 ξ^{2l} = ∞∑ p=0 c_{2p}(w, z) ξ^{2p} .

(4.15)

It is observed that ln^w_{w+} + ln^z_{z+} ≤ 0, we have c_{2p}(w, z) ≥ 0 in supp ν_{x,t}.

From (4.10), we have (λ^+_2 − λ^+_1 ) < ν_{x,t}, f(ξ; w, z) > = < μ_w, f(ξ; w, z) > + < μ_z, f(ξ; w, z) > + < μ_w, ξ[( w w_+

)^{12(1−ξ)} − ( w w_+

)^{12(1+ξ)} ] > + < μ_z, ξ[( z z_+

)^{12(1−ξ)} − ( z z_+

)^{12(1+ξ)} ] > .

(4.16)

Similar to (4.15), we expand the last two terms of (4.16) to Laurent series. We compute

g(ξ; w) = ξ[( w w_+

)^{12(1−ξ)} − ( w w_+

)^{12(1+ξ)} ]

= ξ[e ln ww + 2(1−ξ2 ) (e ξ ln ww + 2(1−ξ2 ) − e −ξ ln ww + 2(1−ξ2 ) )]

= 1 + ∞∑ m=1 [^m∑ k=1 ( − ln^w_{w+} )_k 2^kk! ( m − 1 k − 1 )] 1 ξ^{2m} × ∞∑ l=0 [^l∑ j=0 − ( ln^w_{w+}

)_{2j+1}

4^j (2j + 1)! ( l + j 2j )] 1 ξ^{2l} = ∞∑ p=0 h_{2p}(^w_{w+} ) ξ^{2p} .

(4.17)

It is obvious that h_{2p}(^w_{w+} ) ≥ 0. We note that < μ_w, f(ξ; w, z) >, < μ_w, g(ξ; w) >, < μ_z, g(ξ; z) > and < μ_z, f(ξ; w, z) > are analytic in Ω_0 due to (4.14). Thus < μ_w, c_{2p}(w, z) >, < μ_w, h_{2p}(^w_{w+} ) >, < μ_z, h_{2p}(^z_{z+} ) > and < μ_z, c_{2p}(w, z) > are bounded. Now we choose ξ ∈ R and |ξ| > 3, then Levi’s lemma gives < μ_w, f(ξ; w, z) >= ∞∑ p=0 < μ_w, c_{2p}(w, z) > ξ^{2p} , < μ_z, f(ξ; w, z) >= ∞∑ p=0 < μ_z, c_{2p}(w, z) > ξ^{2p} , < μ_w, g(ξ; w) >= ∞∑ p=0 < μ_w, h_{2p}(^w_{w+} ) > ξ^{2p} , < μ_z, g(ξ; z) >= ∞∑ p=0 < μ_w, h_{2p}(^z_{z+} ) > ξ^{2p} ,

(4.18)

due to the fact that c_{2p}(w, z), h_{2p}(^w_{w+} ), h_{2p}(^z_{z+} ) ≥ 0. This yields that ∞∑ p=0 < μ_w, c_{2p}(w, z) > ξ^{2p} (4.19) is absolutely convergent for any ξ ∈ Ω̄_0 because < μ_w, f(ξ; w, z) > is analytic in Ω̄_0. In the same way, ∞∑ p=0 < μ_z, c_{2p}(w, z) > ξ^{2p} , ∞∑ p=0 < μ_w, h_{2p}(^w_{w+} ) > ξ^{2p} and ∞∑ p=0 < μ_z, h_{2p}(^z_{z+} ) > ξ^{2p} (4.20) are also convergent in Ω̄_0.

Thus, from (4.10) and (4.16-4.20), we have

(λ^+_2 − λ^+_1 ) < ν_{x,t}, f(ξ; w, z) > = ∞∑ p=0 < μ_w, c_{2p}(w, z) + h_{2p}(^w_{w+} ) > ξ^{2p} + ∞∑ p=0 < μ_z, c_{2p}(w, z) + h_{2p}(^z_{z+} ) > ξ^{2p} . (4.21) if ξ ∈ Ω_w. We define g^{(n)}p (w, z) = (−1)^pn^{2p}(f(ni; w, z) − ∑_{p−1} s=0(−1)^{s c2s(w,z)}_{n2s} ), = ∑_∞ s=p(−1)^{p+s c2s(w,z)}_{n2(s−p)} , p = 1, 2, · · · . (4.22)

It is easy to see that g^{(n)}p (w, z) ≥ 0 and it converges to c_{2p}(w, z) a.e. ν_{x,t} as n → ∞. We note that c_0(w, z) = 2, < ν_{x,t}, c_0(w, z) > is well defined. Furthermore, direct computation yields

(λ^+_2 − λ^+_1 ) < ν_{x,t}, c_0(w, z) > = < μ_w, c_0(w, z) + h_0(^w_{w+} ) > + < μ_z, c_0(w, z) + h_0(^z_{z+} ) > . (4.23) Now we assume that < ν_{x,t}, c_{2s}(w, z) > are well defined and (λ^+_2 − λ^+_1 ) < ν_{x,t}, c_{2s}(w, z) > = < μ_w, c_{2s}(w, z) + h_{2s}(^w_{w+} ) > + < μ_z, c_{2s}(w, z) + h_{2s}(^z_{z+} ) >,

(4.24)

for s = 0, 1, · · · , p − 1. We shall show < ν_{x,t}, c_{2p}(w, z) > is also well defined and (4.24) holds for s = p.

From (4.21), (4.22) and (4.24), it is easy to check that lim_{n→∞} < ν_{x,t}, g^{(n)}_p (w, z) > exists. By Fatou’s Lemma, we have < ν_{x,t}, c_{2p}(w, z) >≤ lim_{n→∞} < ν_{x,t}, g^{(n)}_p (w, z) >, (4.25) which, together with (4.24), implies

(λ^+_2 − λ^+_1 ) < ν_{x,t}, c_{2p}(w, z) > ≤ < μ_w, c_{2p}(w, z) + h_{2p}(^w_{w+} ) > + < μ_z, c_{2p}(w, z) + h_{2p}(^z_{z+} ) >, (4.26) To prove (4.24) for s = p, we use the way of contradiction. We assume that (λ^+_2 − λ^+_1 ) < ν_{x,t}, c_{2p}(w, z) > < < μ_w, c_{2p}(w, z) + h_{2p}(^w_{w+} ) > + < μ_z, c_{2p}(w, z) + h_{2p}(^z_{z+} ) > . (4.27)

It is observed that g^{(n)}_p (w, z) = c_{2p}(w, z) − 1 n^2 g^{(n)}_{p+1}(w, z). (4.28) Thus, we have

(λ^+_2 − λ^+_1 ) < ν_{x,t},^1_{n2} g^{(n)}_{p+1}(w, z) > = (λ^+_2 − λ^+_1 ) < ν_{x,t}, c_{2p}(w, z) > − < μ_w, c_{2p}(w, z) + h_{2p}(^w_{w+} ) > − < μ_z, c_{2p}(w, z) + h_{2p}(^z_{z+} ) > + ∞∑ s=p+1 (−1)^{p+s+1}

< μ_w, c_{2s}(w, z) + h_{2s}(^w_{w+} ) > ξ^{2(s−p)} + ∞∑ s=p+1 (−1)^{p+s+1}

< μ_z, c_{2s}(w, z) + h_{2s}(^z_{z+} ) > ξ^{2(s−p)} ,

(4.29)

which yields lim_{n→∞} < ν_{x,t},^1_{n2} g^{(n)}_{p+1}(w, z) >< 0. This contradicts with the fact that g^{(n)}_{p+1}(w, z) > 0.

By the induction principle, < ν_{x,t}, c_{2p}(w, z) > are well defined and (4.24) holds for all p = 0, 1, · · · . Therefore the Laurent series ∞∑ p=0 < ν_{x,t}, c_{2p}(w, z) > ξ^{2p} (4.30)

is convergent for any ξ ∈ Ω̄_0.

Now we construct a sequence of ν_{x,t}–measurable functions f_m(ξ; w, z) = m∑ p=0 c_{2p}(w, z) ξ^{2p} (4.31)

which converges to f(ξ; w, z) in {w > 0, z > 0}. Since < ν_{x,t}, |f_m(ξ; w, z)| >≤ ∞∑ p=0 < ν_{x,t}, c_{2p}(w, z) > |ξ|^{2p} < ∞ (4.32)

for ξ ∈ Ω̄_0, again using Fatou’s Lemma, we have f(ξ; w, z) ∈ L(dν_{x,t}) if ξ ∈ Ω̄_0. In particular, w^{−α}z^{α4α+1} + z^{−α}w^{α4α+1} ∈ L(dν_{x,t}) for any 0 < α <^1_4 . Therefore, again using the analytic extension theorem, (4.10) holds in the domain Ω̄_0. We note that η is exactly a strong entropy if ξ ∈ Ω̄_0/Ω_w, thus we establish (4.10) for some strong entropies.

Choosing any constant α ∈ (0,^1_4 ), we define a probability measure μ_{1z} like (4.13), i.e. for any h ∈ C_0(R^2), < μ_{1z}, h >= lim_{n→∞} < ν_{x,t}, hw^nz^{−α} > < ν_{x,t}, w^nz^{−α} > . (4.33)

We compute < μ_z, h > = lim_{n→∞} < ν_{x,t}, hw^nz^{n4n−1} > < ν_{x,t}, w^nz^{−α} > lim_{n→∞} < ν_{x,t}, w^nz^{−α} > < ν_{x,t}, w^nz^{n4n−1} > = < μ_{1z}, hz^14^{+α} > < μ_{1z}, z^14^{+α} > . (4.34)

In terms of previous argument, we have (4.10) for any ξ ∈ Ω̄_1 = {ξ ∈ C; |ξ| >^2_{1+4α} + 1} ⊂ Ω_1 = {ξ ∈ C; Re^1_{2(1+ξ)} > −^1_4 − α and Re^1_{2(1−ξ)} > −^1_4 − α}. Thus, repeating the above arguments, we can establish (4.10) for any ξ ∈ Ω̄_k = {ξ ∈ C; |ξ| >^2_{1+4kα} + 1} ⊂ Ω_k = {ξ ∈ C; Re^1_{2(1+ξ)} > −^1_4 − kα and Re^1_{2(1−ξ)} > −^1_4 −kα}, where k is arbitrary positive integer. Therefore we have the following lemma.

Lemma 4.2. For any ξ_1, ξ_2 ∈ C/{(−1, 0), (0, 1)}, the following holds < ν_{x,t}, q_1η_2 − q_2η_1 >= < ν_{x,t}, q_1 >< ν_{x,t}, η_2 > − < ν_{x,t}, q_2 >< ν_{x,t}, η_1 >, a.e. x, t. (4.35) where η_i, q_i, i = 1, 2 are chosen as in (2.8)

Remark 3. Lemma 4.2 indicates that the Tartar commutation relations hold for both weak and strong waves chosen in (2.8).

Proof of Theorem 2. To prove Theorem 2, it is sufficient to show that ν_{x,t} is a point mass.

Let ξ_1 = 1 −^1_{2n} and ξ_2 = 1 +^1_{2n} in (4.35), we have < ν_{x,t}, q(ξ_1)η(ξ_2) − q(ξ_2)η(ξ_1) > < ν_{x,t}, η(ξ_1) >< ν_{x,t}, η(ξ_2) > = < ν_{x,t}, q(ξ_1) > < ν_{x,t}, η(ξ_1) > − < ν_{x,t}, q(ξ_2) > < ν_{x,t}, η(ξ_2) > . (4.36)

Letting n → ∞ gives lim_{n→∞} < ν_{x,t}, q(ξ_2) > < ν_{x,t}, η(ξ_2) > = λ^+_2 . (4.37)

On the other hand, let ξ ∈ Ω_w, ξ_2 = 1 +^1_{2n} in (4.35). Similar to (4.6) and (4.7), we have, as n → ∞, < μ_{−z}, q − λ_2η >=< ν_{x,t}, q − λ^+_2 η >, (4.38) due to (4.37), where the probability measure μ_{−z} is defined by, for any h ∈ C_0(R^2), < μ_{−z}, h >= lim_{n→∞} < ν_{x,t}, hw^{−n}z^{n4n+1} > < ν_{x,t}, w^{−n}z^{n4n+1} > . (4.39)

It is easy to see the support of the measure μ^{−z} is contained in the line {w = w_−}.

By (4.7) and (4.38), we have < μ_z, q − λ_2η >=< μ_{−z}, q − λ_2η >, (4.40) for any ξ ∈ Ω_w.

Let η = w^nz^{n4n−1} , q = (u + 1 −^1_{2n} )η, we compute w^n_+ < μ_z, z^{n4n−1} >= w^n_− < μ_{−z}, z^{n4n−1} >, (4.41) which infers w_− = w_+ as n → ∞. In the same way, we also have z_− = z_+. Thus ν_{x,t} is either a point mass or supported in the vacuum. This indicates Theorem 2 due to the standard theory of compensated compactness.

Proof of Theorem 1. Choose (ρ^ε, m^ε) as in (3.4), then Lemma 3.1 gives, for any test function ϕ ∈ C^∞_0 (R^2_+), ∫ ∫ t>0 (ρ^εϕ_t + m^εϕ_x) dxdt + ∫ R ρ^ε_0(x)ϕ(x, 0) dx = − ∫∫ t>0 ερ^εϕ_{xx}dxdt, ∫ ∫ t>0 m^εϕ_t + (

(m^ε)^2 ρ^ε + ρ^ε)ϕ_x dxdt + ∫ R m^ε_0(x)ϕ(x, 0) dx = − ∫∫ t>0 εm^εϕ_{xx}dxdt.

(4.42)

By Theorem 2, there exists a strong convergent subsequence of (ρ^ε, m^ε) (still denoted by (ρ^ε, m^ε)), such that (ρ^ε(x, t), m^ε(x, t)) → (ρ(x, t), m(x, t)), a.e. (4.43) Let ε → 0, (1.4) holds from (4.42). Thus (ρ(x, t), m(x, t)) is a weak solution of (1.1) and (1.3) with γ = 1. Since (ρ(x, t), m(x, t)) is the limit of the viscosity solutions (ρ^ε, m^ε), it is easy to check that (1.5) holds for any weak convex entropy. Therefore we complete the proof of Theorem 1.

Acknowledgment. The authors wish to thank Prof. Xiaqi Ding for his kindly suggesting this problem. The authors also are very grateful Prof. Guiqiang Chen for his kindly pointing out a gap in our first proofs so that we can kill it in time. Finally, the first author wishes to thank Prof. Alberto Bressan for his kind hospitality. The first author was supported in part by the JSPS Research Fellowship for foreign researchers and Grand-in-aid No.P-00269 for JSPS from the ministry of Education, Science, Sports and Culture of Japan.

References

[1] G.Q.Chen, The theory of compensated compactness and the system of isentropic gas dynamics, Preprint MCS-P154-0590, University of Chicago, (1990).

[2] G.Q.Chen, Remarks on Diperna’s paper Convergence of the viscosity method for isentropic gas dynamics, Proc. AM. Math. Soc. V. 125, No. 10, 1997, 2981-2986.

[3] G.Q.Chen and P.Le Floch, Compressible Euler equations with general pressure law, Arch. Rational Mech. Anal. vol 153, 221-259 (2000).

[4] K.N.Chueh, C.C.Conley and J.Smoller, Positively invariant regions for systems of nonlinear diffusion equations, Ind. Univ. Math. 26, 372-411, (1977).

[5] X.Q.Ding, G.Q.Chen and P.Z.Luo, Convergence of the Lax-Friedrichs scheme for isentropic gas dynamics (I),(II), Acta Math. Sci. 5,483-500, 501-540(1985)(in Chinese).

[6] X.Q.Ding, G.Q.Chen and P.Z.Luo, Convergence of the fractional step Lax-Friedrichs scheme and Godunov scheme for isentropic gas dynamics, Comm. Math. Phys. 121(1989),pp.63-84.

[7] R.Diperna, Convergence of approximate solutions to conservation laws, Arch.Rat.Mech.Anal. 82(1),(1983),27-70.

[8] R.Diperna, Convergence of viscosity method for isentropic gas dynamics, Comm. Math.

Phys. 91(1983), 1-30.

[9] J.Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Commun.

Pure Appl. Math. 18, 697-715, (1965).

[10] P.D.Lax, Hyperbolic systems of conservation laws, II, Commun.Pure Appl. Math. 10, 537-566, (1957).

[11] P.D.Lax, Shock waves and entropy, In:Contributions to nonlinear functional analysis, Zarantonello, E.A.(ed.) New York, Academic Press 1971, pp.603-644.

[12] P.L.Lions, B.Perthame and E.Tadmor, kinetic formulation of the isentropic gas dynamics and p-systems, Comm.Math.Phys.163,169-172 (1994).

[13] P.L.Lions, B.Perthame and P.Souganidis, Existence and stability of entropy solutions for the hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian Coordinates, Commun. Pure Appl. Math. 49(6), (1996), 599-638.

[14] Y.G.Lu, An explicit lower bound of viscosity solutions to isentropic gas dynamics and to Euler equations, Preprint 95-18, Heidelberg Univesity, SFB 359, April 1995.

[15] F. Murat, Compacile par compensation, Ann. Scula Norm. Sup. Pisa Sci. Math. Vol 5, 1978, 489–507.

[16] T.Nishida, Global solution for an initial-boundary value problem of a quasilinear hyperbolic systems, Proc. Jap.Acad.44(1968),642-646.

[17] T.Nishida and J.Smoller, Solutions in the large for some nonlinear hyperbolic conservation laws, Commun. Pure Appl. Math.26,183-200(1973).

[18] F.Poupaud, M.Rascle and J.Vila, Global solutions to the isothermal Euler-Poisson system with arbitrarily large data, J.Diff.Eqns. 123(1995),93-121.

[19] J.Smoller, Shock waves and reaction-diffusion equations, Berlin, Heidelberg, New York:

Springer 1982.

[20] L.Tartar, Compensated compactness and applications to partial equations, In: Research Notes in Mathematics, Nonlinear analysis and mechanics, Heriot-Watt symposium, Vol.4, Knops, R.J.(ed.) London:Pitman Press, 1979.