Weak asymptotics of shock wave formation
process

V. Danilov* D. Mitrovic!

Abstract

We construct an asymptotic (in a weak sense) solution correspond-
ing to the shock wave formation in a special situation.

1 Introduction

We consider the problem of shock wave formation for the following Hopf type
equation:

ou 0

o o (u)
where we assume that f € C? and the inequality f”(u) > 0 holds on the
range of the solution u. We shall consider the special initial condition for

Eq. (1):

ul,_y = ug+ (uy(z) —ug)H(ay — x) + (U — wy (¢))H(ay — ), (2)

=0, (1)

where u), U, and a; > ay are constants, H is the Heaviside function, the
function uy(x) is determined by the equation

f'(ui(z)) = =Kz + b, K, b = const, (3)

and, in addition, we assume that u;(a;) = u) and u;(ag) = U.
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Such a function appears® in the construction of the entropy solution to
the Cauchy problem with an "unstable” initial jump.

It follows from the choice of such an initial condition that the approxima-
tion of problem (1)—(2) (a weak asymptotic solution) for all ¢ is an element
of the asymptotic subalgebra

B{1, Hi(x — ¢1,¢), Hy(x — pa,)}

introduced in [1].

Roughly speaking, this means that at any time moment the weak limit
of the weak asymptotic solution is a linear combination of the Heaviside
functions H(x — ¢1) and H(x — ¢2) with smooth in ¢ (¢ > 0) coefficients and
that there are no additional jumps. In turn, this means that at time

a; — A
fU) = f(ug)
all characteristics meet at the same point z* = a; + Vit*, Vi = f'(u)), Vo =

FU),i=1,2.
More precisely, for 0 < ¢ < t*, the solution of problem (1)—(2) is given by
the formula

u = uy + (ur(zo(w,t)) — ug) H(pr — ) + (U — wi(zo(, 1)) H(pz — ), (4)

where the function u;(zo(z,t)) has the form

ul(xo(x,t)):m(ai 3““_% ) (f__}b(tt>

Here ¢;(t) = a; + Vit, i = 1,2, ¢y = () ©o(t), and Y3 = a; — as.
For t = t* the plot of the functlon u = u(z,t) is the graph

)
((=00,2"),U) U (2", (U, ug)) U (2", 00), up)-

We note that if we set

tr =

uy(zo(z,t)), t<tr, t>t

’ U, t=1t*, x>ua",
uwe U], t=t" x=z%

IE. Yu. Panov drew the author’s attention to this fact.



then the function u(x,t) is defined for all values of ¢ and, for t < t*, is a
solution of Eq. (1) satisfying the initial condition (2) for ¢ = 0. Our goal is
to ”correct” the function u(x,t) and to obtain an analytic formula that, for
t < t*, determines a function close to u(x,t) and, for ¢ > t*, a function close
to the function

u=uy+ H(c(t—t*) — (v — 2*))U, (5)
where
LWl )~ )
[u] [, U—uy

The answer is given by formula (10) below.

We note that the function u determined by relation (4) for ¢ < t* is con-
tinuous everywhere except the points lying on the curves z = ¢;(t), i = 1,2,
and, at points of these curves, the function has weak discontinuities (the
derivatives of the function have jumps at these points). Therefore, the for-
mation of the shock wave (5) from (4) can be treated as the result of inter-
action (confluence) of weak discontinuities. Moreover, for ¢ < t*, although
the derivatives are discontinuous, the solution of such problems (that is con-
tinuous, but with jumps of the derivatives on some smooth nonintersecting
curves) can be constructed by the method of characteristics.

We note that, in the case f(u) = u?, the problem of constructing the
global asymptotic solution of problem (1), (2) was solved as an example in [2].
The asymptotic solution constructed in [2] is a weak asymptotic solution. We
recall how it is determined. By Op/(¢) we denote generalized functions that,
in general, depend on the parameters ¢ and € and are such that for any test
function 7(x), the estimate

(Op/ (%), n(x)) = O

holds, where the estimate on the right-hand side is understood in the usual
sense and locally uniform in ¢, i.e., |O(e%)| < Cre® for t € [0,T].

A function u. = wu.(z,t) is called a weak asymptotic solution of prob-
lem (1), (2) if

Oue y O) _0oe),

ot ' o = Op(e). (6)

t=0

—Uu
t=0

The goal of this paper is to construct such a function in the case of a
general convex nonlinearity f(u). This is achieved in Sections 2 and 3.



In Section 4 we introduce auxiliary formulas and statements of the weak
asymptotic method.

We note that if the solution wu. satisfies the Oleinik—Kruzhkov stabil-
ity conditions [3, 4], then it follows from (6) that wu. differs from w by a
measure [5] whose values are estimated as O(g). Indeed, it is easy to ver-
ify that the right-hand sides in (6) arising in our construction belong to
C([0,T], L*(IR.)) and can be estimated as O(¢) in the sense of the L'-norm.
Therefore, according to the results in [3, 4], u. is an asymptotic of the solution
to the Cauchy problem (1)—(2) in L*. This is done in Section 5.

We also note that the asymptotic (in the usual sense) solution describ-
ing the global behavior of the solution of the Cauchy problem with a small
viscosity and a smooth initial condition for the equation

ou N of(u)  d%*u

ot " or oz

was first constructed by A. M. IIin [6]. This was an important achievement
in the asymptotic theory.

In contrast to our paper, in A. M. Il'in’s book an arbitrary smooth initial
condition was considered.

A problem similar to our paper was also recently considered by A. M. II'in
and S. V. Zakharov [10]. In this paper, by using the methods developed in [6],
the authors construct an asymptotics (in the uniform sense) of the solution
of the Cauchy problem describing the formation of a step. Our paper and
[10] differ not only in the method for constructing the solution, but also in
the choice of initial data. Clearly, because of the “roughness” of the method,
the result is more transparent (although it is not so simple as we would like
to obtain).

In [2], in the case f(u) = u?, it was explained how the solution constructed
there can be used to obtain the global weak asymptotic for a more general
Cauchy problem. For this, it was proposed to consider an interpolation of
the initial function by linear splines. Also, we can use different approach.
For given smooth initial data ug(x), x € R, we can find (assume finite) set of
points #{ € R, k € 1,..., N, N € N, which reaches the point of the gradient
catastrophe in the moment ¢ = t;. Now, instead of given initial data uy(x),
x € R, we impose initial data ug.(z), x € R, which differs from the function
ug(z), z € R, in the intervals [z — e, 2) + e/, 0 < pu<1,ke€l,...,N. In
those intervals the function ug.(x), x € R, has form (10). It is obvious that



we have
|luo () — o ()]| 21 m) = O(").

Then, we solve the Cauchy problem corresponding to new initial data ug.(x),
x € R, using method of characteristics in a way that for the "inserted” parts
(the one in the intervals [z — e, z) + ], 0 < p < 1, k € 1,...,N) we
use "the new characteristics” given by (11) and for the rest of the function
uge () ( = up(x) for z ¢ [z — e, 2 + £#]) we use ordinary characteristics.
This will be the subject of further investigations.

2 Description of the formula
for the weak asymptotic solution

To construct a weak asymptotic solution describing the passage from (4)
to (5), we introduce some auxiliary constructions.
We define a function &(xg) as a solution of the implicit equation

U 4 ug = uy (o) + u1 (€(0)), (7)

which is solvable due to (3).

Obviously, £ : [ag,a1] — [az, a1] is a smooth isomorphism and £(&(xg)) =
Zg-

We introduce the function Uj(xg, p), by setting

Ui(z0, p) = Ba(p)ui(wo) + Bi(p)ui(§(x0)), (8)

where the functions B;(p), i = 1,2, are defined in Lemma 4.1 and the function
p = p(7) is defined below, see (12), (13) and

S e10(t) — p20(t)

, (,010(75) = Q; + f’(ul(ai))t, 7= 1, 2.

Note that, by (7), (8), and the formulas for B; at the end of Lemma 4.1,
we have

U+ ug — Ur(zo, p) = Ur(E(20), ), Ur(wo, p) = ua(wo) + O(p™ ™), p— (oo)
9



We shall seek a weak asymptotic solution of problem (1)—(2) in the form

uee,t) = u§ + (Urleo(e,t,7),p) = Jun <¢1 R ‘”)
+ (U—Ul(xo(m,t,T),p)>w2(¢2 _”3), (10)

3

dow,
where w;(z) — 0,1 as z — Foo, _u;

and N > 0 are arbitrary numbers, and ¢; = ¢;(t,¢), i = 1,2, xo(z,t,7) are
the desired functions.

As noted in the last Section (see Sec. 4.1), the functions w;((¢; — x)/¢)
approximate (in the weak sense) the Heaviside functions H(¢; — ),

= O(|7|™"), where |z| — 00, a > 0

3

wi(@ - x) H(—2) + Op(e). i=1.2.
We shall seek the functions ¢; = ¢;(t,¢), i = 1,2, in the form

¢i = @z(lz T) + wo(ﬁ(tuT)? 1= 1727 .

Here, (ﬁ(t,T) is such that it satisfies é(t,T)‘THOO = 0. Furthermore, ¢;(t,7)
is an analog of the trajectories of weak discontinuities of ¢;(¢) in (4). The
functions ¢;(t,7), i = 1,2, can be found from the equations for the "new
characteristics” and, as 7 — oo (i.e., before the confluence of weak singular-
ities), these functions are close to the trajectories ¢;(t) from the preceding
section.

To find the functions x¢(z, ¢, 7), we introduce the differential equation for
the "new characteristics”

W By(o)f (Us(0p)) + Br(o)f (Uh(€ (), ) + alrp). 7| =m0

dt t=0
(11)
The function ¢(7, p) is assumed to be smooth and to satisfy the estimate

|7q(T, p)| < const. (12)

Its appearance itself is caused by the fact that the function Uy (z, p), which
replaces the function u;(z) in formula (4), depends on time (via the function
p = p(7) determined in (13), (14)). Therefore, this function is not preserved

6



along the usual trajectories corresponding to quasilinear equations. The "new
trajectories” are just given by Eq. (11), where the function p is determined
as follows. By z(x¢,t,7) we denote the solution of (11) and introduce the
functions ¢;(t, 7) = x(a;,t,7), 1 = 1,2. We set

_ BllT) = Ealtr) _ ()~ baltT)
9 9

We note that Uy(a1,7) = Bou) + B1U and Ui(ag, 7) = BoU + Bju); hence
from (11) we easily obtain the following equation for p = p(7):

j—f = (Ba(p) — Bi(p))(f'(Baug + BiU) — f'(BoU + Byug)) ()~ (13)

Obviously, by definition,

d
pr~' =1 as 7—o00 and d—p >0 (since 1y <0). (14)
T

We denote the right-hand side of (13) by G(p). Obviously, G(pg) = 0, where
po is a number such that Bj(pg) = Ba(po), and hence (see Lemma 4.1)

Bi(po) = Ba(po) = 1/2. (15)

We assume that py > 0. This is a condition imposed on B;. It is easy to

d
verify that d—G = 0, while
p=po
d2G 2 0\ g/ U + U8
el = =885, (U —w) [ —5— | #0. (16)
P L p=po

It follows from Eq. (13) and inequality (16) that the relations
p—po+O/Ir]),  p=001/|r]) (17)

hold as 7 — —o0.

Thus, independently of (11), the function p = p(7) is defined as a solution
of problem (13), (14). Therefore, the function z(x¢,¢,7) from (11) is also
defined. Now put

2(wo,t,7) = X(0,t) + o X1 (20, 7), (18)

7



where
X(20,t) = 20 + f(uo(w0))t = 2otbo(¥3) ™" + bt.

Inserting Z in (11) instead of « we have

== | (B0 W) + Balo)f W eGoo). )

+aq(r',p) = f'(uolw0))] a7
== [ (B0 Witen o)+ Bi(o) (etao). )
+q( )| dr' = ()Mo — blwp) " (19)

Xy

It is easy to verify that the following representation is true:

=o't f / [Balp) (U w0, p)) + Balp) £ (U (o). ) + (. )]

which follows from the identity
0
—b% x*.

vy

It is not difficult to see that the solution Z given by formula (19) is not the
exact solution of (11). Actually, for t = 0 (i.e. for 7 — +oo)from (19) we
obtain

2o (1)) "+ bt — o(1g) " me — ob(yp) Tt =

(Xo + ¥0X1)]i=0 = 20 + O(e).
Obviously, for t € [0, 7], T € R, we have:

LU(IL'(), t7 T) = fif(l’o, t7 T) + 0(6)

It is easy to verify that the term O(e) in the last relation has the form

0 =i =2 [ [Balohf (Wilan. ) + Ba(p) (01(6(an). )

=0 YhT

+a(, p) = ' (uo(w0))] dr' < eg(wo).

Finally, we obtain

l’(l'(),t, 7_) = jj(x()?ta 7_) + gg($0)'

8



Let us calculate the derivative 2. By (18), (19), we have

i | B, >>+Bl<p>f'<Ul<5<mo>,p>>} ar

v [Ba(p)f (U, ) = B )£ (U (€lz0). )] G (oo, ) d
(20)

Lo

T

Here we used the relation

oU oU
or ;(:U07p) = _a_x;<5($0)7p)7

which follows from the definition of the function U;(xg, p) in (9).
We agree that the symbol ~ denotes the following equivalence relation

fr~ge limg = const # 0. (21)

Then, as 7 — —o0, we have

oU; 1 1 1 1
~B— =~ — By — -~ —
8x0 Lo S

U+ ud U+u

Ul(x07p) - 9 07 UI(S(ZEO) p) D) .

Therefore,

Bao)f"(Us(z0.)) — By(0) (U (E(a0). )] ~ -

Hence the integral in (20) converges as 7 — —oo and

0z ¢0 0
T — —00.
Do wOT
As 7 — oo, we have U (xg, p) — uy(zg) (since By — 1) and the integrand
n (20) tends to the limit

8 /
(e G an) = 2B,



Thus
O ¢0

- T — OQ.
3x0 8’

We note that the solvability of the equation z(xg,t, ) = x with respect
to xg globally in ¢ can hardly be ignored.

In our constructions, we shall hence use the following approximate ex-
pression for the solution of Eq. (11), namely,

x(zo,t,7) = Z(xo,t,7) + €(g(x0) + Axg),

where A > 0, A = const. Clearly, we have

x = xg + Ay,
t=0
and hence zg(x,t,7)|i=0 = x — cAz + O(e).
As is easy to verify, this means that, in the sense of Op-estimates, the
initial condition (2) will be satisfied with accuracy up to Op/(g). We prove
that the constant A can be chosen so that the inequality

Ox
— >0
6.CEO -
holds uniformly in ¢.
We have
Ox "
S =Kt / Baf (U1 0. ) = Buf " (U (E(0). )

— f"(u1(xo)) ]dT +eg'(xg) + €A.

Recall that t* = K~ ¢g(t*) = 0, 7 = tg(t)/e. Hence for ¢t < ¢, by
Lemma 4.2, we have the estimate

wO T " " " aul r
T [ [Bor @itao.0)) = B W elw). ) = 1) ] ' = OFC)
Similarly, for ¢ > t*, we have

1—

wO T " "
[ [Bar @) = B (e, )
Juy

~ (w2 dr’ = Ofe).

10



It follows from these estimates that there is a possibility to choose the con-
stant A. Thus the equation

Xo(zo,t) + Yo X1(zo,t,€) + €(g(xo) + Axg) = (22)

can be globally solved with respect to xg.

In this case, the derivatives of the exact solution of Eq. (11) differ from
the function in the right-hand side of (22) and from the function Z(x,t,7)
by O(g). Therefore, in what follows, to simplify the calculations, we shall
use all these functions.

3 Construction
of the weak asymptotic solution

We substitute the function wu.(x,t) into Eq. (1). Using Lemma 4.1 and the
formula for weak asymptotic of the approximations in Sec. 4, we obtain

887":; + %f(ug) = ¢1t(U1<$0(¢17t7 7-)7/0) - ug)é(x - (bl)

+ ¢at(U — Ur(wo(¢2,t,7), p))0(z — $2)

(9U1 8x0
8U1 0:170

+ e gy [B(0)f (Uil (. 1,7). )

+ Bilp)f (Ur(Eeol, 7)), p))] [H (@1 — @) = H(gs — )
— 3w = 60)[Ba(o) (F(Ta(wo(én,,7), ) — F(05))

+Bi(p)(f <U> FUELo(61,t.7)), ) |

= 3z = 62) [ Bi(p) (FU1 (€ (wol@2: . 7)), p)) = F(uh)

+ Balp)(FU) = szl t.7).) |

# )| 6=~ Hio— )+ Op(e)

(23)

Although there are rather many terms on the right-hand side, it is easy
to understand this formula. The terms containing the factors (H(¢; — ) —

11



H(¢o — x)) correspond to the substitution into the equation of the function
ue determined in (10) between the points z = ¢; and with Lemma 4.1 taken
into account.

The terms containing the delta functions, i.e., the factors d(x — ¢;), i =
1,2, appear due to the fact that U(zo(¢;(t, 7), p)) # uh and U(zo(¢i(t, 7), p)) #
U, but as 7 — oo (i.e., before the interaction) we have p ~ 7 (see (14)) and
hence, for any N > 0, we have

U(zo(¢1(t,7),p)) —ug = O(e™),  Ulzo(¢a(t, 7),p)) — U = O(").
We start analyzing the terms in (22) from the last one (which has the estimate
O(e71) in the C-norm):

oU 1
8_151 =€ 1¢6P[Bépul(x0) + Bip“l(&(‘r()))}
= 6_11/16,63;/) [U +u) — 2uy (wo(z, t, 7'))} (24)
Applying the Taylor formula at the points x = ¢; and x = ¢5, for any test
function n(z), we obtain

b1
e—1¢5pf%b/) U+ uln(x) do

= %pﬁBép(U +up) ({0(z — ¢1) + 6(z — ¢2)},m(x)) + O(e),  (25)

and Bj, = O(|p|™") for any N > 0 as p — oo, By, — const as p — pg
(1 — —00), and p = O(|7|?) as 7 — —o0 (see (17)).
Let us consider the remaining term. We have

é1 ay ~ dr
/ uy(zo(x, t,7))n(x) do —/ uy(zo)n(z(xo, t, ) +w°¢)j_% dxg. (26)

a2

Let us note that (see (18))
9 (s P50 (g 2%
o —w(w e G ) —er(@+ 5. e

Hence the right-hand side in (23) is bounded in the weak sense as ¢ — 0. We
now note that the following relations hold:

ox

77(95(%7 t T) + ¢0§5> = 77@(% t T) + ¢0Qg) + 77;(9_1‘0

I

To=cC;

¢ € ((IZ‘,ZL'()), 1= 172

12



Recalling that z(a;,t,7) = ¢;(t,7), i = 1,2, and again using (26), (14) and
(17) we obtain

b1
B / w (o, £, 7))n(x) da

1

= 5 (0(x = 61) + 8 — da) () Yo By

X /: ey <(¢8)‘1 + aa—i(;) dzo + O(e).

Finally, we have

O (61— 2) — H(62 — 2)] = (7. ) (30 — 00) + 3z — 6)) + O (2),
where
/ o X
o(r.0) = o, (U ) =iy, [ ) ()1 G2 ) o (29

It is easy to see that, by formula (17), we have the estimate
|7%g(7, p)| < const.

Moreover, the function g(7,p) is integrable, and the integral fOT g(T,p)dr
converges. Indeed, the integral of the first term converges because of the
estimates given after formula (24), and the integral of the second term, in its
properties, coincides with the last integral in formula (20).

Now we consider the remaining terms that contain the difference H(¢; —
x) — H(¢2 — x) as the multiplier. For any function n(z) € C§°, taking into
account the relation

0xo Oxo Ox

ot oz ot

we have
< [8U1 0xo N oU, Oxp
Oxy Ot Oy Ox

(BQ(,)) F' (UL (wo(,t,7), p))

+ B W+ 0§ = Uaaulo 7)) | (H(61 ) = Hon = ). n(e))

_ 7 OO
B b2 33@0 ox

T By (0) (U (€ oles 7)), p>>} n() de. (20)

[_ % + Ba(p) f (Ur(o(z,t,7), p))

13



By (11), the expression in square brackets on the right-hand side of (28)

is just q(7, p).
We consider the integral

91 6U1 81‘0
— d
¢ 01 Ox i) d
and pass to the variables x( precisely as in (25). We obtain

$1 8U 8 ai aU .
o gt = [ G tntatan ) + ) d

Recall that
oU, 1 oU; Ouy(xg)
—

—~ = T— —00
Oxg T ’ 0z 0z

, T — OQ.

From the conjectural estimate (12) for the function ¢(7, p), using the Taylor
formula as in (24), we obtain

q [ 0U

n(w)de =5 [ 5 dro (0(x = ér) +0(x = ¢a),m(x)) + O(e).

az

? 0Uy O
1 6 Org Ox

Taking into account the definition of the function Uy (zg, p), we can easily
calculate the integral on the right-hand side of the last formula and obtain

#1 0U1 a.l‘o
Q/ a—%%n(ﬂf) dx

_ 4(By — Bi)(ug — V)
2

2

(0(z = ¢1) +0(x = ¢2), () + O(e).  (30)
We choose the function ¢(7, p) so that the following relation hold:
q(Bz — Bi)(ug — U) = —g(, p)- (31)
Obviously, we have
a(7.p) ~ g(7,p) = O(r™") VYN, 7 —o0;

1
q(T7p>NTg<T7p) N;7 T — —0O0.

14



Hence the estimate (12) holds and our constructions that lead to (29) are
well defined.

It is left to obtain the function é appearing in the definition of the func-
tions phi;, i = 1,2. To do that we will use the results from Section 4.3.
Equating with zero the remaining coefficients of é(x — ¢;), i = 1,2, (only
such expressions (mod Op/(g)) are left on the right-hand side of (22)), we
obtain

G1(U(2o(¢1,,7), p) — ug) — Ba(p) (f (Ur(wo(¢hn, 1, T) p)) — f(ug))
—B1(P)(f(U)— ( ( (To(¢r,t, 7 )70))) (32)

G2t (U — Ui (wo(¢2,t,7) Ba(p) (f(U) (@52»75 7),p)))
_Bl(p)(f(Ul(€<x0(¢2at 7)),p)) — f(u )) 0- (33)

According to (47) we have to prove that preceding equations are correct when
T — Fo00 and to find ¢ such that their sum be equal to zero.

By the definition of the functions ¢;(t,7), 1 = 1,2, as 7 — oo (i.e., before
the interaction), the limit of the expressions on the left-hand side of relations
(29), (30) is equal to zero, and these relations admit the estimate O(7~) for
any N > 0 as 7 — oo. This follows from the relations: p/7 — 1 as 7 — o0
and

By = 1—|—O(p’N), B, :O(p’N), p— 00 (1 — 00). (34)
We write the limit of these relations for 7 — —oo. Recall that

Bi(p) = =+ O(|7] "), p=rpo+O(r|™), T — —00, i=1,2.

(35)
Therefore, denoting the limit of ¢, as 7 — —oo by ¢, i = 1, 2, we obtain

ou(U50) = U - sy =1 (30
o= LI gy, (37

Denoting, as usual,



we can determine the general limit ¢~ () of the functions ¢;(7,t), 7 = 1,2, as
T — —o0 by the relation

Ul — 9. (38)

Relations (36) (or (38)) mean that, for ¢ > t*, the trajectories x = ¢; and
T = ¢ are close to the line

SO = ),
r—x —W(t—t),

i.e., to the trajectory of the shock wave (5).

Let us investigate the trajectories x = ¢;, ¢« = 1,2, in more detail.
By w(z) we denote the function satisfying the same conditions as the
functions w;, i = 1,2, in (10).
We prove that the following relations hold:
¢i(t,T) — dit,7) =O0(e), =12, (39)
where

Gi(t,7) = (1 — w(7))@i(7,t) + w(7) <x* + %(t — t*))

Here ¢;(7,t) = X(a;,t) + voXi(a;, 7), (see (18)), z* = ¢10(t") = p20(t"),
and ¢;(t,7), i = 1,2, are the desired trajectories of singularities determined
(mod O(e)) by the relations

Gi(t, T) = Pi(T, 1) + 1.

To prove (39), it suffices to set ¢~ (t*) = 2* in (38) and to note that
$i(0,t*) = *, i = 1,2. It remains to note that the functions ¢;(7,t) can be
represented in the form

Bilryt) = &+ o ()" / [Bof (Ulan. )
B (U(Ear), p) + a(7 )] (40)

This follows from (18), (19) with the relation z* = bt* = —by)3 /1)), taken into
account (see formula (3)).
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Now we apply Lemma 4.2 and see that relation (39) is proved. The
statement we have proved means that ¢; from (39) provide a family of ex-
pressions for trajectories close to those trajectories we want to construct.
These approximate trajectories, with accuracy O(g), are independent of the
choice of the function w(7). It is only required that this function satisfy same
conditions as the functions w;, i = 1,2, from (10).

Now let us calculate the function zo(¢;,t,7), i = 1,2. By definition, this
is the initial point of the trajectory = = ¢;(¢,7), i = 1,2. Clearly, for ¢t < t*,
we have ¢;(t,7) = ¢;(t,7) + O(e) and xo(ps,t,7) = a;. For t > t*, we have
¢i(t,7) — ¢~ (t) — 0 as ¢ — 0. By relation (37), for ¢~ (t*) = z*, we see that
in this case the initial point is

T=¢ (0)=a" — %t*.

By the inequalities f'(U) < [f]/[u] < f'(ud), this implies that & € (ag,ay).
We set A
Xo(¢i, 7) = a; + Q7)) (T — a;), i=1,2,

where €(7) is some (generating) function satisfying same conditions as the
functions w;, i = 1,2, from (10).
Let us prove the relations

0i(t,7) — (2(Xo(¢3,7),t,7) + ¥00) = O(e),  i=12. (41)
We restrict ourselves only to the case i = 1. We have

5 oU-
Ui(ar, p) = Ui(Xo, p) — QT — az')—l(ch + aQ(z — ai)?ﬂ)v

3x0
Ul(g(al)ap) =U + Ug - Ul(alap)
1

. oU
— U —+ ug — Ul(X07p) —+ Q(Zi‘ — ai)a—xo(al —+ CYQ(j — CLi),ﬂ),

where a € (0, 1).
From these relations, formula (40), and representation for Z from Sec-
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tion 2, we obtain

@1(t,7) — 2(Xo(d1,7),t,7) (42)
R VAT CATNe o)
0 u
_ Bl%(U +u) — Uy (ay, p); U +ud — Uy (X, p))
X Qg—gg(al +aQ(E — a;), p) dr’
where 5f A -rm
(A, B)=—1—7— — ["(A).

ou A—B A—B

We note that the integral on the right-hand side of (42) converges as 7 — +00
because the function €2 is contained in the integrand. The convergence of the
integral as 7 — —oo can be verified in the same way as the convergence of
the last integral on the right-hand side of (20). Hence, by Lemma 4.2, we
have

@1@, 7') — Z‘(X0(¢1, 7'), t, 7') = O(E),
and hence, by (38) and (39), we obtain (41). From (41) we obtain the relation

Ul(IU(gbi’taT)’p) - Ul(X0(¢iuT)7p) = 0(6)7 L= 17 2. (43>

By construction, the limits of the expressions on the left-hand sides in
(31) and (32) are equal to zero as 7 — oo (i.e., before the interaction).
Moreover, the difference between the limit and the prelimit expression is
O(p~™) = O(r7N) for any N > 0.

By (32), these expressions also tend to zero as 7 — —oo, and the difference
between the limit and the prelimit expression is O(B; —1/2) = O(p — po) =
O(|r|™'), 7 — —oo. Therefore, by the results of Sec. 4.2 about the linear
independence, for the sum of terms with J-functions in (22) to admit the
estimate Op/(¢), it is sufficient that the sum of expressions on the left-hand
sides of (31) and (32) be equal to zero. Thus we obtain the equation

(U — Ur(2)) + d16(Ur(ay — Ug)
= Ba(p) (f(Ury) = F(u)) + Ba(p) (F(U) = F(Ury))
+ B2(P)<f(U) - f(U1(2))) + Bi(p) (f<01(2)) - f(ug))- (44)
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Here, for brevity, we denote
Uy = Ur(zo(s, t,7), p), U1(z‘) = Uy (&(xo(gi,t, 7)), p), i=1,2.
We note that p
¢it - @it + ¢6E(T¢)v 1= 1727
We agree to denote f = g if

lim = =1.
g

It is easy to verify that as 7 — 0o, we have
U~ Uy ~ Uiy —ug = U = Uiy = Uy —up ~ Bu(U — ). (45)
Similarly,

F(Uy) = flug) = f'(ug) By(U — up), (46)
fU) = f(U) = f!
fU) = f(Ui)) = f

f(Ci) = f(ug) = f'(ug) B (U — up).

Next, by (16), we have Bj(p) ~ 1 — By and hence the relation g ~ 1 — By
holds as 7 — +o00. R

As T — —o0, the coefficient of 2 (7¢) in Eq. (44) is equal to U — uf # 0.
Therefore, Eq. (44) is solvable for ¢ and its solution is a bounded function
decreasing as 7 — 00.

To write the solution of Eq. (44), we note that, with accuracy O(¢), by
(41), we can replace the arguments xo(¢;,t,7) by Xo(¢;, 7) in the functions
Uij), and by (38), the function Xo(¢;, 7) can be determined actually inde-
pendent of the functions ¢; (everywhere here 4,7 = 1,2). Hence Eq. (44)
is indeed a linear equation with respect to ¢ and its solution can be easily
found.

This solution has the form

b= () / (U — Uu(Xo(ba,7),p) + Ur(Ko(1,7), )

% (= @alU = Ui(Xo(6,7), p)] = $1[U1(Ro(61,7), p) — ]
+ {Bap) (f (V1)) = f(u))) + Bi(p)(f(U) = f(Uray))
+ Bo(p)(f(U) — f(Ui)) + Bilp)(f(Urz)) — f(u8))}> dr'.

-1
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By (45) and (46), the integral on the right-hand side in the last relation
converges as T — oo and ¢ = O(t7') as 7 — oco. Recall that, by definition,
X’i(@, 7) is, in fact, indepedent of ¢; and the last relation is an expression
for ¢;, but not an equation.

4 Auxiliary formulas and statements of weak
asymptotic method

4.1 Nonlinear superposition of approximations
of Heaviside functions

dow,
Suppose that w;(z) — 0,1 as z — —o0, z — 00, dwj = O(|z|™), j = 1,2,
Za

|z| — o0, N is a sufficiently large number, and ¢;, ¢y are some continuous
functions of the variable t.

It is easy to verify that the functions w;((x — ¢(t))/c) approximate in the
weak sense the Heaviside function H(z — ¢(t)). Indeed, the properties of the
functions w;(z) imply the relations

w;(z) — H(z) = O(|2|™), N>0, j=1,2

Hence, for any test function ¢ (z), we have

<wj(37 - ¢> CH(z— ), ¢> - g/ (w;(2) — H(2))(¢ + e2) dz = O(e).

€

Lemma 4.1. For any C'-function f(z), the following relation holds:

P1—T P2 — X
o (P) v (227))
= f(a) + H(p1 —2){Ba(f(a+b) — f(a)) + Bi(f(a+b+c) — fla+c))}
+ H(p2 — 2){Bi(f(a+c) = f(a)) + Bo(f(a+b+c) = fla+ b))} + Op (),

where

BJ:BJ(¢1;¢2>7J:172 B1+32:17

By(z) =1 as z— oo, By(z) -0 as z— —o0.
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Proof: First, we prove the relation

f(a—l—bwl((pl _I> +cw2<¢2 —x))
€ €

= fla+bH(p1 = 2) + cH(p2 — 7)) + Opi(e).

Indeed, we have
fla+bwy + cwy) = f(a +bH (p1 — ) + (2 — x))
+ (@ + €b(wr — Higr = 2)) + elws — H(gz — 2)))
X [(w1 = H(pr — 2))b+ (w2 — H(p2 — 2))d].
Now we verify that if g(z, o, ) is a bounded function, then
9(z, ¢, 8)lwr — H(pr — )] = Opi(e).

For any test function ¢ (x), we have
[ ste.o.2) (222 = o - ) vt) do

c / 91 + 2, 0.)w(z) — H()(p — £2) da

< 5const/ lw(z) — H(z)|dz.

This implies
fla+bwr + cws) = fla+bH (g1 — x) + cH(pz — 7)) + Op(e).
Next, it is easy to verify the relation
fla+bHy + cHy) = f(a) + Hi[f(a+b) — f(a)] + Ha[f(a +¢) — f(a)]
+ M Hy(f(a+b+c) = flate) = fla+b)+ f(a)),
H; € Hip; —w), j=12

It remains to note that we have

H(p1 —2)H(py — ) = BiH (01 — ) + BoH (92 — x) + Opi(e),

Blz/wl(z)wQ<z—u) dz, B, =1- By.

g

For the proof of these and similar relations, see [1, 2, 7]. The proof of the
lemma is complete. O
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4.2 Asymptotic linear independence

If we want to consider linear combinations of generalized functions with ac-
curacy Ops(e®), then we need to modify the notion of linear independence.
This modification plays the key role in considerations related to the soliton
interaction problem.

Indeed, let ¢ # ¢ be independent of x. We consider the relation

916(z — ¢1) + g20(x — ¢2) = Op/(£%), a >0,
where g; are independent of €. Obviously, we obtain the relations
gi = Op/ (), i=1,2,
which, by our assumption, imply
g;i =0, 1=1,2.

Everything is different [1] if we assume that the coefficients g¢;, i = 1,2,
can depend on . Here we consider only a special case of such dependence,
which we shall use later. Namely, let

where A; are independent of € and S;(p) decrease as |p| — 0.
We assume that the estimate holds:

pSi(p)| < const,  i=1,2.

Let us find out what properties of the coefficients g¢; follow from the
relation

916(x — ¢1) + g26(x — ¢2) = Op/(e).
Applying both sides of the equality to a test function ¢, we obtain

g1o(é1) + gap(@2) = O(e)

or, which is the same,

[Arp(1) + A2p(@2)] + [S1p(91) + Sap(¢2)] = O(e). (47)
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Let us consider the expression in the second brackets. Using Taylor’s
formula, we obtain

[S10(h1)+S20(¢2)] = S10(¢1)+S2p(h1)+52(da—1) ¢ (d14+0¢2), 0<0 < 1.

Now we see that
S2(80/2) (62— 61) = {=pSa()}],_y, . € = O,

since the function pSy(p) is bounded uniformly in p € R
So we can rewrite relation (37) as

Arp(¢1) + Asp(d2) + (51 + S2)p(9n) = O(e).
Hence, as the coefficients A; are independent of &, we, as usual, obtain
Al - 0, A2 == 0, Sl + SQ == 0 (48)

Another method for analyzing relation (37) is the following. We assume that
¢;(t) are smooth functions, the relation ¢;(t*) = ¢2(t*) holds for some t = t*,
and, moreover, ¢/ (t*) # ¢4(t*). Then

(S16(z — ¢1), ) + (S20(x — ¢2), ) = S1p(z”) + Sapp(z”)
+ S10(t — t*) + SL0(t — t*), = ¢1(t") = do(t").

But O(t — t*) ~ O(A¢). Therefore, we have

(A1 + 51)0(z — ¢1) + (A2 + 52)d(x — 2)
= A15(ZE — ¢1> + A25(ZE — ¢1> + (Sl + SQ)(S(ZE — (L'*) + OD/(S).

We again obtain relations (47).

4.3 Complex germ lemma

In this section, in the form convenient for us, we present the statement that
plays an important role in Maslov’s complex germ theory [8, 9].

Lemma 4.2. Let f(t) € C*, f(to) = 0, and f'(to) # 0. Let g(7,t) be a
function that locally uniformly satisfies the estimates

|Tg(7,t)| < const, ITgi(T,t)] < const, —o0 < T < o0,
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and g(7,ty) = 0. Then the inequality

(1)<

where Cp = const, holds on any interval 0 < t < T that does not contain
zeros of the function f(t) except to.

Proof: The fraction f(t)/(t — o) is locally bounded in ¢. The fraction
Tg(T,t)/ (t — to) is also locally bounded. We have

() 2 e

By the assumptions of the lemma, on the interval under study, the last multi-
plier on the right-hand side is bounded, while the product of the intermediate
multiplier and the expression in square brackets is bounded in view of the
properties of the function g(7,t). O

Corollary 4.3. Suppose that the estimates in the assumptions of the lemma
hold for 0 <1 < oo (—oo <7 <0). Then the statement of the lemma holds
on any interval [ty, T| that does not contain zeros of the function f(t) and
sgnT = sgnf(t), t € [to, T).

5 Justification of the weak asymptotic solu-
tion
In this section we will prove that our weak asymptotic solution is in some
sense "close” to the admissible weak solution of problem (1), (2).
The existence of the admissible weak solution in our situation is obvious
by Kruzhkov theorem (see [5], Chapter 6).

We will introduce admissibility conditions necessary for the uniqueness
of the weak solution of considered problem.

Definition 5.1. (Oleinik admissibility condition) We say that a weak solu-
tion u(t,z), t € IRY, x € IR, of problem (1), (2) is admissible if it satisfies

uy = u(t, 2”4+ 0) <u(t,z" —0) =u_.

in every point of its discontinuity.
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Notice that such condition we can use only when the function w is piece-
vise continuous weak solutions of the considered problem for every fixed
t € R*. In that case Definition 5.1 is equivalent to more general Kruzhkov
admissibility condition (which can be applied on functions which are merely
measurable):

Definition 5.2. We say that the weak solution u(z,t), x € IR, t € IR* of
problem (1), (2) is admissible if we have

/ / D) + Db (w)] dadt + /B (o, Onuo(a))de =0, (49)

where g(u) = [17/( u)du and n € C'(IR) is an arbitrary convex function.

Usmg this deﬁmtlon, Kruzhkov proved the existance uniqueness theorem
(i.e. Theorem 6.2.2 in [5]).

We will prove that weak asymptotic solution tends in L' to the admissible
weak solution of problem (1), (2). By the definition of the weak asymptotic
solution for all p € C>([0, T|; C5°(IR")) we have:

/R et + (f(1))6 (2, D)z = O2),

uniformly in ¢ € [0,T], T € IRT. Integrating last expression with fOT dt we
obtain:

/0 /R e+ (F(12))a] bz, £)dedt = O(e). (50)

Now letting ¢ — 0 we see that u(x,t) = w — lir% us(x,t) is the weak solution
e—

of (1), (2). From the construction we see that u satisfy Oleinik admissi-
bility condition (since u is obviously piecevise continuous) and this implies
Kruzhkov admissibility condition. Furthermore, it is easy to see that we
have:

/0 / Do) + Oviba(u.)] dedt + / (e, 0)nuo(a))dz > £O(1), (51)

where g(u) = [7/( u)du and n € C'(IR) is an arbitrary convex function.
Relatlon (50) holds by (49) and the smoothness of the function u.(x,t)
for e > 0.
Now we can repeat the procedure from [5], Theorem 6.2.2, page 87., to
obtain:
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Theorem 5.3. Let u. and u satisfy (48) and (50), respectively. There exists
s > 0 depending only on [ud, U] (interval in which initial data take values)
such that for every t € [0,T) and every r > 0 we have:

”’LL(,t) - uz—:('yt)HLl(\xKr) < (T’ + St) : 60(1)
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