A Mathematical Model for Hurricanes

Alain-Yves LeRoux, Marie-Noëlle LeRoux

Abstract

The source waves are some particular solutions to genuinely non linear hyperbolic systems with a source term, whose propagation velocity is a constant determined by the roots of this source term. We propose a system of 2 equations on a 2 dimension space, which modelizes the velocity field of the atmosphere near the ground. The source term is made of three parts: a given pressure gradient, a friction or suction effect and the Coriolis force. In the case where these parameters are constant, we build a solution which is a constant outside a circular crown. The internal circle represents the eye wall of the hurricane and corresponds to a share shock wave. The external circle is a set generating the bifurcation which actually modelizes the hurricane.

1 Introduction

A source wave is a wave whose velocity is completely determined by a root of the source term of a non linear hyperbolic system. The source term must be understood in a general sense, that is including the loss. For example for any R > 0, u_∗ ∈ R and k ≥ 0, the function u(x, t) = u_∗+k ∂ ∂x χ_R (|x − u_∗t|), with χ_R(ξ) =^1_2 (ξ − R)^2, is a solution to the non homogeu_t + uu_x + k (u − u_∗) = 0 and also a solution to the linear homogeneous equation u_t + u_∗u_x = 0. One can also build a solution shaped as a wave train, by concatening several such solutions. One notices that this solution contains a discontinuity which is compatible with the Rankine Hugoniot shock condition and with the usual entropy condition. Such source waves are already present in many applications, most of them in hydraulics, for the representation of the Roll Waves on a slope, the tidal bore waves in an estuary or the surf waves coming on the beach. See [1] , [2] , [3] . We propose here a new application of this notion in a two dimension space, concerning the hurricanes or cyclones. More physical descriptions of the phenomenon are to be found on the net, for example [7], [8], [9]. For source waves, see [5], [6] .

2 A hurricane model

We denote by u and v the two horizontal componants of the velocity, ω =^{π sinλ}_{21600} is the Coriolis coefficient, where λ is the latitude of the place, λ > 0 in the northern hemisphere and λ < 0 in the southern hemisphere, μ ≥ 0 is a friction coefficient and k ≥ 0 is a suction coefficient. This suction coefficient has no effect outside the hurricane and simulates the suction due to the vertical componant of the velocity which is not taken explicitely in account here. The gradient of pressure (p_x, p_y) is supposed to be a datum here, given from the meteorological previsions or measures. The model is the following one

u_t + u u_x + v u_y + p_x + μ u − ω v = k (u − u_∗) v_t + u v_x + v v_y + p_y + μ v + ω u = k (v − v_∗)

(2.1)

where u_∗ = − μ p_x + ω p_y μ^2 + ω^2

, v_∗ = ω p_x − μ p_y μ^2 + ω^2

. (2.2)

The wind of velocity field (u_∗, v_∗) is known as the ”trade wind”. By writing p_x = −μu_∗ + ωv_∗ and p_y = −ωu_∗ − μv_∗, the system becomes

u_t + u u_x + v u_y = (k − μ) (u − u_∗) + ω (v − v_∗) v_t + u v_x + v v_y = (k − μ) (v − v_∗) − ω (u − u_∗)

(2.3)

where the source term is zero when u = u_∗ and v = v_∗ . By the way, a source wave is also a solution to the associated linear system:

u_t + u_∗u_x + v_∗u_y = 0 , v_t + u_∗v_x + v_∗v_y = 0. (2.4)

We consider now the shock waves. Since the system has a non conservative form, a Rankine Hugoniot condition may be obtained by using the generalized functions theory (see [4] for details). A shock wave for the system (2.1) corresponds to a discontinuity curve of the form S(x − u_1 + u_2 2 t , y − v_1 + v_2 2 t) = 0 where (u_1, v_1) and (u_2, v_2) are the values on both sides of the discontinuity. In the particular case where the support of the discontinuity is a circle of radius R and center (x_0 + u_∗t, y_0 + v_∗t) for a given point (x_0, y_0) and taking u_1 = u_∗, v_1 = v_∗ on one side and u_2 = γu, v_2 = γv on the other side, as the trace of the solution, that is ( x −^{u∗+γu}_2 t − x_0 )_2 + ( y −^{v∗+γv}_2 t − y_0 )_2

− R^2 = 0, the Rankine Hugoniot condition reads

(γu − u_∗) (x − u_∗t − x_0) + (γv − v_∗) (y − v_∗t − y_0) = 0. (2.5)

This imposes the discontinuity jump ([u], [v]) = (γu − u_∗, γv − v_∗) to be orthogonal to the radial direction. The shock velocity is still equal to (u_∗, v_∗) which means that the shock wave is a contact discontinuity. We shall see in the following that the edge of the hurricane may be such a discontinuity, with (u_∗, v_∗) as the external velocity value. We have also, and that is the most important, the eye wall described by such a shock wave, with (u_∗, v_∗) as the velocity inside the eye, and a strong value (γu, γv) on the other side of the eye wall. The way the velocity behaves between the external edge and the eye wall corresponds to a bifurcation solution of (2.1).

3 The caracteristics solution

Using the time t as a parameter, the characteristics system associated with (2.1) reads

x^′(t) = u(t) , u^′(t) = (k − μ) (u(t) − u_∗) + ω (v(t) − v_∗) y^′(t) = v(t) , v^′(t) = (k − μ) (v(t) − v_∗) − ω (u(t) − u_∗) .

(3.6)

We consider as a reference trajectory the one which starts from x = R, y = 0 where R is the radius of the hurricane. We notice that the integration of the characteristics system leads to an explicit expression of the solution u = (k − μ) (x − u_∗t) + ω (y − v_∗t) + u_∗, v = −ω (x − u_∗t) + (k − μ) (y − v_∗t) + v_∗. We use the Lagrangian variables X = x − u_∗t, Y = y − v_∗t, U = u − u_∗, V = v − v_∗ and we look for a solution of the form ( U V ) = a(ξ) ( X Y ) + b(ξ) ( −Y X ) (3.7)

where ξ = √ X^2 + Y^2. This way a(ξ)ξ stands for the radial componant of the velocity and b(ξ)ξ for the transverse componant. The Rankine Hugoniot condition reduces to impose the quantity a(ξ)ξ^2 to be continuous, which means that the only possible discontinuity for a(ξ) will stay at ξ = 0 and that any discontinuity of the transverse componant b(ξ)ξ is allowed.

After introducing (3.7) into (2.1) and some computations, we get the following differential system as a compatibility condition

a a^′ ξ + a^2 − b^2 − (k − μ) a + ωb = 0, a b^′ ξ + 2 a b − (k − μ) b − ωa . (3.8)

We look for the non zero solutions of this system, which are the bifurcation solutions. In the very particular case where μ = 0, ω = 0, a bifurcation solution reads a(ξ) = k ( 1 −^R_ξ ) , b(ξ) = 0. This an immediate generalization of the solution of one dimension example given in the introduction, and it can be generalized easily to the three dimension case. This can be seen as a kind of ”black hole”.

In the case of a hurricane, bifurcation solutions are obtained by writing z(ξ) = −^{b(ξ)}_{a(ξ)} which leads to the system d dξ (a(ξ) ξ) = z(ξ)^2a(ξ) + (k − μ) + ωz(ξ) , d dξ (b(ξ) ξ) = −b(ξ) + ω − (k − μ) z(ξ) (3.9)

that we solve by integrating by starting from ξ = R with a(R) = 0, b(R) = 0 and z(R) = z_0, an incidence value to be given. It is interesting to notice that the sign of a^′(ξ) will change and that a(ξ) will be zero for some value ξ_0 < R. When ξ_0 > 0 it corresponds to the eyewall. At this point, since b >> ω in practice, we must have from (3.8) an infinite slope, that is lim_{ξ−→ξ0} a^′(ξ) = ∞

and lim_{ξ−→ξ0} a(ξ)a^′(ξ) bounded. With the same argument, lim_{ξ−→ξ0} a(ξ)b^′(ξ) is also bounded and lim_{ξ−→ξ0} b^′(ξ) = ∞.

4 Numerical Tests

The computation of the caracteristics trajectories may be performed either by using the characteristics equations (3.6) or by using the non linear system (3.8) or (3.9). The first case is more adapted to the case when a shock is present on the edge of the hurricane and the second one is to be used when there is no external shock, in order to have a bifurcation solution.

We present three results. The first one in the first column corresponds to a hurricane with a small incidence entry and no external shock. We have taken R = 300km, and z_0 = 0.075, μ = 0, k = 15, ω = 0.0001. The radial and transverse velocity componants are given above the picture of the hurricane with a selection of characteristics trajectories.

We see that an eye wall is found and that these trajectories come to the eyewall and turn around in the counter clockwise sense since omega is positive (northern hemisphere). The computations are done by solving (3.9) with the Euler method, which explains a large value of the velocity near the eyewall. A more accurate method will reduce this, and this will be also reduced by the natural viscosity which is not taken in account here. On the other hand this experiment proves that even with an order one scheme the eye is captured.

The two next columns corresponds two smallest whirlwinds, like tornadoes or waterspout, starting with an external shock on the edge. Here R = 10m, k = 0, ω = 0.002. We have tested two values of the friction, and found that for μ = 0.00044 the flow around the eye is a counter clockwise one and for μ = 0.00035 it is a clock wise one. This underline that the friction term plays some role in the way the flow reaches the eye. There is a value between these two ones for which the eye collapses. Here an explicit calculus of the differential system (3.6) has been performed.

5 Conclusion

We have proposed a rather simple model since it is made of two equations only in a two dimension space. And yet, it is able to compute the hurricane tracks using (2.2) to be updated at any time from meteorogical and local data , and to give an idea of the shape and behaviour of the hurricane, mainly when an eye appears. However, we have introduced some parameters whose physical meaning needs to be settled, this is the case of the so called aspiration term which may also be a nonlinear term which vanishes whenu = u_∗, v = v_∗. The model is also very sensitive to the values of the parameters, as seen in the picture Acknowlegments: The authors want to strongly thank Professor Jean André Marti, from the University ”Antilles Guyane” in Pointe-à-Pitre, Guadeloupe for very helpful discussions during some stays in this University. We also mention Pr. Lilliam Alvarez from LaHavana, Cuba who also gave us some important informations about storms and hurricanes

References

[1] R.F.Dressler, Mathematical Solution of the Problem of RollWaves in Inclined Open Channel, Comm.Pure Appl.Math, Vol.II N˚2-3, pp 149-194 (1949).

[2] J.Stokker, Water Waves Interscience Publisher (1957).

[3] G.Godinand,A.Y.LeRoux, M.N.LeRoux, Generation of new solvers involving the Source term for a class of NonHomogeneous Hyperbolic System, available on www.math.ntnu.no/conservation/2000/029.html.

[4] J.F.Colombeau, Elementary Introduction to New Generalized Functions, North Holland (1985).

[5] A.Y. LeRoux, Oriented Characteristics Methods for a Class of Non Homogeneous Hyperbolic Systems, Finite Volume for Complex Applications III, R.Herbin,D.Kröner ed., Hermes Penton, pp97-106 (2002).

[6] A.Y.LeRoux, M.N.LeRoux, Source Waves, to appear.

[7] M.Vial, L.J.Germain, www.bioinformatics.org/tpe-lfb/html/cyclones-tropicaux.html

[8] web site: www.aoml.noaa.gov/general/lib/hurricbro.htlm

[9] web site: www.germantown.k12.il.us/htlm/hurricane.htlm

A-Y. LeRoux and M-N.LeRoux, LaBAG(UMR5467)-Institut de Mathématiques(Fed.2254) Université Bordeaux1, 33402 TALENCE, FRANCE Alain-Yves.leroux@math.u-bordeaux1.fr Marie-Noelle.leroux@math.u-bordeaux1.fr