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Abstract

There are many open problems on the stability of nonlinear wave patterns to the Boltz-
mann equation even though the corresponding stability theory has been comparatively well-
established for the gas dynamical systems. In this paper, we study the nonlinear stability
of a rarefaction wave profile to the Boltzmann equation with the boundary effect imposed
by specular reflection for both the hard sphere model and the hard potential model with
angular cut-off. The analysis is based on the property of the solution and its derivatives
which are either odd or even functions at the boundary coming from specular reflection, and
the decomposition on both the solution and the Boltzmann equation introduced in [24, 26]
for energy method.
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1 Introduction

The Boltzmann equation was introduced by Ludwig Boltzmann in 1872 through the study in
statistics physics. It is a fundamental equation for rarefied gas in kinetic theory and provides
many challenging mathematical problems. When the Knudsen number tends to zero, the Boltz-
mann equation yields the Euler equations as the first order in the Hilbert expansion, and the
Navier-Stokes equations as the second order in the Chapman-Enskog expansion. Hence, the
Boltzmann equation has close relation to the systems of gas dynamics. As we know, the so-
lutions to the systems of gas dynamics have rich nonlinear wave phenomena and the stability
of these nonlinear wave patterns has been extensively studied. It is natural to work on the
corresponding stability problems to the Boltzmann equation due to their close relation. Some
work has been done in this direction, especially recently, for the hard sphere model, such as the
stability of the shock profile and rarefaction wave in [26] and [25] respectively, and the stability
of shock profile with reflective boundary condition in [21].

In this paper, we consider the one dimensional Boltzmann equation in half space, i.e. x ≥ 0
with specular boundary condition given at x = 0. Notice that the problem with specular
reflection has been studied in many mathematical and physical settings, and it could be the
first step to include the boundary effect with physical meaning. One of the reason comes from
its simplicity in mathematical analysis around the boundary because of the non-appearance
of boundary layer without source in the Navier-Stokes equations and the Boltzmann equation.
When the initial data is assumed to be a small perturbation of the local Maxwellian given
by a nonlinear wave pattern containing one rarefaction wave with positive speed to the Euler
equations, we will show that the solution to the Boltzmann equation converges to this local
Maxwellian as time tends to infinity. Thus, this yields the nonlinear time asymptotic stability of
the rarefaction wave to the Boltzmann equation with specular boundary condition. Same as the
case on the Cauchy problem with rarefaction wave profiles considered in [25], the strength of the
rarefaction wave is not particularly small. In fact, the bound on the strength of the rarefaction
wave is required by the variation of the linearized H-theorem which gives the dissipation on the
non-fluid component.

In the analysis, the boundary condition of specular reflection is fully used which give the
even or odd property on the solution and its derivatives at the boundary. These property is
particularly useful for the case of the hard potential with angular cut-off where the convection
has linear growth in ξ while the linearized operator has dissipative effect on non-fluid component
only with the weight |ξ|β , 0 < β < 1. Another technique used in the proof is the micro-macro
decomposition of the solution into local Maxwellian and the non-fluid component. This provides
a way to re-write the Boltzmann equation into a system similar to the gas dynamics coupled
with an equation for the non-fluid component, [24, 26]. Writing the Boltzmann equation in this
form allows the use of energy method in a straightforward way.

Consider the one dimensional Boltzmann equation in half space

ft + ξ1fx = Q(f, f), (f, t, x, ξ) ∈ R×R+ ×R+ ×R3, (1.1)

with initial data

f(0, x, ξ) = f0(x, ξ), (x, ξ) ∈ R+ ×R3, (1.2)

and boundary condition

f(t, 0, Rξ) = f(t, 0, ξ), (t, ξ) ∈ R+ ×R3, (1.3)

where Rξ = R(ξ1, ξ2, ξ3) = (−ξ1, ξ2, ξ3), and f(t, x, ξ) represents the distributional density of
particles at time-space (t, x) with velocity ξ. Here, Q(f, f) is a bilinear collision operator, cf.
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[4], given by

Q(f, g)(ξ) ≡ 1
2

∫
R3

∫
S2

+

(
f(ξ′)g(ξ′∗) + f(ξ′∗)g(ξ

′)− f(ξ)g(ξ∗)− f(ξ∗)g(ξ)
)
q(|V |, θ) dξ∗dΩ,

where V = ξ − ξ∗, cos θ = V ·Ω
|V | , and S2

+ = {Ω ∈ S2 : (ξ − ξ∗) · Ω ≥ 0}. By conservation of
momentum and energy, the velocities (ξ, ξ∗) before and (ξ′, ξ′∗) after collision have the following
relation  ξ

′ = ξ − [(ξ − ξ∗) · Ω] Ω,

ξ′∗ = ξ∗ + [(ξ − ξ∗) · Ω] Ω.

Throughout this paper, the collision kernel q(|V |, θ) is assumed to satisfy the following two con-
ditions:

(A1): There is 0 ≤ δ1 < 1 such that

0 ≤ q(V, θ) ≤ C1

(
|V |+ |V |−δ1

)
| cos θ|.

(A2): There are constants 0 < β ≤ 1 such that

C2(1 + |ξ|)β ≤ ν(ξ) ≤ C3(1 + |ξ|)β, (1.4)

where ν(ξ) is the collision frequency defined in (1.14), and Ci > 0, i = 1, 2, 3 are positive con-
stants.

Notice that both the hard sphere model and the hard potential model with angular cut-off
satisfy the above two conditions (A1) and (A2).

Now we will introduce some notations to state our main theorem in the paper. First, it
is well known that the equilibrium state, i.e. the Maxwellian M = M[ρ,u,θ] depending on five
parameters (ρ, u, θ) ∈ R+ ×R3 ×R+ representing the density, velocity and temperature, is the
only function such that Q(M,M) = 0. And there are five collision invariants corresponding to
the five dimensional sub-space of the fluid components, denoted by ψα(ξ), cf. [4], as

ψ0(ξ) ≡ 1,

ψi(ξ) ≡ ξi, for i = 1, 2, 3,

ψ4(ξ) ≡ 1
2 |ξ|

2,

(1.5)

satisfying ∫
R3
ψj(ξ)Q(h, g)dξ = 0, for j = 0, 1, 2, 3, 4.

For a solution f(t, x, ξ) to the Boltzmann equation, we decompose it into the macroscopic
(fluid) component, i.e., the local Mawellian M = M(t, x, ξ) = M[ρ,u,θ](ξ); and the microscopic
(non-fluid) component, i.e., G = G(t, x, ξ) as follows, [24]:

f(t, x, ξ) = M(t, x, ξ) + G(t, x, ξ).

The local Maxwellian M is naturally defined by the five conserved quantities, that is, the mass
density ρ(t, x), momentum m(t, x) = ρ(t, x)u(t, x), and energy e(t, x) + 1

2 |u(t, x)|
2:

ρ(t, x) ≡
∫
R3
f(t, x, ξ)dξ,

mi(t, x) ≡
∫
R3
ψi(ξ)f(t, x, ξ)dξ for i = 1, 2, 3,[

ρ
(
e+ 1

2 |u|
2
)]

(t, x) ≡
∫
R3
ψ4(ξ)f(t, x, ξ)dξ,

(1.6)
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by

M ≡ M[ρ,u,θ](t, x, ξ) ≡
ρ(t, x)√

(2πRθ(t, x))3
exp

(
−|ξ − u(t, x)|2

2Rθ(t, x)

)
. (1.7)

Here θ(t, x) is the temperature which is related to the internal energy e by e = 3
2Rθ with R

being the gas constant, and u(t, x) is the fluid velocity.
The space of function for the solution of the initial boundary value problem (1.1)-(1.3) con-

sidered in this paper is Hs
x

(
L2

ξ,M

)
= Hs

x

(
L2

ξ,M
(
R+ ×R3

))
for some global or local Maxwellian

M, the inner product is given by:

〈h, g〉 ≡
∫
R3

1
M

h(ξ)g(ξ)dξ,

for any functions h, g of ξ such that the above integral is well-defined, and ‖h‖L2
ξ,M

= 〈h, h〉
1
2 .

In particular, when M = M, the orthogonal basis for the space spanned by {ψα, α = 0, 1, · · · , 4}
with respect to the inner product is given by:

χ0(ξ; ρ, u, θ) ≡ 1√
ρM,

χi(ξ; ρ, u, θ) ≡ ξi−ui√
Rθρ

M for i = 1, 2, 3,

χ4(ξ; ρ, u, θ) ≡ 1√
6ρ

(
|ξ−u|2

Rθ − 3
)
M,

〈χi, χj〉 = δij , for i, j = 0, 1, 2, 3, 4.

(1.8)

Therefore, the orthogonal projection P0 on the fluid space spanned by {ψα, α = 0, · · · , 4}, and
the corresponding orthogonal projection P1 on its orthogonal complement, i.e. the non-fluid
component can be defined as: P0h ≡

4∑
j=0
〈h, χj〉χj ,

P1h ≡ h−P0h.

(1.9)

Notice that the operators P0 and P1 are projections satisfying

P0P0 = P0, P1P1 = P1, P0P1 = P1P0 = 0.

Under this decomposition, the solution f(t, x, ξ) of the Boltzmann equation satisfies

P0f = M, P1f = G.

Then by replacing f(t, x, ξ) by M(t, x, ξ) + G(t, x, ξ), the Boltzmann equation becomes:

(M + G)t + ξ1(M + G)x =
(
2Q(G,M) +Q(G,G)

)
, (1.10)

and the system of conservation laws is obtained by taking the inner product of the Boltzmann
equation with the collision invariants ψα(ξ), α = 0, 1, · · · , 4:

ρt + (ρu1)x = 0,

(ρu1)t +
(
ρu2

1 + p
)
x = −

(∫
R3
ξ21Gdξ

)
x
,

(ρu2)t + (ρu1u2)x = −
(∫

R3
ξ1ξ2Gdξ

)
x
,

(ρu3)t + (ρu1u3)x = −
(∫

R3
ξ1ξ3Gdξ

)
x
,

[
ρ(1

2 |u|
2 + e)

]
t
+

(
u1

(
ρ
(

1
2 |u|

2 + e
)

+ p
))

x

= −1
2

(∫
R3
ξ1|ξ|2Gdξ

)
x
.

(1.11)
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Here p is the pressure for the monatomic gas:

p =
2
3
ρe = Rρθ.

Note that this system is not self-contained and we need one more equation for the non-fluid
component G which can be obtained by applying the projection P1 on (1.10):

Gt + P1(ξ1Gx + ξ1Mx) = LMG +Q(G,G), (1.12)

i.e.,

G = L−1
M (ξ1Mx) + L−1

M

(
Gt + P1(ξ1Gx)−Q(G,G)

)
:= L−1

M (ξ1Mx) + Θ,
(1.13)

where LM is the usual linearized operator around the local Maxwellian M given by

LMg = L[ρ,u,θ]g ≡ Q
(
M + g,M + g

)
−Q(g, g).

Recall that the linearized collision operator LM is symmetric:

〈h, LMg〉 = 〈LMh, g〉,

and the null space N of LM contains only the fluid components spanned by:

χj , j = 0, · · · , 4.

LM can also be written as, cf. [17, 15],

(LMh) (ξ) = −ν(ξ; ρ, u, θ)h(ξ) +
√

M(ξ)KM

((
h√
M

)
(ξ)
)
. (1.14)

Here KM(·) = −K1M(·) + K2M(·) is a symmetric compact L2-operator. And ν(ξ; ρ, u, θ) and
KiM(·) have the following estimates, cf. [10],

ν(ξ; ρ, u, θ) =
∫
R3

M(ξ∗)q(|V |, θ)dξ∗dΩ,

and
k1M(ξ, ξ∗) = M

1
2 (ξ)

∫
S2

M
1
2 (ξ∗)q(V, θ) dΩ

≤ C
(
|ξ − ξ∗|+ |ξ − ξ∗|−δ1

)
exp

(
− |ξ−u|2

4Rθ − |ξ∗−u|2
4Rθ

)
,

k2M(ξ, ξ∗) = a(ξ, ξ∗) exp

(
− 1

8Rθ
(|ξ∗|2 − |ξ|2)2

|ξ∗ − ξ|2
− |ξ∗ − ξ|2

8Rθ

)
,

with
a(ξ, ξ∗) ≤ C|ξ∗ − ξ|−1,

where kiM(ξ, ξ∗) is the kernel of the operator KiM, i = 1, 2, and C > 0 is a constant. Fur-
thermore, the linearized H-theorem which reveals the dissipative effort of LM on the non-fluid
component implies that there exists σ0(ρ, u, θ) > 0 such that for any function h(ξ) ∈ N ,

〈h, LMh〉 ≤ −σ0(ρ, u, θ)〈h, h〉,

which yields cf. [15]

〈h, LMh〉 ≤ −σ(ρ, u, θ)〈ν(ξ)h, h〉, (1.15)
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with some constant σ(ρ, u, θ) > 0.
To have a clear representation related to fluid dynamics intuitively, by plugging (1.13) into

(1.11), the system of conservation laws (1.11) becomes the Navier-Stokes equations plus some
extra terms involving Θ which is of high order in some sense:

ρt + (ρu1)x = 0,

(ρu1)t +
(
ρu2

1 + p
)
x = −

(∫
R3
ξ21L

−1
M (ξ1Mx)dξ

)
x
−
(∫

R3
ξ21Θdξ

)
x
,

(ρu2)t + (ρu1u2)x = −
(∫

R3
ξ1ξ2L

−1
M (ξ1Mx)dξ

)
x
−
(∫

R3
ξ1ξ2Θdξ

)
x
,

(ρu3)t + (ρu1u3)x = −
(∫

R3
ξ1ξ3L

−1
M (ξ1Mx)dξ

)
x
−
(∫

R3
ξ1ξ3Θdξ

)
x
,

[
ρ(1

2 |u|
2 + e)

]
t
+

(
u1

(
ρ
(

1
2 |u|

2 + e
)

+ p
))

x

= −1
2

(∫
R3
ξ1|ξ|2L−1

M (ξ1Mx)dξ
)

x
− 1

2

(∫
R3
ξ1|ξ|2Θdξ

)
x
.

(1.16)

Notice that here the first terms on the right hand side of (1.16) not involving Θ evaluate as
usual the viscosity and thermal conductivity. For the Navier-Stokes equations, the stability of
rarefaction waves with or without boundary effect has been extensively studied, cf. [27, 22, 28,
29, 30, 35]. Moreover, the case for the Broadwell model of a discrete velocity gas was studied
in [31]. And the problem we considered in this paper corresponds to those for Navier-Stokes
equations with ideal gas law when p = Rρθ with θ = 3R

2 e (For the corresponding study for the
nonisentropic compressible Navier-Stokes equations, see [20, 23, 35] and the references therein.
These results show that, even for general gas, the strength of the rarefaction waves can be
arbitrarily large and for some special case, global stability results can also be obtained, cf. [35].
Note also that in our present paper for the Boltzmann equation, the strength of the rarefaction
wave need not be small and the bound on the strength of the rarefaction wave is required by
the variation of the linearized H-theorem which gives the dissipation on the non-fluid part).
Hence, one can expect that the energy method which works well for the stability problems of
Navier-Stokes equations works also here for the Boltzmann equation.

For later use, notice also that the projections P0 and P1 have the following basic properties:

P0(ψjM) = ψjM, P1(ψjM) = 0, j = 0, 1, 2, 3, 4,

LMP1 = P1LM = LM, P1(Q(h, h)) = Q(h, h),

LMP0 = P0LM = 0, P0(Q(h, h)) = 0,

〈ψjM, h〉 = 〈ψjM,P0h〉, j = 0, 1, 2, 3, 4,

〈h, LMg〉 = 〈P1h, LM(P1g)〉,〈
h, L−1

M (P1g)
〉

=
〈
L−1

M (P1h),P1g
〉

=
〈
P1h, L

−1
M (P1g)

〉
.

Now we turn to define the nonlinear time asymptotic rarefaction wave profile to the Botlz-
mann equation. For smooth solution, it is clear from the specular boundary condition that
u(t, 0) ≡ 0 for any time t ≥ 0. Assume

f0(x, ξ) → Mr ≡ M[ρr,ur,θr] =
ρr√

(2πRθr)3
exp

(
−|ξ − ur|2

2Rθr

)
, x→ +∞. (1.17)

Here ρr, θr > 0, ur = (u1r, 0, 0) are constants such that there exists a unique constant state
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(ρl, 0, θl) with ρl, θl > 0, such that the Riemann problem for the compressible Euler equations

ρt + (ρu1)x = 0,

(ρu1)t +
(
ρu2

1 + p
)
x = 0,

(ρu2)t + (ρu1u2)x = 0,

(ρu3)t + (ρu1u3)x = 0,

[
ρ(1

2 |u|
2 + e)

]
t
+

(
u1

(
ρ
(

1
2 |u|

2 + e
)

+ p
))

x

= 0,

(1.18)

(ρ, u, θ)(t, x)|t=0 = (ρr
0, u

r
0, θ

r
0) (x) =

{
(ρl, 0, θl), x < 0,

(ρr, ur, θr), x > 0,
(1.19)

admits a rarefaction wave solution of the third family, denoted by
(
ρR(t, x), uR(t, x), θR(t, x)

)
,

i.e., (ρr, ur, θr) ∈ R3(ρl, 0, θl). Here

R3(ρl, 0, θl) =

(ρ, u, θ)

∣∣∣∣∣∣ S = S, u1 −
√

15kρ
1
3 exp

(
S
2

)
= −

√
15kρ

1
3
l exp

(
S
2

)
u2 = u3 = 0, u1 > 0, ρ < ρl

 , (1.20)

where 
S = −2

3 ln ρ+ ln(2πRθ) + 1 = −2
3 ln ρl + ln(2πRθl) + 1

= −2
3 ln ρr + ln(2πRθr) + 1 ≡ S,

k = 1
2πe .

Notice that this solution is only Lipschitz continuous at the edge of the wave. Similar
to the corresponding work on the Navier-Stokes equations, cf. [30], we need to construct an
approximate rarefaction wave which is in Hs

x

(
L2

ξ,M

)
space. For this, let w(t, x) be the unique

global smooth solution to the following Cauchy problem of the Burgers’ equation{
wt + wwx = 0,

w(t, x)|t=0 = w0(x) = 1
2(wr + wl) + 1

2(wr − wl) tanh(x),
(1.21)

where 
wl = λ3(ρl, 0, θl) =

√
15k
3 ρ

1
3
l exp

(
S
2

)
> 0,

wr = λ3(ρr, ur, θr) = u1r +
√

15k
3 ρ

1
3
r exp

(
S
2

)
> 0.

(1.22)

Then, we have the approximation of the rarefaction wave profile
(
ρ, u, θ

)
(t, x) given by(

ρ, u, θ
)

(t, x) =
(
ρA, uA, θA

)
(t+ t0, x), (1.23)

where t0 is a suitably large but fixed positive constant and
(
ρA, uA, θA

)
(t, x) satisfies

uA
1 (t, x) +

√
15k
3

(
ρA(t, x)

) 1
3 exp

(
S
2

)
= w(t, x),

uA
1 (t, x)−

√
15k

(
ρA(t, x)

) 1
3 exp

(
S
2

)
= u1r −

√
15kρ

1
3
r exp

(
S
2

)
,

θA(t, x) = 3
2k
(
ρA(t, x)

) 2
3 exp(S), uA

2 = uA
3 = 0.

(1.24)
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As for the nonlinear stability of rarefaction waves for the Boltzmann equation in the whole
space, the strength of the rarefaction wave here need not be small. And both the energy
estimates with respect to the global Maxwellian state M− and the one with respect to the local
Maxwellian state M are required.

With the above notations, we can now state the main result in this paper as follows.

Theorem 1.1 Under the assumptions (A1) and (A2), let the approximate rarefaction wave(
ρ, u, θ

)
(t, x) be defined in (1.23). If


δ = max

{
|ρr − ρl|+ ur + |θr − θl|

}
< η0,

1
2 sup

(t,x)∈R+×R
θ(t, x) < inf

(t,x)∈R+×R
θ(t, x), (1.25)

with ur > 0. There exists a global Maxwellian M− and sufficiently small positive constants
ε0, t

−1
0 such that the following holds. Let the initial data f0(x, ξ) satisfy∫

R3
f0(0, ξ)ξ1dξ = 0,

and for s ≥ 2, ∥∥∥∥f0(x, ξ)−M[ρ(0,x),u(0,x),θ(0,x)]

∥∥∥∥
Hs

x

(
L2

ξ,M−

) ≤ ε0, (1.26)

then the initial boundary value problem (1.1), (1.2), (1.3) admits a unique global solution
f(t, x, ξ) satisfying ∥∥∥∥f(t, x, ξ)−M[ρ,u,θ]

∥∥∥∥
Hs

x

(
L2

ξ,M−

) ≤ C

(
ε0 + t

− 1
8

0

)
, (1.27)

for some positive constant C, and

lim
t→∞

∥∥∥f(t, x, ξ)−M[ρR,uR,θR]

∥∥∥
L∞x

(
L2

ξ,M−

) = 0. (1.28)

Here the constant t0 comes from the definition of the approximate rarefaction wave. M− =
M[ρ−,u−,θ−] is a global Maxwellian satisfying 1

2θ(t, x) < θ− < θ(t, x), u1− = 0, and |ρ(t, x) −
ρ−| + |u(t, x) − u−| + |θ(t, x) − θ−| < η0 for all (t, x) ∈ R+ × R. Here η0 > 0 is a constant
defined in Lemma 2.2 for the variation of the microscopic H-theorem.

Remark 1.1 Unlike the Cauchy problem, for the Boltzmann equation with specular reflection
boundary condition, the global Maxwellian M−(ξ) must be suitably chosen such that it is an even
function of ξ1.

Besides the study on stability of nonlinear wave profiles for the Boltzmann equation, there
have also been extensive study on the Boltzmann equation in other aspects related to fluid
dynamics, such as the Knudsen layer, ghost effects, incompressible flow limit etc. Since they
are beyond the scope of this paper, we will not refer them here. Before the energy method
based on the decomposition (1.16) is used, the elegant and important analysis using the spectral
properties of the linearized collision operator LM has been used to obtained existence and large
time behavior of solutions to the Boltzmann equation, see [19, 34, 37] and references therein.

This rest of this paper is arranged as follows: The microscopic and a macroscopicH-theorems
with specular boundary condition will be given in Section 2 together with some properties on
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the smooth approximation of the rarefaction wave solution connecting to the boundary. The
energy estimates will be given in Section 3: Section 3.1 is devoted to estimates on the boundary
terms and the lower order energy estimate and the higher order energy estimates are presented in
Section 3.2 and 3.3 respectively. Compared with that of [25], the main differences are two-fold:
The first is due to the occurrance of the boundary terms and the other is that in our present
paper, the assumptions we imposed on the collision kernel q(|V |, θ) is weaker than that of [25]
which leads to some technical difficulties. The local existence in Hs

x

(
L2

ξ,M

)
space and the proof

of Theorem 1.1 will be given in Section 4 for the case when s = 2. The case when s > 2 can be
discussed similarly. In the sequel, λ is used to denote a small positive constant.

2 Preliminaries

In this section, we give some known results concerning the properties on the smooth approxima-
tion of the rarefaction wave solution and the two versions of the H−theorem for the Boltzmann
equation.

First, we list the properties of
(
ρ, u1, θ

)
(t, x) constructed in (1.23) in the following lemma,

cf. [27].

Lemma 2.1 The approximate rarefaction wave (ρ, u1, θ)(t, x) constructed in (1.23) satisfies
(i). u1x(t, x) > 0, ∀(t, x) ∈ R+ ×R, i = 1, 3;
(ii). For any p(1 ≤ p ≤ ∞), there exists a constant C(p) > 0, depending only on p, such

that 
∥∥∥(ρ, u1, θ

)
x
(t, x)

∥∥∥
Lp
≤ C(p)(t+ t0)

−1+ 1
p ,∥∥∥ ∂j

∂xj

(
ρ, u1, θ

)
(t, x)

∥∥∥
Lp
≤ C(p)(t+ t0)−1, j ≥ 2;

(iii). (ρ, u1, θ)(t, x) solves
ρt +

(
ρu1

)
x

= 0,(
ρu1

)
t
+
[
ρ|u1|2 + 2

3ρθ
]
x

= 0,[
ρ
(

1
2 |u1|2 + θ

)]
t
+
[

1
2ρu1

(
|u1|2 + 10

3 θ
)]

x
= 0.

Consequently ∣∣∣(ρt, u1t, θt

)
(t, x)

∣∣∣ ≤ O(1)
∣∣∣(ρx, u1x, θx

)
(t, x)

∣∣∣ ;
(iv). |u1(t, 0)| ≤ O(1) exp (−d1(t+ t0)) ;
(v). lim

t→+∞
sup
x∈R

∣∣∣(ρ, u1, θ
)

(t, x)−
(
ρR, uR

1 , θ
R
) (

x
t

)∣∣∣ = 0.

Here and in what follows, O(1) will be used to denote a generic positive constant independent of
t and x and d1 = λ3 (ρl, 0, θl) > 0.

Now we turn to the H−theorem for the Boltzmann equation. It is based on the special
property of the bilinear structure of Q(f, f) which satisfies∫

R3
Q(f, f) ln fdξ ≤ 0,

and the equality holds only when the function f(t, x, ξ) is a Maxwellian. According to the
dissipative effects on the macroscopic and microscopic components, theH-theorem can be viewed
from two aspects. The first one is mainly on the linearized collision operator LM acting on the
microscopic components stated in (1.15) called the microscopic H−theorem. The second one
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comes from the nonlinear collision operator which gives dissipation of entropy in the macroscopic
level.

Since the perturbation of a nonlinear wave pattern considered may not be small, a com-
bination of the energy estimates with respect to a global Maxwellian state M− and the local
Maxwellian state M will be used. For this reason, another form of the microscopic H−theorem
is needed to relate the dissipation estimates with different weights. In fact, motivated by the
proof of Lemma 3.2 in [25], we have the following estimate.

Lemma 2.2 If θ
2 < θ− < θ, then there exist two constants σ = σ(ρ, u, θ; ρ−, u−, θ−) > 0 and

η0 = η0(ρ, u, θ; ρ−, u−, θ−) > 0 such that if |ρ − ρ−| + |u − u−| + |θ − θ−| < η0, we have for
h(ξ) ∈ N⊥,

−
∫
R3

hLMh

M−
dξ ≥ σ

∫
R3

ν(ξ)h2

M−
dξ. (2.1)

Lemma 2.2 is proved in [25] for the hard sphere case whose proof is straightforward by using
the Cauchy inequality and an inequality on the collision operator from [13]. We note, however,
that the proof given in [25] can be used to deduce Lemma 2.2 since the above mentioned
inequality on the collision operator established in [13] holds also for the collision kernel q(|V |, θ)
satisfying (A1) and (A2), i.e.

Lemma 2.3 Suppose that q(|V |, θ) satisfies (A1) and (A2), then there exists a positive constant
C4 > 0 such that∫

R3

ν(ξ)−1Q(f,g)2

M dξ ≤ C4
2

{∫
R3

ν(ξ)f2

M dξ ·
∫
R3

g2

Mdξ +
∫
R3

f2

Mdξ ·
∫
R3

ν(ξ)g2

M dξ

}
,

where M can be any Maxwellian so that the above integrals are well-defined.

The following is a direct corollary of Lemma 2.2 and the Cauchy inequality.

Corollary 2.1 Under the assumptions in Lemma 2.2, we have
∫
R3

ν(ξ)
M

∣∣∣L−1
M h

∣∣∣2 dξ ≤ σ−2
∫
R3

ν(ξ)−1h2(ξ)
M dξ,∫

R3

ν(ξ)
M−

∣∣∣L−1
M h

∣∣∣2 dξ ≤ σ−2
∫
R3

ν(ξ)−1h2(ξ)
M−

dξ
(2.2)

holds for each h(ξ) ∈ N⊥.

For study the nonlinear wave behavior of the solutions, the following calculation on the
macroscopic version of the H−theorem reveals the dissipation of entropy, cf. [24]. To be self-
contained, we include it as follows. Set the macroscopic entropy S by

−3
2
ρS ≡

∫
R3

M lnMdξ. (2.3)

Direct calculation yields

−3
2
(ρS)t −

3
2
(ρu1S)x +

(∫
R3

(ξ1 lnM)Gdξ
)

x
=
∫
R3

Gξ1∂xM
M

dξ (2.4)

and 
S = −2

3 ln ρ+ ln(2πRθ) + 1,

p = 2
3ρθ = kρ

5
3 exp(S),

E = θ, R = 2
3 .

(2.5)
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Denote the conservation laws (1.11) by

mt + nx = −



0∫
R3
ξ21Gdξ∫

R3
ξ1ξ2Gdξ∫

R3
ξ1ξ3Gdξ

1
2

∫
R3
ξ1|ξ|2Gdξ


x

. (2.6)

Here 
m = (m0,m1,m2,m3,m4)t =

(
ρ, ρu1, ρu2, ρu3, ρ

(
1
2 |u|

2 + θ
))t

,

n = (n0, n1, n2, n3, n4)t =
(
ρu1, ρu

2
1 + 2

3ρθ, ρu1u2, ρu1u3, ρu1

(
1
2 |u|

2 + 5
3θ
))t

.

Then define an entropy-entropy flux pair (η, q) around a Maxwellian M = M[ρ,u,θ] (ui = 0, i =
2, 3) as η = θ

{
−3

2ρS + 3
2ρS + 3

2∇m(ρS)|m=m(m−m)
}
,

q = θ
{
−3

2ρu1S + 3
2ρu1S + 3

2∇m(ρS)|m=m(n− n)
}
.

(2.7)

It is easy to see that (cf. [25])
η = 3

2

{
ρθ − θρS + ρ

[(
S − 5

3

)
θ + |u−u|2

2

]
+ 2

3ρθ

}
,

q = u1η + (u1 − u1)
(
ρθ − ρθ

)
.

(2.8)

and for m in any closed bounded region in Σ = {m : ρ > 0, θ > 0}, there exists a positive
constant C5 such that

C−1
5 |m−m|2 ≤ η ≤ C5 |m−m|2 . (2.9)

Since

ηt + qx =
[
∇(ρ,u,S)η ·

(
ρ, u, S

)
t
+∇(ρ,u,S)q ·

(
ρ, u, S

)
x

]
+
∫
R3

[
ξ1∂x

(
θ lnM

)
− 3

2u1x|ξ1|2
]
Gdξ

−
(∫

R3

(
θξ1 lnM− 1

2ξ1|ξ|
2 − 3

2u1|ξ1|2
)
Gdξ

)
x
,

(2.10)

and there exists a positive constant d2 > 0 such that (cf. [25])[
∇(ρ,u,S)η ·

(
ρ, u, S

)
t
+∇(ρ,u,S)q ·

(
ρ, u, S

)
x

]
≤ −d2u1x

∣∣∣(ρ− ρ, u1 − u1, θ − θ
)∣∣∣2 , (2.11)

we have the entropy estimate:

ηt + qx ≤ −d2u1x

∣∣∣(ρ− ρ, u1 − u1, θ − θ
)∣∣∣2

+
∫
R3

[
ξ1∂x

(
θ lnM

)
− 3

2u1x|ξ1|2
]
Gdξ

−
(∫

R3

(
θξ1 lnM− 1

2ξ1|ξ|
2 − 3

2u1|ξ1|2
)
Gdξ

)
x
.

(2.12)
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3 Energy Estimates

In this section, we perform the energy estimates. Our main purpose is to get the following result

Theorem 3.1 Under the assumptions listed in Theorem 1.1, we have that the solution f(t, x, ξ)
to the initial boundary value problem (1.1)-(1.3) satisfies the following estimates∫ ∞

0
η(t)dx+

∫ t

0

∫ ∞

0

(
|(ρ̃x, ũx, θ̃x)|2 + u1x|(ρ̃, ũ1, θ̃)|2 +

∑
|α|=1

|∂α(ρx, ux, θx)|2
)
dxdτ

+
∫ ∞

0

∫
R3

1
M−

(
G̃2 +

∑
|α|=1

(
|∂αM|2 + |∂αG|2

)
+

∑
|α|=2

|∂αf |2
)
dξdxdτ

+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)
M−

(
G̃2 +

2∑
|α|=1

|∂αG|2
)
dξdxdτ

≤ O(1)
(
t
− 1

4
0 +N(0)2

)
.

(3.1)

Once we obtained (3.1), Theorem 1.1 follows immediately from it and the local existence
results in H2

x

(
L2

ξ,M

)
given in the next section. Denote ∂α the differential operator ∂α =

∂(α0,α1) = ∂α0
t ∂α1

x , |α| = α0 + α1, where α0 and α1 are nonnegative integers. Set

ρ̃(t, x) = ρ(t, x)− ρ(t, x),

ũ(t, x) = u(t, x)− u(t, x),

θ̃(t, x) = θ(t, x)− θ(t, x),

G̃(t, x, ξ) = G(t, x, ξ)−G(t, x, ξ)

with

G(t, x, ξ) =
1

Rθ(t, x)
L−1

M[(ρ,u,θ)(t,x)]

{
P1

[
ξ1

(
|ξ − u(t, x)|2

2θ(t, x)
θx(t, x) + ξ1 · u1x

)
M(t, x)

]}
. (3.2)

Here we subtract G(t, x, ξ) from G(t, x, ξ) because
∥∥∥(ux, θx

)
(t)
∥∥∥2

L2
is not integrable with respect

to t. To get the desired energy estimates (3.1), all we need is to close the following a priori
assumption

N(t)2 = sup
0≤τ≤t

{∫
R+

η(τ)dx+
∫
R+

∫
R3

(
G̃2

M−
+

∑
|α|=1

(∂αM)2+(∂αG)2

M−
+

∑
|α|=2

(∂αf)2

M−

)
dξdx

}
< δ20 .

(3.3)

Here δ0 > 0 is a suitably chosen sufficiently small constant.
From (1.11), (3.3) yields the following L∞(t,x) estimates by Sobolev imbedding theorem.

sup
τ∈[0,t],x∈R+

∣∣∣(ρ̃, ũ, θ̃)(τ, x)∣∣∣+ ∑
0≤|α|≤1

|∂α(ρ, u, θ)(τ, x)|+
∥∥∥∥ ∂αG(τ,x)√

M−(τ,x)

∥∥∥∥
L2

ξ


< O(1)

(
t−1
0 + δ0

)
,

(3.4)

where t0 is the constant in the definition of the approximate rarefaction waves.
Under the a priori assumptions (3.3), by choosing δ0 and t−1

0 to be sufficiently small, there
exists a constant state (ρ−, u−, θ−)(ρ− > 0, θ− > 0) with u1− = 0 such that for all (τ, x) ∈
[0, t]×R+

1
2
θ(τ, x) < θ− < θ(τ, x), |θ(τ, x)− θ−|+ |u(τ, x)− u−|+ |ρ(τ, x)− ρ−| < η0. (3.5)
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Therefore, the microscopic H−theorem, i.e. (2.1) holds for the global Maxwellian M− =
M[ρ−,u−,θ−].

In the following three sub-sections, we will give estimates on the boundary terms; the energy
estimates on the entropy and the derivatives with the weight of the local Maxwellian M; and
then the derivatives with the weight of the global Maxwellian M− respectively.

3.1 Estimates on the Boundary Terms

This subsection is devoted to estimating the boundary terms. Our first result is to show that
at the boundary x = 0, the solution f(t, x, ξ) of the initial boundary value problem (1.1)-(1.3)
and its derivatives with respect to t and x are either odd and even functions of ξ1.

Lemma 3.1 Let f(t, x, ξ) be a solution of the initial boundary value problem (1.1)-(1.3), then
we have

∂i
t∂

j
xf(t, 0, Rξ) = (−1)j∂i

t∂
j
xf(t, 0, ξ) (3.6)

and

u1(t, 0) = 0. (3.7)

Lemma 3.1 follows directly from the fact that f(t, x, ξ) satisfies (1.1)-(1.3), we omit the
details for brevity.

From (3.7) and the fact that u1− = 0, we know that M(t, 0, ξ) and M−(ξ) are even functions
of ξ1 and consequently G(t, 0, ξ) is also an even function of ξ1. This together with (3.6) give the
following lemma.

Lemma 3.2 Under the assumptions listed in Lemma 3.1, we have

∫ t

0

∫
R3

ξ1|∂αf(τ, 0, ξ)|2

M(τ, 0, ξ)
dξdτ =

∫ t

0

∫
R3

ξ1|∂αf(τ, 0, ξ)|2

M−(ξ)
dξdτ = 0 (3.8)

and

∫ t

0

∫
R3

[
θ(τ, 0)ξ1 lnM(τ, 0, ξ)− 1

2ξ1|ξ|
2 − 3

2u1(τ, 0)|ξ1|2
]
G(τ, 0, ξ)dξdτ

= −3
2

∫ t

0

∫
R3
|ξ1|2u1(τ, 0)G(τ, 0, ξ)dξdτ.

(3.9)

Now we turn to the estimates on the boundary terms arising from the later energy estimates
on the solution.
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Lemma 3.3 Under the a priori assumption (3.3), we have

I1 =
∫ t

0
q(τ, 0)dτ ≤ O(1) exp

(
− d1t0

)
,

I2 =
∫ t

0

∫
R3
u1x(τ, 0)|ξ1|2|G(τ, 0, ξ)|dξdτ

≤ O(1)t
− 1

3
0 +O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ,

I3 =
∫ t

0

∫
R3

{
1
θ ξ1

(
ξ · ũ+ θ̃

2θ |ξ − u|2
)
L−1

M

{
P1

[
ξ1
(
|ξ−u|2

2θ θx + ξ1u1x

)
M
]}}

(τ, 0, ξ)dξdτ

≤ O(1)t
− 1

2
0

(
1 +

∫ t

0

∫ +∞

0

∣∣∣(ũx, θ̃x)
∣∣∣2dxdτ) ,

I4 =
∫ t

0

∫
R3

(
ξ1G̃2

M

)
(τ, 0, ξ)dξdτ ≤ O(1)t

− 1
3

0 +O(1)
∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ,

I5 =
∫ t

0

∫
R3

(
ξ1G̃2

M−

)
(τ, 0, ξ)dξdτ ≤ O(1)t

− 1
3

0 +O(1)
∫ t

0

∫ ∞

0

∫
R3

G2
x

M−
dξdxdτ.

(3.10)

Proof. From (2.8)2, (3.4), (3.7), and (iv) of Lemma 2.1, we have

|I1| ≤ O(1)
∫ t

0
exp

(
− d1(τ + t0)

)∣∣∣(ρθ − ρθ)(τ, 0)
∣∣∣dτ ≤ O(1) exp

(
− d1t0

)
,

and (3.10)1 is proved.
As to I2, we get from (ii) of Lemma 2.1 and (3.4) that

|I2| ≤ O(1)
∫ t

0
(τ + t0)−1

(∫
R3

G2(τ,0,ξ)
M[ρ−,u−,2θ−](ξ)

dξ

) 1
2

dτ

≤ O(1)
∫ t

0
(τ + t0)−1

(∫ ∞

0

∫
R3

G2

M dξdx

) 1
4
(∫ ∞

0

∫
R3

G2
x

M dξdx

) 1
4

dτ

≤ O(1)
∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ +O(1)
∫ t

0
(τ + t0)−

4
3

(∫ ∞

0

∫
R3

G2

M dξdx

) 1
3

dτ

≤ O(1)t
− 1

3
0 +O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ,

from which (3.10)2 follows.
Now we turn to estimate I3. The properties of the operators L−1

M and P1 yield

|I3| ≤ O(1)
∫ t

0

∣∣∣(ũ, θ̃)(τ, 0)
∣∣∣∣∣∣(u1x, θx)(τ, 0)

∣∣∣dτ
≤ O(1)

∫ t

0
(τ + t0)−1

∣∣∣(ũ, θ̃)(τ, 0)
∣∣∣dτ

≤ O(1)
∫ t

0
(τ + t0)−1

∥∥∥(ũ, θ̃)(τ)∥∥∥ 1
2
∥∥∥(ũx, θ̃x)(τ)

∥∥∥ 1
2dτ

≤ t
− 1

2
0

∫ t

0

∫ ∞

0

∣∣∣(ũx, θ̃x)
∣∣∣2dxdτ +O(1)

∫ t

0
(τ + t0)−

3
2dτ

≤ O(1)t
− 1

2
0

(
1 +

∫ t

0

∫ ∞

0

∣∣∣(ũx, θ̃x)
∣∣∣2dxdτ) ,

which is (3.10)3.
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Notice that I5 can be treated similarly. As for I4, noting that M(τ, 0, ξ) and G(τ, 0, ξ) are
even function of ξ1, we obtain from the fact θ

2 < θ− < θ that

I4 =
∫ t

0

∫
R3

 ξ1

[
G

2−2GG

]
M

 (τ, 0, ξ)dξdτ

≤ O(1)
∫ t

0

[∣∣∣(u1x, θx)(τ, 0)
∣∣∣2 +

∣∣∣(u1x, θx)(τ, 0)
∣∣∣ (∫

R3

G2(τ,0,ξ)
M[ρ−,u−,2θ−](ξ)

dξ

) 1
2

]
dτ

≤ O(1)
∫ t

0

[
(τ + t0)−2 + (τ + t0)−1

(∫ ∞

0

∫
R3

G2

M dξdx

) 1
4
(∫ ∞

0

∫
R3

G2
x

M dξdx

) 1
4

]
dτ

≤ O(1)t−1
0 +O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ

+O(1)
∫ t

0
(τ + t0)−

4
3

(∫ ∞

0

∫
R3

G2

M dξdx

)
dτ

≤ O(1)t
− 1

3
0 +O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ,

This gives (3.10)4 and completes the proof of the lemma.

For the boundary terms coming from higher order energy estimates, we have the following
lemma.
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Lemma 3.4 Under the assumptions listed in Lemma 3.3, we have

I6 =
∫ t

0

∫
R3

(
MxMt

M

)
(τ, 0, ξ)dξdτ

≤ λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ +O(1)t

− 1
3

0

+O(1)
λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M dξdxdτ +O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ,

I7 =
∫ t

0

∫
R3

(
ξ1(M2

x+M2
t )

M

)
(τ, 0, ξ)dξdτ

≤ O(1)t
− 1

3
0 + λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)
λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M dξdxdτ +O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ,

I8 =
∫ t

0

∫
R3

(
ξ1(G2

x+G2
t )

M

)
(τ, 0, ξ)dξdτ

≤ O(1)t
− 1

3
0 + λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)
λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M dξdxdτ +O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ,

I9 =
∣∣∣∣∫ t

0

∫
R3

(
ξ1MxGx

M

)
(τ, 0, ξ)dξdτ

∣∣∣∣+ ∣∣∣∣∫ t

0

∫
R3

(
ξ1MtGt

M

)
(τ, 0, ξ)dξdτ

∣∣∣∣
≤
(
λ+ δ

1
2
0 + t

1
2
0

)∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)t
− 1

4
0 + O(1)

λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M dξdxdτ

+O(1)
(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ,

I10 =
∫ t

0

∫
R3

(
ξ1(G2

x+G2
t )

M−

)
(τ, 0, ξ)dξdτ

≤ O(1)t
− 1

3
0 + λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M−

dξ

]
dxdτ

+O(1)
λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M−
dξdxdτ.

(3.11)

Here and in what follows, λ > 0 is used to denote a sufficiently small constant.

Proof. Since 
Mx = ρx√

ρχ0 +
√

6ρ
2θ θxχ4 +

√
ρ

Rθ

3∑
i=1

uixχi,

Mt = ρt√
ρχ0 +

√
6ρ

2θ θtχ4 +
√

ρ
Rθ

3∑
i=1

uitχi,

(3.12)

we have from (1.8) that

∫
R3

(
MxMt

M

)
(τ, 0, ξ)dξ =

[
ρxρt

ρ
+

3ρ
2θ2

θxθt +
ρ

Rθ

3∑
i=1

uixuit

]
(τ, 0). (3.13)
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Since u1(τ, 0) = 0, (1.11) gives[
ρxρt

ρ + 3ρ
2θ2 θxθt + ρ

Rθ

3∑
i=1

uixuit

]
(τ, 0) = −2

[
ρxu1x + ρ

θu1xθx

]
(τ, 0)

+O(1)
∣∣∣(ux, θx)(τ, 0)

∣∣∣∫
R3
|ξ|2|Gx(τ, 0, ξ)|dξ.

(3.14)

Hence ∫
R3

(
MxMt

M

)
(τ, 0, ξ)dξ = −2

[
ρxu1x + ρ

θu1xθx

]
(τ, 0)

+O(1)
∣∣∣(ux, θx)(τ, 0)

∣∣∣∫
R3
|ξ|2|Gx(τ, 0, ξ)|dξ.

(3.15)

Similarly, we have∫
R3

(
ξ1M2

x

M

)
(τ, 0, ξ)dξ = 2

[
ρxu1x +

ρ

θ
u1xθx

]
(τ, 0), (3.16)

∫
R3

(
ξ1M2

t
M

)
(τ, 0, ξ)dξ = 20

9

[
1
θ

(
ρxu1x + ρ

θu1xθx
)]

(τ, 0)

+O(1)
∣∣∣(ρx, ux, θx)(τ, 0)

∣∣∣∫
R3
|ξ|2|Gx(τ, 0, ξ)|dξ.

(3.17)

Since ∫ t

0

(∣∣∣(ρx, ux, θx)(τ, 0)
∣∣∣∫

R3
|ξ|2|Gx(τ, 0, ξ)|dξ

)
dτ

≤ O(1)
∫ t

0

(∣∣∣(ρ̃x, ũx, θ̃x)(τ, 0)
∣∣∣+ ∣∣∣(ρx, ux, θx)

∣∣∣) (∫
R3

G2
x(τ,0,ξ)

M[ρ−,u−,2θ−](ξ)
dξ

) 1
2

dτ

≤ O(1)
∫ t

0

[
‖(ρ̃x, ũx, θ̃x)‖

1
2 ‖(ρxx, uxx, θxx)‖

1
2 +O(1)(τ + t0)−1

]
×
(∫ ∞

0

∫
R3

G2
x

M dξdx

) 1
4
(∫ ∞

0

∫
R3

G2
xx

M dξdx

) 1
4

dτ

≤ λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)t
− 1

3
0 + O(1)

λ

∫ t

0

∫ ∞

0

∫
R3

G2
xx

M dξdxdτ,

(3.18)

(3.11)2 follows directly from (3.11)1, (3.15)-(3.18).
For (3.11)1, since Mx(τ, 0, ξ) = (fx − Gx)(τ, 0, ξ),Mt(τ, 0, ξ) = (ft − Gt)(τ, 0, ξ), and

fx(τ, 0, ξ) and ft(τ, 0, ξ) are odd and even functions of ξ1 respectively, we have

I6 =
∫ t

0

∫
R3

(
(fx−Gx)(ft−Gt)

M

)
(τ, 0, ξ)dξdτ

= −
∫ t

0

∫
R3

(
MxGt+MtGx+GxGt

M

)
(τ, 0, ξ)dξdτ

≤ O(1)
∫ t

0

[
|(ρx, ux, θx)(τ, 0)|

(∫
R3

(G2
x+G2

t )(τ,0,ξ)
M[ρ−,u−,2θ−](ξ)

dξ

) 1
2

+
∫
R3

(
G2

x+G2
t

M

)
(τ, 0, ξ)dξ

]
dτ

(3.19)

Since ∫
R3

(G2
x+G2

t )(τ,0,ξ)
M[ρ−,u−,2θ−](ξ)

dξ ≤ O(1)
∫ ∞

0

∫
R3

∣∣∣∣( G2
x+G2

t
M[ρ−,u−,2θ−](ξ)

)
x

∣∣∣∣ dξdx
≤ O(1)

(∫ ∞

0

∫
R3

G2
x+G2

t
M dξdx

) 1
2
(∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdx

) 1
2

,
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and ∫
R3

(
G2

x+G2
t

M

)
(τ, 0, ξ)dξ ≤ O(1)

∫ ∞

0

∫
R3

∣∣∣(G2
x+G2

t
M

)
x

∣∣∣ dξdx
≤ O(1)

∫ ∞

0

∫
R3

|GtGtx|+|GxGxx|
M dξdx+O(1)

∫ ∞

0

∫
R3

G2
t +G2

x

M2 |Mx|dξdx

≤ O(1)
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdx

+O(1)
(∫ ∞

0

∫
R3

G2
t +G2

x

M dξdx

) 1
2
(∫ ∞

0

∫
R3

G2
xt+G2

xx

M dξdx

) 1
2

,

we get

|I6| ≤ O(1)
∫ t

0

(
‖(ρ̃x, ũx, θ̃x)‖

1
2 ‖(ρxx, uxx, θxx)‖

1
2 + (τ + t0)−1

)
×
[(∫ ∞

0

∫
R3

G2
t +G2

x

M dξdx

) 1
4
(∫ ∞

0

∫
R3

G2
xt+G2

xx

M dξdx

) 1
4

+
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdx

+
(∫ ∞

0

∫
R3

G2
t +G2

x

M dξdx

) 1
2
(∫ ∞

0

∫
R3

G2
xt+G2

xx

M dξdx

) 1
2

]
dτ

≤ λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)t
− 1

3
0 + O(1)

λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M dξdxdτ

+O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ,

(3.20)

i.e., (3.11)1.
For I8, we have

I8 =
∫ t

0

∫
R3

(
ξ1(G2

x+G2
t )

M

)
(τ, 0, ξ)dξdτ

=
∫ t

0

∫
R3

+

ξ1[(G2
x+G2

t )(τ,0,ξ)−(G2
x+G2

t )(τ,0,Rξ)]
M(τ,0,ξ) dξdτ

(3.21)

and Gx(τ, 0, Rξ) + Gx(τ, 0, ξ) = −
[
Mx(τ, 0, ξ) + Mx(τ, 0, Rξ)

]
,

Gt(τ, 0, Rξ)−Gt(τ, 0, ξ) = Mt(τ, 0, ξ)−Mt(τ, 0, Rξ).

Hence

|I8| ≤ O(1)
∫ t

0

∫
R3

(
|ξ1|(|Mx|+|Mt|)(|Gx|+|Gt|)

M

)
(τ, 0, ξ)dξdτ

≤ O(1)
∫ t

0

(
|(ρx, ux, θx)(τ, 0)|+ |(ρt, ut, θt)(τ, 0)|

)(∫
R3

(
G2

t +G2
x

M

)
(τ, 0, ξ)

) 1
2

dτ

≤ O(1)
∫ t

0

(
|(ρx, ux, θx)(τ, 0)|+

(∫
R3

(
G2

x
M

)
(τ, 0, ξ)dξ

) 1
2

)

×
(∫

R3

(
G2

t +G2
x

M

)
(τ, 0, ξ)

) 1
2

dτ

≤ λ

∫ t

0

∫ ∞

0

[∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∣∣∣(ρxx, uxx, θxx)
∣∣∣2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ +O(1)t

− 1
3

0

+O(1)
λ

∫ t

0

∫ ∞

0

∫
R3

G2
tx+G2

xx

M dξdxdτ +O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ,

(3.22)
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Which gives (3.11)3. Note that (3.11)4 and (3.11)5 can be proved similarly. This completes the
proof of lemma.

3.2 Lower Order Estimate

In this subsection, we will give the energy estimates on the entropy and the non-fluid component
G(t, x, ξ) and we have

Lemma 3.5 Under the a priori assumption (3.3), we have∫ ∞

0
η(t)dx+

∫ ∞

0

∫
R3

G̃2

M dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

[
u1x

∣∣∣(ρ̃, ũ1, θ̃)
∣∣∣2 +

∣∣∣(ũx, θ̃x)
∣∣∣2 +

∫
R3

ν(ξ)G̃2

M dξ

]
dxdτ

≤ O(1)
(∫ ∞

0
η(0)dx+ t

− 1
4

0

)
+O(1)

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

G̃2

M−
dξdxdτ

+O(1)
∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t
M dξdxdτ +O(1)t−1

0

∫ t

0

∫ ∞

0

∣∣∣ρ̃x

∣∣∣2dxdτ
(3.23)

and ∫ ∞

0
η(t)dx+

∫ ∞

0

∫
R3

G̃2

M−
dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

[
u1x

∣∣∣(ρ̃, ũ1, θ̃)
∣∣∣2 +

∣∣∣(ũx, θ̃x)
∣∣∣2 +

∫
R3

ν(ξ)G̃2

M−
dξ

]
dxdτ

≤ O(1)
(∫ ∞

0
η(0)dx+ t

− 1
4

0

)
+O(1)t−1

0

∫ t

0

∫ ∞

0

∣∣∣ρ̃x

∣∣∣2dxdτ
+O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t
M−

dξdxdτ.

(3.24)

Proof. First from (2.12), (3.10)1-(3.10)3, by similar argument on entropy to the one in [25],
we have ∫ ∞

0
η(t)dx+

∫ t

0

∫ ∞

0

(
u1x|(ρ̃, ũ1, θ̃)|2 + |(ũx, θ̃x)|2

)
dxdτ

≤ O(1)
(∫ ∞

0
η(0)dx+ t

− 1
4

0

)
+O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t +ν(ξ)−1Q(G,G)2

M dξdxdτ.

(3.25)

As for the microscopic part G̃ which solves

G̃t − LMG̃ = − 1
Rθ

P1

[
ξ1

(
|ξ − u|2

2θ
θ̃x + ξ · ũx

)
M

]
−P1(ξ1Gx) +Q(G,G)−Gt, (3.26)

by multiplying (3.26) by G̃
M and integrating over [0, t]×R+ ×R3, we have from (1.15) that∫ ∞

0

∫
R3

G̃2

M dξdx

∣∣∣∣∣
t

0

+ σ

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M dξdxdτ

≤ −
∫ t

0

∫ ∞

0

∫
R3

1
Rθ

G̃
MP1

[
ξ1
(
|ξ−u|2

2θ θ̃x + ξ · ũx

)
M
]
dξdxdτ

−
∫ t

0

∫ ∞

0

∫
R3

G̃2

M2 Mtdξdxdτ −
∫ t

0

∫ ∞

0

∫
R3

G̃
MP1

(
ξ1Gx

)
dξdxdτ

−
∫ t

0

∫ ∞

0

∫
R3

G̃
MGtdξdxdτ +

∫ t

0

∫ ∞

0

∫
R3

G̃
MQ(G,G)dξdxdτ

=
15∑

j=11
Ij

(3.27)
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Similar to the case of the Cauchy problem for hard sphere model considered in [25], Ij(j =
11, 12, 14, 15) can be estimated as follows.

∣∣∣I12

∣∣∣ ≤ O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G̃2

M−
dξdxdτ, (3.28)

∣∣∣I11

∣∣∣ ≤ σ

5

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M
dξdxdτ +O(1)

∫ t

0

∫ ∞

0

∣∣∣(ũx, θ̃x)
∣∣∣2dxdτ, (3.29)

∣∣∣I15

∣∣∣ ≤ σ

5

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M
dξdxdτ +O(1)

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)−1Q(G,G)2

M
dξdxdτ, (3.30)

∣∣∣I14

∣∣∣ ≤ σ
5

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M dξdxdτ +O(1)t
− 1

4
0

+O(1)t−1
0

∫ t

0

∫ ∞

0

(
|(ρ̃x, ũx, θ̃x)|2 +

∫
R3

G2
x

M dξ

)
dxdτ.

(3.31)

The estimate on I13 is different because we only assume that q(V, θ) satisfies (A1) and (A2).
For this, first notice that

P1

(
ξ1Gx

)
= ξ1Gx −

4∑
α=0

〈ξ1Gx, χα〉χα = ξ1G̃x −
4∑

α=0

〈ξ1Gx, χα〉χα + ξ1Gx.

We have

I13 = −
∫ t

0

∫ ∞

0

∫
R3

G̃
M

[
ξ1G̃x −

4∑
α=0

〈ξ1Gx, χα〉χα + ξ1Gx

]
dξdxdτ

=
∫ t

0

∫
R3

(
ξ1G̃2

M

)
(τ, 0, ξ)dξdτ

+
∫ t

0

∫ ∞

0

∫
R3

[(
4∑

α=0
〈ξ1Gx, χα〉χα − ξ1Gx

)
G̃
M − ξ1G̃2

M2 Mt

]
dξdxdτ

= J1
13 + J2

13.

(3.32)

Since

〈ξ1Gx, χα〉 ≤ O(1)

(∫
R3

G2
x

M
dξ

) 1
2

,

we get ∣∣∣J2
13

∣∣∣ ≤ σ
10

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M dξdxdτ +O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

G̃2

M dξdxdτ

+O(1)t
− 1

4
0 +O(1)t−1

0

∫ t

0

∫ ∞

0

∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2dxdτ

+O(1)
∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ.

(3.33)

Plugging (3.10)4 and (3.33) into (3.32) yields∣∣∣I13

∣∣∣ ≤ σ
10

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M dξdxdτ +O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

G̃2

M−
dξdxdτ

+O(1)t
− 1

4
0 +O(1)t−1

0

∫ t

0

∫ ∞

0

∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2dxdτ +O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
x

M dξdxdτ.

(3.34)
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Substituting (3.28)-(3.31) and (3.34) into (3.27), we obtain

∫ ∞

0

∫
R3

G̃2

M dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M dξdxdτ

≤ O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

G̃2

M−
dξdxdτ +O(1)t

− 1
4

0

+O(1)t−1
0

∫ t

0

∫ ∞

0

∣∣∣ρ̃x

∣∣∣2dxdτ +O(1)
∫ t

0

∫ ∞

0

[
|(ũx, θ̃x)|2 +

∫
R3

G2
x

M dξ

]
dxdτ

+O(1)
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)−1Q(G,G)2

M dξdxdτ.

(3.35)

Similarly, using the weight M− instead of M, we have

∫ ∞

0

∫
R3

G̃2

M−
dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)G̃2

M−
dξdxdτ

≤ O(1)
∫ t

0

∫ ∞

0

[
|(ũx, θ̃x)|2 +

∫
R3

G2
x+ν(ξ)−1Q(G,G)2

M−
dξ

]
dxdτ

+O(1)t
− 1

4
0 +O(1)t−1

0

∫ t

0

∫ ∞

0

∣∣∣ρ̃x

∣∣∣2dxdτ.
(3.36)

Since for Mi = M− or M, Lemma 2.3 and (3.3) give∫
R3

ν(ξ)−1Q(G,G)2

Mi
dξ ≤ O(1)

∫
R3

ν(ξ)G2

Mi
dξ

∫
R3

G2

Mi
dξ

≤ O(1)
[∫

R3

ν(ξ)G̃2

Mi
dξ +

∫
R3

ν(ξ)G
2

Mi
dξ

] [∫
R3

G̃2

Mi
dξ +

∫
R3

G
2

Mi
dξ

]
≤ O(1)

∫
R3

ν(ξ)G̃2

Mi
dξ

[∫
R3

G2

Mi
dξ +

∫
R3

ν(ξ)G
2

Mi
dξ

]
+O(1)

[∫
R3

ν(ξ)G
2

Mi
dξ

]2
≤ O(1)

(
δ0 + t−1

0

)∫
R3

ν(ξ)G̃2

Mi
dξ +O(1)

∣∣∣(u1x, θx)(τ, x)
∣∣∣4,

(3.37)

(3.23) and (3.24) follow immediately from (3.25), (3.35)-(3.37) and this completes the proof of
Lemma 3.5.

Notice that in the above two estimates (3.23) and (3.24), the double integral of ρ̃2
x and ρ̃2

t

are not included. In the following, we will show that they can be recovered from the system of
conservation laws. For results in this direction, we have

Lemma 3.6 Under the a priori assumption (3.3), we have

∫ t

0

∫ ∞

0
|ρ̃x|2dxdτ ≤ O(1) exp

(
− d1t0

)
+O(1)

∣∣∣∣∣∣
∫ ∞

0

(
ρ̃xũ1

)
(t)dx

∣∣∣∣∣
t

0

∣∣∣∣∣∣
+O(1)

∫ t

0

∫ ∞

0

[
|(ũx, θ̃x)|2 +

∫
R3

G2
x

M dξ

]
dxdτ

+O(1)t−1
0

∫ t

0

∫ ∞

0
u1x|(ρ̃, ũ1)|2dxdτ

(3.38)

and ∫ t

0

∫ ∞

0
|ρ̃t|2dxdτ ≤ O(1)

∫ t

0

∫ ∞

0
|(ρ̃x, ũ1x)|2dxdτ +O(1)t−1

0

∫ t

0

∫ ∞

0
ū1x|(ρ̃, ũ1)|2dxdτ. (3.39)



22 Tong Yang and Hui-Jiang Zhao

Proof. From (1.11) and (iii) of Lemma 2.1,
(
ρ̃, ũ, θ̃

)
(t, x) solves

ρ̃t + (ρ̃ũ1)x = −H1,

ũ1t + ũ1ũ1x + 2
3 θ̃x + 2θ

3ρ ρ̃x = −
∫
R3

|ξ1|2Gx

ρ dξ −H2,

ũ2t + ũ1ũ2x = −
∫
R3

ξ1ξ2Gx

ρ dξ − u1ũ2x,

ũ3t + ũ1ũ3x = −
∫
R3

ξ1ξ3Gx

ρ dξ − u1ũ3x,

θ̃t + ũ1θ̃x + 2
3 θ̃ũ1x =

∫
R3

ξ1

(
ξ·u− 1

2
|ξ|2
)

ρ Gxdξ −H3.

(3.40)

Here 
H1 =

(
ρũ1 + u1ρ̃

)
x
,

H2 = ũ1u1x + u1ũ1x + 2
3

ρθ̃−ρ̃θ
ρρ ρx,

H3 = 2
3

(
u1xθ̃ + ũ1xθ

)
+
(
ũ1θx + u1θ̃x

)
.

(3.41)

Multiplying (3.40)2 by ρ̃x and integrating with respect to t and x over [0, t]×R+, we have∫ t

0

∫ ∞

0

2θ
3ρ

∣∣∣ρ̃x

∣∣∣2dxdτ = −
∫ t

0

∫ ∞

0

[
ũ1tρ̃x + ρ̃xũ1ũ1x + 2

3 ρ̃xθ̃x

]
dxdτ

−
∫ t

0

∫ ∞

0

∫
R3

ρ̃x|ξ1|2Gx

ρ dξdxdτ −
∫ t

0

∫ ∞

0
ρ̃x

[
ũ1u1x + u1ũ1x + 2

3
ρθ̃−ρ̃θ

ρρ ρx

]
dxdt

=
18∑

i=16
Ii.

(3.42)

For this, we have∣∣∣I17∣∣∣ ≤ λ

∫ t

0

∫ ∞

0

∣∣∣ρ̃x

∣∣∣2dxdτ +O(1)
∫ t

0

∫ ∞

0

∫
R3

G2
x

M
dξdxdτ, (3.43)

∣∣∣I18

∣∣∣ ≤ λ

∫ t

0

∫ ∞

0

∣∣∣ρ̃x

∣∣∣2dxdτ +O(1)
∫ t

0

∫ ∞

0

∣∣∣ũx

∣∣∣2dxdτ
+O(1)t−1

0

∫ t

0

∫ ∞

0
u1x

∣∣∣(ρ̃, ũ1, θ̃)
∣∣∣2dxdτ. (3.44)

As to I16, since

ũ1tρ̃x + ρ̃xũ1ũ1x +
2
3
ρ̃xθ̃x =

[
ũ1ρ̃x

]
t
+
{
u1

(
ρũ1 + u1ρ̃

)
x
− ũ1

(
ρ̃ũ1)x

}
x

−ρ̃
∣∣∣ũ1x

∣∣∣2 +
2
3
ρ̃xθ̃x − ũ1x

(
ρũ1 + ρ̃u1

)
x
,

we have

I16 = −
∫ ∞

0

(
ρ̃xũ1

)
(t)dt

∣∣∣∣∣
t

0

+
∫ t

0

[
u1

(
ρũ1 + ρ̃u1

)
x
− ũ1

(
ρ̃ũ1

)
x

]
(τ, 0)dτ

+
∫ t

0

∫ ∞

0

{
ρ̃|ũ1x|2 − 2

3 ρ̃xθ̃x + ũ1x

(
ρũ1 + ρ̃u1

)
x

}
dxdτ

=
3∑

j=1
J j

16.

(3.45)



Half-space problem for the Boltzmann Equation 23

For J3
16, we have

∣∣∣J3
16

∣∣∣ ≤ λ

∫ t

0

∫ ∞

0
|ρ̃x|2dxdτ +O(1)

∫ t

0

∫ ∞

0
|(ũx, θ̃x)|2dxdτ

+O(1)t−1
0

∫ t

0

∫ ∞

0
u1x|(ρ̃, ũ1)|2dxdτ.

(3.46)

As for J2
16, since[
u1

(
ρũ1 + ρ̃u1

)
x
− ũ1

(
ρ̃ũ1

)
x

]
(τ, 0) =

[
u1

(
ρu1x − ρxu1 − ρu1x

)]
(τ, 0)

≤ O(1) exp
(
− d1(τ + t0)

)
,

we set ∣∣∣J2
16

∣∣∣ ≤ O(1)
∫ t

0
exp

(
− d1(τ + t0)

)
dτ ≤ O(1) exp

(
− d1t0

)
. (3.47)

Combining (3.45), (3.46) and (3.47) gives

∣∣∣I16

∣∣∣ ≤ O(1)

∣∣∣∣∣∣
∫ ∞

0

(
ρ̃xũ1

)
(t)dx

∣∣∣∣∣
t

0

∣∣∣∣∣∣+ λ

∫ t

0

∫ ∞

0
|ρ̃x|2dxdτ

+O(1) exp
(
− d1t0

)
+O(1)t−1

0

∫ t

0

∫ ∞

0
u1x|(ρ̃, ũ1)|2dxdτ

+O(1)
∫ t

0

∫ ∞

0
|(ũx, θ̃x)|2dxdτ.

(3.48)

By putting (3.43),(3.44) and (3.48) into (3.42), we can deduce (3.38) immediately and (3.39)
can be proved similarly. This completes the proof of Lemma 3.6.

(3.23)-(3.24) and (3.38)-(3.39) give the complete lower order estimates.

3.3 Higher Order Estimates

In this subsection, we will consider the higher order energy estimates of ∂αM, ∂αG, and ∂βf
for |α| = 1, |β| = 2 with respect to both the local Maxwellian M = M[ρ(t,x),u(t,x),θ(t,x)] and the
global Maxwellian M− = M[ρ−,u−,θ−].

For estimates on ∂αM with α = (1, 0) or α = (0, 1), applying P0 to (1.10) gives

Mt + P0

(
ξ1Mx

)
+ P0

(
ξ1Gx

)
= 0 (3.49)

and we can get that

Lemma 3.7 Under the a priori assumption (3.3), we have for |α| = 1 that

∫ ∞

0

∫
R3

|∂αM|2
M dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0
|∂α(ux, θx)|2dxdτ ≤ O(1)t

− 1
4

0

+O(1)
(
λ+ δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

[
|∂x(ρ̃, ũ, θ̃)|2 + |∂xx(ρ, u, θ)|2 +

∫
R3

ν(ξ)(G̃2+G2
x+G2

t )
M dξ

]
dxdτ

+O(1)
(
1 + 1

λ

) ∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdxdτ +O(1)

(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t
M−

dξdxdτ.

(3.50)
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Proof. Applying ∂α to (3.49) and integrating its product with ∂αM
M over [0, t]×R+×R3 give

1
2

∫ ∞

0

∫
R3

|∂αM|2
M dξdx

∣∣∣∣∣
t

0

= −1
2

∫ t

0

∫ ∞

0

∫
R3

|∂αM|2
M2 Mtdξdxdτ

−
∫ t

0

∫ ∞

0

∫
R3

∂αM
M ∂α

[
P0(ξ1Mx)

]
dξdxdτ −

∫ t

0

∫ ∞

0

∫
R3

∂αM
M ∂α

[
P0(ξ1Gx)

]
dξdxdτ

=
21∑

j=19
Ij .

(3.51)

Now we estimate Ij(j = 19, 20, 21) term by term as follows. First, we have∣∣∣I19

∣∣∣ ≤ O(1)
∫ t

0

∫ ∞

0
|∂α(ρ, u, θ)|2|(ρt, ut, θt)|dxdτ

≤ O(1)t
− 1

4
0 +O(1)

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[∫
R3

G2
x

M dξ + |(ρ̃x, ũx, θ̃x)|2
]
dxdτ.

(3.52)

As to I20, noticing that ∂αM ∈ N for |α| = 1, we have from (3.11)2 and (3.3) that

I20 = −
∫ t

0

∫ ∞

0

∫
R3

∂αM
M ξ1∂

αMxdξdxdτ

= 1
2

∫ t

0

∫
R3

(
ξ1|∂αM|2

M

)
(τ, 0, ξ)dξdτ − 1

2

∫ t

0

∫ ∞

0

∫
R3

ξ1|∂αM|2
M2 Mxdξdxdτ

≤
(
λ+ δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

[
|∂x(ρ̃, ũ, θ̃)|2 + |∂xx(ρ, u, θ)|2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)t
− 1

4
0 + O(1)

λ

∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdxdτ

+O(1)
(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ.

(3.53)

Similarly

I21 = −
∫ t

0

∫ ∞

0

∫
R3

∂αM
M ξ1∂

αGxdξdxdτ

=
∫ t

0

∫
R3

(
ξ1∂αM∂αG

M

)
(τ, 0, ξ)dξdτ −

∫ t

0

∫ ∞

0

∫
R3

ξ1∂αM∂αG
M2 Mxdξdxdτ

+
∫ t

0

∫ ∞

0

∫
R3

ξ1∂αMx∂αG
M dξdxdτ

=
3∑

i=1
J i

21

(3.54)

(3.11)4 implies that∣∣∣J1
21

∣∣∣ ≤ (λ+ δ
1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

[
|∂x(ρ̃, ũ, θ̃)|2 + |∂xx(ρ, u, θ)|2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)t
− 1

4
0 + O(1)

λ

∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdxdτ

+O(1)
(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
t +G2

x

M−
dξdxdτ.

(3.55)

Moreover, we have

∣∣∣J2
21

∣∣∣ ≤ O(1)
∫ t

0

∫ ∞

0
|(ρx, ux, θx)||∂α(ρ, u, θ)|

(∫
R3

|∂αG|2
M dξ

) 1
2

dxdτ

≤ O(1)t
− 1

4
0 +O(1)

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[
|(ρ̃x, ũx, θ̃x)|2 +

∫
R3

G2
x

M dξ

]
dxdτ.

(3.56)
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Now we turn to estimate J3
21. Noticing (1.13), we have

J3
21 =

∫ t

0

∫ ∞

0

∫
R3

ξ1∂αMx

M ∂α
[
L−1

M (ξ1Mx) + L−1
M (Gt + P1(ξ1Gx)−Q(G,G))

]
dξdxdτ

=
∫ t

0

∫ ∞

0

∫
R3

P1(ξ1∂αMx)
M ∂α

[
L−1

M (ξ1Mx) + L−1
M (Gt + P1(ξ1Gx)−Q(G,G))

]
dξdxdτ

≤ −2
3σ

∫ t

0

∫ ∞

0
|∂α(ux, θx)|2dxdτ +O(1)

∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdxdτ

+O(1)t
− 1

4
0 +O(1

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[
|(ρ̃x, ũx, θ̃x)|2 +

∫
R3

G̃2+G2
x+G2

t
M dξ

]
dxdτ.

(3.57)

Substituting (3.55)-(3.57) into (3.54) deduce

I21

≤ −2
3σ

∫ t

0

∫ ∞

0
|∂α(ux, θx)|2dxdτ +O(1)t

− 1
4

0 +O(1)
(
1 + 1

λ

) ∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdxdτ

+
(
λ+ δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

[
|(ρ̃x, ũx, θ̃x)|2 + |(ρxx, uxx, θxx)|2 +

∫
R3

G̃2+G2
x+G2

t
M dξ

]
dxdτ

+O(1)
(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t
M−

dξdxdτ.

(3.58)

Putting (3.51), (3.52), (3.53) and (3.58) together, we can get (3.50) immediately and this
completes the proof of Lemma 3.7.

For the corresponding estimates on ∂αG with α = (1, 0) or (0, 1), compared with the Cauchy
problem for the hard sphere model considered in [25], the main difference is on the estimate on
the following term coming from the assumption on q(V, θ).

I22 =
∫ t

0

∫ ∞

0

∫
R3

∂αG∂α[P1(ξ1Gx)]
M

dξdxdτ. (3.59)

To deal with (3.59), noticing

∂α
(
P1h

)
= P1(∂αh)−

4∑
j=0

[
〈h, ∂αχj〉χj + 〈h, χj〉∂αχj

]
,

we have from (3.11)3 that

I23 =
∫ t

0

∫ ∞

0

∫
R3

∂αG

{
ξ1∂αGx−

4∑
j=0

[
〈ξ1Gx,∂αχj〉χj+〈ξ1Gx,χj〉∂αχj

]}
M dξdxdτ

= −1
2

∫ t

0

∫
R3

(
ξ1|∂αG|2

M

)
(τ, 0, ξ)dξdτ + 1

2

∫ t

0

∫ ∞

0

∫
R3

ξ1|∂αG|2
M2 Mtdξdxdτ

−
4∑

j=0

∫ t

0

∫ ∞

0

∫
R3

∂αG

[
〈ξ1Gx,∂αχj〉χj+〈ξ1Gx,χj〉∂αχj

]
M dξdxdτ

≤ λ

∫ t

0

∫ ∞

0

∫
R3

|∂αG|2
M dξdxdτ +O(1)

(
1 + 1

λ

) ∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

tx
M dξdxdτ

+
(
λ+ δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

[
|∂x(ρ̃, ũ, θ̃)|2 + |∂xx(ρ, u, θ)|2 +

∫
R3

G2
x+G2

t
M dξ

]
dxdτ

+O(1)
(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t
M−

dξdxdτ.

(3.60)

Thus, we can deduce that
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Lemma 3.8 Under the a priori assumption (3.3), we have for |α| = 1 that

∫ ∞

0

∫
R3

|∂αG|2
M dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)|∂αG|2
M dξdxdτ ≤ O(1)t

− 1
4

0

+
(
λ+ δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

|∂x(ρ̃, ũ, θ̃)|2 + |∂xx(ρ, u, θ)|2 +
∫
R3

ν(ξ)

(
G̃2+G2

x+G2
t

)
M dξ

 dxdτ
+O(1)

∫ t

0

∫ ∞

0

∣∣∣∂α(ux, θx)
∣∣∣2dxdτ +O(1)

(
1 + 1

λ

) ∫ t

0

∫ ∞

0

∫
R3

G2
xx+G2

xt
M dξdxdτ

+O(1)
(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

G2
x+G2

t
M−

dξdxdτ.

(3.61)

To obtain the 2-th order derivatives with respect to x and/or t on G, we need to work on the
original Boltzmann equation (1.1) to avoid the appearance of the 3-th oeder derivatives. This
can be summarized in the following lemma.

Lemma 3.9 Under the a priori assumption (3.3), we have for each |β| = 2 that

∫ ∞

0

∫
R3

|∂βf |2
M dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdxdτ

≤ O(1)t
− 1

4
0 +O(1)

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

|∂2f |2
M−

dξdxdτ

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[
|(ρ̃x, ũx, θ̃x)|2 +

∑
|α|=1

|∂α(ρx, ux, θx)|2

+
∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

|∂αG|2

]
M dξ

]
dxdτ.

(3.62)

Proof. Applying ∂β with |β| = 2 to (1.1) and integrating its product with ∂βf
M over [0, t] ×

R+ ×R3
0, we have from (3.8) that

1
2

∫ ∞

0

∫
R3

|∂βf |2
M dξdx

∣∣∣∣∣
t

0

= −1
2

∫ t

0

∫ ∞

0

∫
R3

|∂βf |2
M2

[
Mt + ξ1Mx

]
dξdxdτ

+
∫ t

0

∫ ∞

0

∫
R3

∂βf∂β

(
LMG

)
M dξdxdτ +

∫ t

0

∫ ∞

0

∫
R3

∂βf∂β

[
Q(G,G)

]
M dξdxdτ

=
25∑

j=23
Ij .

(3.63)

First,

∣∣∣I23

∣∣∣ ≤ O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

|∂βf |2

M−
dξdxdτ. (3.64)

As to I24, since

I24 =
∫ t

0

∫ ∞

0

∫
R3

P1(∂βM)∂β

(
LMG

)
M dξdxdτ +

∫ t

0

∫ ∞

0

∫
R3

∂βG∂β

(
LMG

)
M dξdxdτ

= J1
24 + J2

24,

(3.65)
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we have

J1
24 ≤ O(1)t

− 1
4

0 +O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[
|∂x(ρ̃, ũ, θ̃)|2 + |∂xx(ρ, u, θ)|2

+
∫
R3

ν(ξ)

[
G̃2+G2

x+G2
t +G2

xx+G2
xt

]
M dξ

]
dxdτ,

(3.66)

and

J2
24 =

∫ t

0

∫ ∞

0

∫
R3

∂βGLM

(
∂βG

)
M dξdxdτ

+O(1)
∑
|α|=1

∫ t

0

∫ ∞

0

∫
R3

|∂βG|
[
|Q(∂αG,∂β−αM)|+|Q(G,∂βM)|

]
M dξdxdτ

≤ −σ
2

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdxdτ

+O(1)
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)−1

[ ∑
|α|=1

|Q(∂αG,∂β−αM)|2+|Q(G,∂βM)|2
]

M dξdxdτ

≤ −σ
2

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdxdτ +O(1)t

− 1
4

0

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[
|(ρ̃x, ũx, θ̃x)|2 + |(ρxx, uxx, θxx)|2 + |(ρxt, uxt, uxt)|2

+
∫
R3

ν(ξ)

[
|G̃|2+

2∑
|α|=1

|∂αG|2

]
M dξ

]
dxdτ.

(3.67)

Consequently

I24 ≤ −σ
2

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdxdτ +O(1)t

− 1
4

0

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

[
|(ρ̃x, ũx, θ̃x)|2 +

∑
|α|=1

|∂α(ρx, ux, θx)|2

+
∫
R3

ν(ξ)

[
|G̃|2+

2∑
|α|=1

|∂αG|2

]
M dξ

]
dxdτ.

(3.68)

Finally, we estimate I25 by first rewriting it as

I25 =
∫ t

0

∫ ∞

0

∫
R3

P1

(
∂βM

)
∂β [Q(G,G)]

M dξdxdτ +
∫ t

0

∫ ∞

0

∫
R3

∂βG∂β [Q(G,G)]
M dξdxdτ

= J1
25 + J2

25.

(3.69)

Since

∂β [Q(G,G)] = 2Q(∂βG,G) +O(1)
∑
|α|=1
α<β

Q
(
∂αG, ∂β−αG

)
,
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we have

∣∣∣J1
25

∣∣∣ ≤ O(1)
∫ t

0

∫ ∞

0

∫
R3

|P1(∂βM)||Q(∂βG,G)|
M dξdxdτ

+O(1)
∑

0<α<β

∫ t

0

∫ ∞

0

∫
R3

|P1(∂βM)Q(∂αG,∂β−αG)|
M dξdxdτ

≤ O(1)
∫ t

0

∫ ∞

0

( ∑
|α|=1

|∂α(ρ, u, θ)|2
)∫

R3

ν(ξ)−1

[
|Q(∂βG,G)|2+

∑
0<α<β

|Q(∂αG,∂β−αG)|2
]

M dξ


1
2

dxdτ.

(3.70)

Since

∫
R3

ν(ξ)G̃2

M dξ ≤ O(1)
∫ ∞

0

∫
R3

∣∣∣∣[ν(ξ)G̃2

M

]
x

∣∣∣∣ dξdx
≤ O(1)

∫ ∞

0

∫
R3

ν(ξ)|G̃G̃x|
M dξdx+O(1)

∫ ∞

0

∫
R3

ν(ξ)|G̃2

M2

∣∣∣Mx

∣∣∣dξdx
≤ O(1)t−1

0 +O(1)
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

ν(ξ)|G̃2

M−
dξdx+O(1)

∫ ∞

0

∫
R3

ν(ξ)[G̃2+G2
x]

M dξdx

and

sup
x∈R+

∑
|α|=1

∫
R3

|∂αG|2

M
dξ

 ≤ O(1)δ0,

we deduce that

∫ ∞

0

∫
R3

ν(ξ)−1|Q(∂βG,G)|2
M dξdx

≤ O(1)
∫ ∞

0

{∫
R3

ν(ξ)|∂βG|2
M dξ

∫
R3

G2

M dξ +
∫
R3

ν(ξ)G2

M dξ

∫
R3

|∂βG|2
M dξ

}
dx

≤ O(1)δ0
∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdx+O(1)

∫ ∞

0

{[∫
R3

ν(ξ)G̃2

M dξ +
∫
R3

ν(ξ)G
2

M dξ

] ∫
R3

|∂βG|2
M dξ

}
dx

≤ O(1)
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdx+O(1) sup

x∈R+

[∫
R3

ν(ξ)G̃2

M dξ

] ∫ ∞

0

∫
R3

|∂βG|2
M dξdx

≤ O(1)
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdx+O(1)δ0

∫ ∞

0

∫
R3

ν(ξ)

[
G̃2+G2

x

]
M dξdxdτ

≤ O(1)
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

|∂αG|2

]
M dξdxdτ,

(3.71)

and

∫ ∞

0

∫
R3

ν(ξ)−1|Q(∂αG,∂β−αG)|2
M dξdx

≤ O(1)
(
δ0 + t−1

0

)∫ ∞

0

∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

|∂αG|2

]
M dξdx.

(3.72)
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Hence∣∣∣J1
25

∣∣∣ ≤ O(1)
∑
|α|=1

∫ t

0

∫ ∞

0
|∂α(ρ, u, θ)|4dxdτ

+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)−1

[
|Q(∂βG,G)|2+

∑
0<α<β

|Q(∂αG,∂β−αG)|2
]

M dξdxdτ

≤ O(1)t
− 1

4
0 +O(1)

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

|∂x(ρ̃, ũ, θ̃)|2 +
∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

|∂αG|2

]
M dξ

 dxdτ.
(3.73)

Similarly, we have

∣∣∣J2
25

∣∣∣ ≤ λ

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)−1

∣∣∣∂βG

∣∣∣2
M dξdxdτ

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

∣∣∣∂αG

∣∣∣2]
M dξdxdτ.

(3.74)

Hence ∣∣∣I25

∣∣∣ ≤ O(1)t
− 1

4
0 + λ

∫ t

0

∫ ∞

0

∫
R3

ν(ξ)|∂βG|2
M dξdxdτ

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

|∂αG|2

]
M dξdxdτ.

(3.75)

Substituting (3.64), (3.65), (3.75) into (3.63) yields (3.62) and the proof of Lemma 3.9 is
completed.

By suitably linearly combining (3.50), (3.61), and (3.62), we have by choosing λ and δ0
sufficiently small and t0 sufficiently large that

Corollary 3.1 Under the a priori assumption (3.3), we have

∑
|α|=1

∫ ∞

0

∫
R3

|∂αM|2+|∂αG|2
M dξdx

∣∣∣∣∣
t

0

+
∑
|β|=2

∫ ∞

0

∫
R3

|∂βf |2|
M dξdx

∣∣∣∣∣
t

0

+
∫ t

0

∫ ∞

0

 ∑
|α|=1

|∂α(ux, θx)|2 +
∫
R3

ν(ξ)
2∑

|α|=1

|∂αG|2

M dξ

 dxdτ

≤ O(1)t
− 1

4
0 +O(1)

(
δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

∫
R3

ν(ξ)
2∑

|α|=1

|∂αG|2

M−
dξdxdτ

+O(1)
(
λ+ δ

1
2
0 + t

− 1
2

0

)∫ t

0

∫ ∞

0

( ∑
|α|=1

|∂αρx|2 + |(ρ̃x, ũx, θ̃x)|2 +
∫
R3

ν(ξ)G̃2

M

)
dxdτ.

(3.76)

To recover the estimate on |∂αρx|2 with |α| = 1 in (3.76), similar to that of Lemma 3.6, we
need to use the system of conservation law (1.11) again, cf [18] where the same technique was
used. For results in this direction, we have
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Lemma 3.10 Under the a priori assumption (3.3), we have∫ t

0

∫ ∞

0
ρ2

xxdxdτ ≤ O(1)t
− 1

4
0 +O(1)

∫ t

0

∫ ∞

0

(
|(uxx, uxt, θxx)|2 +

∫
R3

G2
xx

M dξ

)
dxdτ

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

(
|(ρ̃x, ũx, θ̃x)|2 +

∫
R3

G2
x

M dξ

)
dxdτ

(3.77)

and ∫ t

0

∫ ∞

0
ρ2

xtdxdτ ≤ O(1)
∫ t

0

∫ ∞

0
(|ρxx|2 + |uxx|2)dxdτ +O(1)t

− 1
4

0

+O(1)
(
δ0 + t−1

0

)∫ t

0

∫ ∞

0
|(ρ̃x, ũx)|2dxdτ.

(3.78)

Proof. Since 
ρt + (ρu1)x = 0,

u1t + u1u1x + 2
3θx + 2θ

3ρρx +
∫
R3

ξ2
1Gx

ρ dξ = 0,
(3.79)

differentiating (3.79)2 with respect to x and multiplying the resulting identity by ρxx, we have
by integrating the final result with respect to t and x over [0, t]×R+ that∫ t

0

∫ ∞

0

2θ
3ρρ

2
xxdxdτ = −

∫ t

0

∫ ∞

0

[
ρxxu1xt + ρxx(u1u1x)x

]
dxdτ

−
∫ t

0

∫ ∞

0
ρxx

[
2
3θxx + ρx

(
2θ
3ρ

)
x

]
dxdτ

−
∫ t

0

∫ ∞

0

∫
R3
ρxx

[
ξ2
1Gxx

ρ − |ξ1|2ρxGx

ρ2

]
dξdxdτ

=
28∑

j=26
Ij .

(3.80)

From the Cauchy-Schwarz’s inequality, we have∣∣∣I26∣∣∣ ≤ λ

∫ t

0

∫ ∞

0
ρ2

xxdxdτ +O(1)
∫ t

0

∫ ∞

0
|(uxt, uxx)|2dxdτ +O(1)

∫ t

0

∫ ∞

0
|u1x|4dxdτ

≤ O(1)t−1/4
0 + λ

∫ t

0

∫ ∞

0
ρ2

xxdxdτ +O(1)
∫ t

0

∫ ∞

0
|(uxt, uxx)|2dxdτ

+O(1)(δ0 + t−1
0 )

∫ t

0

∫ ∞

0
|ũx|2dxdτ,

|I27| ≤ λ

∫ t

0

∫ ∞

0
ρ2

xxdxdτ +O(1)
∫ t

0

∫ ∞

0

[
θ2
xx + |(ρx, ux, θx)|4

]
dxdτ

≤ O(1)t−1/4
0 + λ

∫ t

0

∫ ∞

0
ρ2

xxdxdτ

+O(1)
(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0
|(ρ̃x, ũx, θ̃x)|2dxdτ +O(1)

∫ t

0

∫ ∞

0
|θxx|2dxdτ,

and∣∣∣I28∣∣∣ ≤ λ

∫ t

0

∫ ∞

0
|ρxx|2dxdτ +

∫ t

0

∫ ∞

0

∫
R3

G2
xx

M
dξdxdτ +O(1)

(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

G2
x

M
dξdxdτ.

Substituting the above inequalities into (3.80), we can deduce (3.77) immediately.
As for ρxt, since

ρxt = −uρxx − ρuxx − 2ρxux,

(3.80) follows immediately from (3.77). This completes the proof of Lemma 3.10.
Based on (3.23), (3.38), (3.39), (3.76), (3.77), and (3.78), we have, cf. [25], that
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Corollary 3.2 Under the a priori assumption (3.3), we have∫ ∞

0
η(t)dx+

∫ t

0

∫ ∞

0

(
|∂x(ρ̃, ũ, θ̃)|2 + u1x|(ρ̃, ũ1, θ̃)|2 +

∑
|α|=1

|∂α(ρx, ux, θx)|2
)
dxdτ

+
∫ ∞

0

∫
R3

G̃2+
∑
|α|=1

(|∂αM|2+|∂αG|2)+
∑
|α|=2

|∂αf |2

M dξdx+
∫ t

0

∫ ∞

0

∫
R3

ν(ξ)

[
G̃2+

2∑
|α|=1

|∂αG|2

]
M dξdxdτ

≤ O(1)
(
t
− 1

4
0 +N(0)2

)
+O(1)

(
δ0 + t−1

0

)∫ t

0

∫ ∞

0

∫
R3

(
G̃2

M−
+

2∑
|α|=1

|∂αG|2
M−

)
dξdxdτ.

(3.81)

A direct consequence of (3.81) is∫ t

0

∫ ∞

0

(
|(ρ̃x, ũx, θ̃x)|2 +

∑
|α|=1

|∂α(ρx, ux, θx)|2
)
dxdτ

≤ O(1)
(
t
− 1

4
0 +N(0)2

)
+O(1)

(
δ0 + t−1

0

) ∫ t

0

∫ ∞

0

∫
R3

(
G̃2

M−
+

2∑
|α|=1

|∂αG|2
M−

)
dξdxdτ.

(3.82)

Now we consider the energy estimates with respect to the global Maxwellian M− and com-
plete the proof of Theorem 3.1. The main difference here is that the fluid part P0(∂αM) and
the non-fluid part G are no longer orthogonal with respect to M−, i.e.∫

R3

P0(∂αM)G
M−

dξ 6= 0.

As a result, there is an extra error term in the form of

O(1)
∫ t

0

∫ ∞

0

|(ρ̃x, ũx, θ̃x)|2 +
∑
|α|=1

|∂α(ρx, ux, θx)|2
 dxdτ.

However, due to (3.82), this term can be suitably controlled. Hence from (3.11)5, we can deduce
that (3.1) holds provided that the a priori assumption (3.3) is satisfied.

Based on (3.1), we can close the a priori estimate (3.3) by choosing δ0 > 0 sufficiently small
and t0 > 0 sufficiently large such that

N(0) < ε0

O(1)
(
t
− 1

4
0 + ε20

)
< δ20

and this completes the proof of Theorem 3.1.

4 The Proof of Theorem 1.1

4.1 Local Existence in H2
x

(
L2

ξ,M

)
In this subsection, we show how to construct local solution in the energy space H2

x

(
L2

ξ,M−

)
to

the initial boundary value problem (1.1)-(1.3). First, set

Ki(ξ, ξ∗) =

√
M(ξ)

M−(ξ∗)
ki(ξ, ξ∗)

√
M−(ξ∗)
M(ξ)

, i = 1, 2. (4.1)

By using the explicit expression of ki(ξ, ξ∗)(i = 1, 2), we have the following lemma. Thus,
we omit the proof for brevity.
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Lemma 4.1 If θ− > θ
2 > 0, then for i = 1, 2

sup
ξ∈R3

{∫
R3
|Ki(ξ, ξ∗)|dξ∗

}
≤ O(1),

sup
ξ∗∈R3

{∫
R3
|Ki(ξ, ξ∗)|dξ

}
≤ O(1).

(4.2)

To construct the local solution in H2
x

(
L2

ξ,M−

)
to the initial boundary value problem (1.1)-

(1.3), for each (t, x, ξ) with t > 0, x ≥ 0, as in [2], we first construct the backward characteristic
line (X(s; t, x, ξ), E(s; t, x, ξ)) passing through (t, x, ξ), i.e.

dX(s;t,x,ξ)
ds = E1(s; t, x, ξ),

dE(s;t,x,ξ)
ds = 0,

(4.3)

(X(s; t, x, ξ), E(s; t, x, ξ))|s=t = (x, ξ). (4.4)

As in [2], if the characteristic line (X(s; t, x, ξ), E(s; t, x, ξ)) intersects with the boundary x =
0 at s = s0 ∈ (0, t), then we construct the backward characteristic line (X(s; t, x, ξ), E(s; t, x, ξ))
for s < s0 by solving (4.3) with

(X(s; t, x, ξ), E(s; t, x, ξ))|s=s0 = (0, RE(s0; t, x, ξ)). (4.5)

It is easy to show that

X(s; t, x, ξ) =


x+ (s− t)ξ1, if x− ξ1t ≥ 0, 0 ≤ s ≤ t, x > 0, t > 0,

x+ (s− t)ξ1, if x− ξ1t < 0, t− x
ξ1
≤ s ≤ t, x > 0, t > 0,

−x− (s− t)ξ1, if x− ξ1t < 0, 0 ≤ s ≤ t− x
ξ1
, x > 0, t > 0,

(4.6)

and

E(s; t, x, ξ) =


ξ, x− ξ1t ≥ 0, 0 ≤ s ≤ t, x > 0, t > 0,

ξ, x− ξ1t < 0, 0 < t− x
ξ1
≤ s ≤ t, x > 0, t > 0,

Rξ, x− ξ1t < 0, 0 ≤ s ≤ s0 = t− x
ξ1
, x > 0, t > 0.

(4.7)

Notice that (X(s; t, x, ξ), E(s; t, x, ξ)) has the following properties:

(i) (X,E)(s; t, x, ξ) is piecewise Lipschitz continuous, X(s; t, x, ξ) ≥ 0, |E(s; t, x, ξ)| = |ξ|;

(ii) The Jacobian determinant of ∂(X,E)
∂(x,ξ) equals to 1.

Now for any function F (t, x, ξ), define the micro-macro decomposition as before and denoted
by:

F (t, x, ξ) = MF (t, x, ξ) + GF (t, x, ξ) = M[ρF (t,x),uF (t,x),θF (t,x)] + GF (t, x, ξ),

where
(
ρF (t, x), uF (t, x), θF (t, x)

)
and GF (t, x, ξ) are the corresponding fluid and non-fluid com-

ponents of F .
Define a set of functions:

X =
{
F (t, x, ξ) ∈ H2

x

(
L2

ξ,M−

)
: F (t, 0, Rξ) = F (t, 0, ξ), |||F ||| ≤ 2δ1, θ− < θF < 2θ−

}
,
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where δ1 > 0 is a small constant and the norm ||| · ||| is defined as:

|||F |||2 =
∫ ∞

0

∣∣∣(ρF − ρ̄, uF − ū, θF − θ̄)
∣∣∣2 dx+

∫ t

0

∫ ∞

0

(
|∂x(ρF − ρ̄, uF − ū, θF − θ̄)|2

+u1x

∣∣∣(ρF − ρ̄, uF − ū, θF − θ̄)
∣∣∣2 +

∑
|α|=1

∣∣∣∂α
(
ρF

x , θ
F
x , u

F
x

)∣∣∣2)dxdτ
+
∫ ∞

0

∫
R3

1
M−

(
|GF −G|2 +

∑
|α=1

(|∂αMF |2 + |∂αGF |2) +
∑
|α|=2

|∂αF |2
)
dξdxdτ

+
∫ t

0

∫ ∞

0

∫
R3

1
M−

(
|GF −G|2 +

2∑
|α|=1

|∂αG|2
)
dξdxdτ.

(4.8)

Here
(
ρ, u, θ

)
and G are the fluid and non-fluid components of M−.

For F ∈ X , consider the linear equation

ft + ξ1fx = LMF
G +Q(GF ,GF ), (4.9)f(t, x, ξ)|t=0 = f0(x, ξ),

f(t, 0, Rξ) = f(t, 0, ξ),
(4.10)

with Mf0 = M[ρ0,u0,θ0] satisfying θ− < inf
x
θ0(x) ≤ sup

x
θ0(x) < 2θ−.

Let f = M + G and f̃ = f −M. Since G = f −M = f̃ +
(
M−M

)
, we have

f̃t + ξ1f̃x + ν(ξ)f̃ = −
[
(Mt + ξ1Mx) + ν(ξ)(M−M)

]
+
√

MFK2

(
G√
MF

)
−
√

MFK1

(
G√
MF

)
+Q(GF ,GF ).

(4.11)

Noticing ν(ξ) = ν(|ξ|) and |E(s; t, x, ξ)| = |ξ|, f̃ has the following expression:

f̃(t, x, ξ) = exp
(
− ν(ξ)t

)
f̃0

(
X(0, t, x, ξ), E(0; t, x, ξ)

)
−
∫ t

0
exp

(
− ν(ξ)(t− η)

)[
(Mt + ξ1Mx) + ν(ξ)(M−M)

](
η,X(η; t, x, ξ), E(η; t, x, ξ)

)
dη

+
∫ t

0
exp

(
− ν(ξ)(t− η)

) [√
MFK2

(
G√
MF

)
−
√

MFK1

(
G√
MF

)] (
η,X(η; t, x, ξ), E(η; t, x, ξ)

)
dη

+
∫ t

0
exp

(
− ν(ξ)(t− η)

)[
Q(GF ,GF )

](
η,X(η; t, x, ξ), E(η; t, x, ξ)

)
dη =

32∑
j=29

Ij .

(4.12)

Since M−(ξ) = M−(E(s; t, x, ξ)), we can easily deduce from (4.2) that if θ
2 < θ− < θ, θ− >

θ
2 ,

θF
2 < θ− < θF ∫ ∞

0

∫
R3

|I29|2

M−(ξ)
dξdx ≤ O(1)

∫ ∞

0

∫
R3

|f̃0|2

M−
dξdx, (4.13)

∫ ∞

0

∫
R3

|I30|2

M−(ξ)
dξdx ≤ O(1)

∫ t

0

∫ ∞

0

[
|(ρx, ux, θx)|2 +

∫
R3

|M−M|2

M−
dξ

]
dxdτ, (4.14)

∫ ∞

0

∫
R3

|I31|2
M−(ξ)dξdx

≤
∫ ∞

0

∫
R3

MF (ξ)
M−(ξ)

∣∣∣∣∫ t

0

(∫
R3

(
k2(ξ; ξ∗)− k1(ξ; ξ∗)

)
G(ξ∗)√
MF (ξ∗)

dξ∗

)
(τ,X(τ), E(τ))dτ

∣∣∣∣2 dξdx
≤ O(1)

∫ t

0

∫ ∞

0

∫
R3

(∫
R3

2∑
i=1

|Gi(ξ, ξ∗)|dξ∗
)(∫

R3

2∑
i=1

|Gi(ξ, ξ∗)| G2(ξ∗)
M−(ξ∗)

dξ∗

)
dξdxdτ

≤ O(1)
∫ t

0

[∫ ∞

0

∫
R3

G2(ξ)
M−

dξdx

]
dτ.

(4.15)
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For I32, since

∣∣∣I32

∣∣∣ ≤ (∫ t

0
exp

(
− 2ν(ξ)(t− η)

)
ν(ξ)dη

) 1
2
(∫ t

0

1
ν(ξ)

[Q(GF ,GF )]2(η,X(η), E(η))dη
) 1

2

≤ O(1)
(∫ t

0

1
ν(ξ)

[Q(GF ,GF )2(η,X(η), E(η))dη
) 1

2

,

we have ∫ ∞

0

∫
R3

|I32|2
M−(ξ)dξdx ≤ O(1)

∫ t

0

∫ ∞

0

∫
R3

1
ν(ξ)

Q(GF ,GF )2

M−(ξ) dξdxdτ

≤ O(1)
∫ t

0

∫ ∞

0

[∫
R3

ν(ξ)G2
F

M−
dξ

] [∫
R3

G2
F

M−
dξ

]
dxdτ

≤ O(1)δ40 .

(4.16)

Combining (4.13)-(4.16), we have the L2
x

(
L2

ξ,M−

)
-norm estimate on the solution f̃(t, x, ξ)

to the linear problem (4.9) and (4.10) when the initial data f̃0(x, ξ) ∈ L2
x

(
L2

ξ,M−

)
. A similar

argument holds for the H2
x

(
L2

ξ,M−

)
-norm estimates.

Define a solutions operator T for the problem (4.9)-(4.10) by:

f = T (F ). (4.17)

The above estimates imply that if
∥∥∥f0(x, ξ)−M[ρ(0,x),u(0,x),θ(0,x)]

∥∥∥
H2

x

(
L2

x,M−

) ≤ δ1 for some small

positive constant δ1, there exists a t1 > 0 such that the operator T defined by (4.17) maps X
to X . Similar argument shows that it is contractive. Therefore, we have the following local
existence result.

Theorem 4.1 For each multi-index α = (α1, α2) with 1 ≤ |α| ≤ 3, suppose that |ξ|∂αM ∈
L2

x

(
L2

ξ,M−

)
. If the initial data f0(x, ξ) satisfy f0(x, ξ)−M[ρ(0,x),u(0,x),θ(0,x)] ∈ H

2
x

(
L2

ξ,M−

)
with

its H2
x

(
L2

ξ,M−

)
−norm sufficiently small and θ− < inf

x
θ0(x) ≤ sup

x
θ0(x) < 2θ−, then the initial

boundary value problem (1.1)-(1.3) admits a unique solution f(t, x) = M[ρ(t,x),u(t,x),θ(t,x)](ξ) +
G(t, x, ξ) on [0, t1] × R+ satisfying θ(t,x)

2 < θ− < θ(t, x) for all (t, x) ∈ [0, t1] × R+. Here t1
depending only on

∥∥∥f0(x, ξ)−M[ρ(0,x),u(0,x),θ(0,x)]

∥∥∥
H2

x

(
L2

ξ,M−

)
4.2 The Proof of Theorem 1.1

We now finish the prrof of the main result. The global existence result follows immediately from
Theorem 3.1 and Theorem 4.1. To complete the proof of Theorem 1.1, we only need to give the
time asymptotic estimate (1.28). For this purpose, notice from (3.1) that

∫ ∞

0

∫ ∞

0

∫
R3

G2
x

M−
dξdxdτ ≤ O(1),∫ ∞

0

∣∣∣∣ d
dt

∫ ∞

0

∫
R3

G2
x

M−
dξdx

∣∣∣∣ dτ ≤ ∫ ∞

0

∫ ∞

0

∫
R3

G2
x+Gxt

M−
dξdxdτ ≤ O(1),∫ ∞

0

∫ ∞

0

∫
R3

|∂x(M−M
[ρ,u,θ]

)|2

M−
dξdxdτ ≤ O(1),∫ ∞

0

∣∣∣∣ d
dt

∫ ∞

0

∫
R3

|∂x(M−M
[ρ,u,θ]

)|2

M−
dξdx

∣∣∣∣ dτ ≤ ∫ ∞

0

∫ ∞

0

∫
R3

|∂x(M−M
[ρ,u,θ]

)|2+|∂xt(M−M
[ρ,u,θ]

)|2

M−
dξdxdτ

≤ O(1).
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Consequently

lim
t→∞

∫ ∞

0

∫
R3

G2
x + |∂x(M−M[ρ,u,θ])|

2

M−
dξdx = 0. (4.18)

Since∫
R3

G2+|M−M
[ρ,u,θ]

|2

M−
dξ ≤ O(1)

∫ ∞

0

∫
R3

|GGx|+|M−M
[ρ,u,θ]

||∂x(M−M
[ρ,u,θ]

)|
M−

dξdx

≤ O(1)
(∫ ∞

0

∫
R3

G2

M−
dξdx

) 1
2
(∫ ∞

0

∫
R3

G2
x

M−
dξdx

) 1
2

+O(1)
(∫ ∞

0

∫
R3

|M−M
[ρ,u,θ]

|2

M−
dξdx

∫ ∞

0

∫
R3

|∂x(M−M
[ρ,u,θ]

)|2

M−
dξdx

) 1
2

,

we have from (3.1) and (4.18) that

lim
t→∞

sup
x∈R+

∫
R3

(
G2 + |M−M[ρ,u,θ]|

2

M−

)
(t, x, ξ)dξ = 0.

Thus

lim
t→∞

sup
x∈R+

∫
R3

(
|f−M

[ρ,u,θ]
|2

M−

)
(t, x, ξ)dξ ≤ lim

t→∞
sup

x∈R+

∫
R3

(
G2+|M−M

[ρ,u,θ]
|2

M−

)
(t, x, ξ)dξ

= 0.
(4.19)

Moreover,

lim
t→∞

sup
x∈R+

∫
R3


∣∣∣M[ρR,uR,θR] −M[ρ,u,θ]

∣∣∣2
M−

 (t, x, ξ)dξ = 0, (4.20)

we have from (4.19) and (4.20) that

lim
t→∞

sup
x∈R+

∫
R3


∣∣∣f −M[ρR,uR,θR]

∣∣∣2
M−

 (t, x, ξ)dξ = 0, (4.21)

which is (1.28). And this completes the proof of Theorem 1.1.
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