CONVERGENCE RATE OF MONOTONE NUMERICAL SCHEMES
FOR HAMILTON-JACOBI EQUATIONS WITH WEAK BOUNDARY
CONDITIONS
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Abstract. We study a class of monotone numerical schemes for time-dependent Hamilton-
Jacobi equations with weak Dirichlet boundary conditions. We get a convergence rate of 1 under
some usual assumptions on the data, plus an extra assumption on the Hamiltonian H(Du, x) at the
boundary 9€2. More specifically the mapping p — H(p, z) must satisfy a monotonicity condition for
all p in a certain subset of R™ given by 2. This condition allows the use of the interior subsolution
conditions at the boundary in the comparison arguments. We also prove a comparison result and
Lipschitz regularity of the exact solution. As an example we construct a Godunov type scheme that
can handle the weakened boundary conditions.
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1. Introduction. Let the scalar function u(z, t) solve the Hamilton-Jacobi equa-
tion

(1.1) u + H(Du,x) =0

for z in an open and bounded set 2 € R”, and ¢ in a bounded interval (0,7"). We
will show well-posedness, Lipschitz regularity, and study numerical approximations
to this equation under the Cauchy-Dirichlet boundary condition

u(z,0) = up(z), €Q
(1.2) u(z,t) =g(x), €0, 0<t<T.

Note that g = wug|lsq. The mapping p — H(p,x) is assumed to tend uniformly to
+00 as |p| — oo, and to do so in a later specified monotone way. In addition, some
Lipschitz estimates on the data and some geometric conditions on the domain will be
prescribed.

Classical solutions to (1.1) may develop discontinuities in the first derivative in
finite time, hence viscosity solutions, as defined in [11], are more natural to study,
since they are only continuous. Overviews of this subject are found in [10], [9] and
[2]. The term ’viscosity solution’ comes from the ’vanishing viscosity method’ where
a solution to the first order equation is sought by solving u; + H(Du, z) = € Au, and
letting € — 0, typically resulting in a viscosity solution. The viscosity solution concept
also ensures ’causality’ in the sense that characteristics are not allowed to emanate
from the singularities in Du. These facts reveal a connection to the entropy solution
of scalar conservation laws which is more than superficial, but the two theories are
independent. However, numerical schemes for Hamilton-Jacobi equations are often
derived from numerical schemes for conservation laws.

Since characteristics may be directed out of the boundary, the Cauchy-Dirichlet
problem may be overdetermined both classically and in the original viscosity solu-
tions setting, hence a weakened boundary condition is called for. The papers [5] and
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[14] both describe what has turned out to be the natural way to perform such a
generalization, since the consistency with both control theory and vanishing viscosity
approximation is maintained. This theory also includes other types of boundary data,
as seen in for example [14] and [10], with Neumann conditions as another special case.

Before continuing, we need to specify what we mean by a viscosity solution. First,
we state that by C1(€ x [0, T]) we mean the class of all functions v such that 1 is a
restriction to Q x [0, 7] of a function in C1(R" x R).

We define a viscosity solution to (1.1)-(1.2) as follows.

DEFINITION 1. Let ¢ € CY(Q x [0,T]). A function u(zx,t) is a subsolution of
(1.1)-(1.2) if whenever u* — 1 has a local mazimum at (z,t) € Q x [0,T), then

Ye(x, t) + H(DY(z,t),z) <0, 2€Q,0<t<T
min (v*(z,t) — g(z), Yi(x, t) + H(DY(z,t),2)) <0, €N t>0
(1.3) u*(z,0) <ug(z), =z €.
A function v is a supersolution of (1.1)-(1.2) if whenever v.—1 has a local minimum at
(x,t) € Q x [0,T], then
Ye(x, t) + HDY(xz,t),2) >0, 2€Q,0<t<T
max (vi(z,t) — g(x), Ye(x,t) + H(DyY(x,t),x)) >0, €0, t>0
(1.4) ve(x,0) > ug(x), =z €.
A function u is a viscosity solution of (1.1)-(1.2) if it is both a sub- and a supersolu-
tion.

The notations -
lope, that is

*

and -, refer to the usual upper and lower semicontinuous enve-

(1.5) u*(z,t) = lim sup u(y,s), and wu.(xz,t)= _ liminf u(y, s).
y€Q—x, s€[0,T]—t yeQ—z, s€[0,T]—t

We have chosen to simply include the endpoint ¢ = T in our definition, but leaving
the time interval open would have been equivalent. This is due to the monotone
dependence on u; in (1.1), which also makes weakening the initial condition redundant
(See [5]).

The uniqueness of viscosity solutions follows if one can prove that u < v for all
subsolutions u and supersolutions v. This is referred to as a comparison result.

In [5] there is a comparison result for (1.1)-(1.2) under some common continu-
ity assumptions on the data and a nondegeneracy condition at the boundary. This
nondegeneracy condition has uniform coercivity of H as a special case. We prefer to
give a new comparison proof here since the proof in [5] requires uniform continuity of
p — H(p, z), which can be avoided in our setting.

In [7] a uniform coercivity condition on p — H(p, x), is shown to imply u*|gq < g,
and a comparison result for subsolutions that are lower Lipschitz bounded in time.
The authors then construct a solution where this holds for initial data such that
H(Duy,-) < 0 using vanishing viscosity arguments. They also prove Lipschitz conti-
nuity of subsolutions that are nondecreasing in time under assumptions which are no
stronger than will be made here.

The solution given by Definition 1 is the optimal value function for a finite horizon
control problem where the cost stops running once a trajectory reaches 9. This
problem is covered in [13]. When the boundary condition is only weakly satisfied at
x € 01, it is because the optimal trajectory starting at « does not exit €2 immediately.
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The uniform convergence of monotone approximation schemes for the Cauchy
problem was studied in [8] and [17]. The solution remains Lipschitz continuous if
it is initially, and the convergence rate is % In [6], locally uniform convergence for
quite general boundary value problems is proved, also for second order degenerate
elliptic cases. The main condition in the proof is that the approximated problem
satisfies a comparison principle. No explicit error estimate is given, and since schemes
that form boundary layers are allowed, a uniform convergence rate would not be
possible. Putting these results into practice for first order equations is the subject
of [1]. Triangular grids are considered, and a Godunov scheme is extended to the
boundary by reinterpreting the Hamiltonian as the Legendre transform of a control
problem. Furthermore a Lax-Friedrichs scheme is also extended to the boundary, and
certain nonconvex cases are also treated. Uniform coercivity of the Hamiltonian is
shown to imply Lipschitz continuity of approximations to the stationary equation. No
control theory will be used in this article, but our extension of the Godunov scheme
to the boundary is still very similar to that of [1].

Our main result is an estimate of % for the convergence rate of monotone numerical
schemes for problem (1.1)-(1.2). To achieve this result, we add conditions on H and Q.
Roughly speaking, we will require that as long as p-n < 0 for the inward normal vector
n, then p — H(p,x) is nondecreasing in the direction of —n. Special cases included
are radially symmetric H on convex €2, and H given by H (u?2 . ...,uin), where H is
nondecreasing in each argument, and € is a rectangle oriented like (0,1)™. The proof
is built on the treatment of the Cauchy problem in [8] and [17].

After stating some assumptions and preliminary results, we will specify the re-
quirements at the boundary. Next a comparison result is given, from which existence
and regularity follows. A generic numerical scheme is then defined, for which we state
the main result on convergence rate. This is formulated in the tradition of [8] and
[17], with the necessary extensions made to include the boundary conditions.

Finally we formulate a Godunov type scheme as an example. This turns out to
have some theoretical difficulties other than just stating what happens at the grid
points, since how to interpolate between the boundary and interior grid points is gen-
erally not obvious. Hence only stating what happens at the grid points is insufficient
in this setting, although it may make sense for the Cauchy problem. The simple nu-
merical boundary condition u(z,t) = g(x), is not included in the analysis. Of course,
we would not generally expect a uniform estimate for such a scheme since boundary
layers could form, as they do for vanishing viscosity approximations. Our numerical
results demonstrate convergence properties that are similar to what is known for pure
Cauchy problems, as our convergence estimate predicts.

2. Assumptions and preliminary results. This section sums up some as-
sumptions, definitions and results we will need. The L*°-norm of a function f is
denoted || f||, and hence, ||Df]|| denotes the Lipschitz seminorm of f, since a Lipschitz
continuous function is differentiable almost everywhere by Rademacher’s theorem.

We will make the following Lipschitz assumptions:

ASSUMPTION 1. The mapping p — H(p,x) is continuous, and for any R > 0,
there exists Cr > 0 such that

(2.1) |H(p,z) = H(p,y)| < Crlz —yl, Va,y€Q, |p| <R
The initial value ug is Lipschitz continuous, so one may define

(2.2) Lo = max(||Dugl| ,po), where pg = sug{|p| : H(p,z) =0} < 0.
xe
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By uniform coercivity, we mean, as in [3], [4] and [7]:

ASSUMPTION 2. The mapping p — H (p,x) is uniformly coercive, that is for any
C € R there ezists 7 > 0 such that H(p,z) > C for all |p| > r and x € Q.

This is used to get Lipschitz continuity of u, and it also gives the following propo-
sition. It requires yet another assumption, this one on 2, which we state first. It is
an exterior sphere condition given locally.

ASSUMPTION 3. For each x € 0X), there exist r, > 0 and z, € R™ defining an
open ball B(zy,ry), such that B(zg,ry) NQ = {x}.

PRrROPOSITION 2.1. If Assumptions 2 and 3 hold, then

(2.3) u(z,t) < g(x), VaxedQ, tel0,T]

holds for any subsolution u of (1.1)-(1.2) that is bounded above.

Our proof essentially copies the one in [7], which treated C' boundaries. A
more intuitive motivation for this result is the fact that superdifferentials become
unbounded on 0.

Proof.  Assume in order to obtain a contradiction that there exists (xg,%) €
90 x (0,T] such that u*(zg,to) > g(xo). Consider

(t—1t9)2 1
262 _a(|m_zzo|_|x0_zro|)v «, B> 0.

The point z;, is given by Assumption 3, hence the last term of ¥ is nonnegative.
Denote the maximum point of ¥ in  x [0,T] by (Z,t). Now,
(2.5)

u*(wo, t0) = W(xo,t0) < V(&) < u™(&,1) = C (& — 2ay| — w0 — 2ao]) —

(2.4) U(x,t) = u*(x,t) —

(t—to)?
232
Since u* is bounded by, say, R > 0, this means that (| — zz,| — |20 — 2z,]) < 2Ra
and |t — to| < 2v/RA3. This implies u*(Z,%) — u*(z9,t0) as o and 3 go to zero, hence,
taking o and 8 small enough, we have u*(&,%) > ¢(2). That means we may use the

differential equation, so

t—1 T —z .
(2.6) 70 +H <mx) <0.
By uniform coercivity of H, this implies
(2.7) l <Tg
@
for some I'g < 00. So choosing o < F%; produces the contradiction. 0

2.1. Subsolutions on the boundary. In this section we state the monotonic-
ity requirement of H at 0€). The aim is to give conditions such that the interior
subsolution condition holds on all , at least for test functions of the form typically
used in a doubling of variables argument. The key observation is that the gradient of
such a test function points out of the domain for certain choices of H and 2. Hence,
monotonicity of p — H(p, x) only needs to hold for p in a subset of R™. This is similar
to the results of [12] and [16] with the exception that these require global monotonic-
ity of H. In the simplest case that 9 is C! and convex, with inward normal vector
n(x), we need

(2.8) H(k(z — 2) — pn(x),z) > H(k(x — 2),z), Vkp>0,z€0dQ, 2€.
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However, to allow corners, we require that

ASSUMPTION 4. There erists a nonnegative function d € C1(Q) N C°(Q) such
that d(x) = 0 if and only if x € 0Q. Furthermore, for every xo € 92, k > 0, positive
function p: Q2 — R, and z € Q,

(2.9) liminf H(k(z — 2z) — p(z)Dd(z),x) > H(k(zo — 2),z0)-

r—xo

We cannot simply state the monotonicity property at the point zg, since Dd(z¢)
will be 0 at any corner, and because we need to allow u(x) to go to infinity at 9.
Note, however that where 99 is C*, Dd(x) must be parallel to the inward normal
vector n(z), hence (2.8) suffices.

We could have reduced the domain of z by restricting |z — x|, but that would be
a bit technically complicated to use in the proof of convergence rate. The assumption
becomes useful through the following lemma;:

LEMMA 2.2. Let Assumption 4 hold. Let u be a bounded subsolution of (1.1)-(1.2)
such that

(2.10) u*(x,t) = lim sup u(y, s).
yeQ—x,s€(0,T)—t

Suppose the mapping
* k 2
(1,1) = (1) = (& — 2)? = (1)

attains its mazimum over Q x [0, T at (xo,to) with xg € 0Q, to >0, k >0, z € Q
and n € C1((0,T)). Then

(211) ﬁt(to) + H(k(xo — 2)71'0) <0

Proof. Without losing generality, we may assume the maximum is strict. Consider

(2.12) U(z,t) =u"(z,t) — g(x —2)% —n(t) - d(z)’

Because of (2.10), ¥ will have a local maximum (z.,tc) with z. € , such that
(e, te) — (mo,to) as € goes to 0. Hence

(2.13) 0>n(te) + H <k(xe —z)— eg(dx(j;fz) : $e> .

Letting € — 0, the Lemma follows from (4). O

2.1.1. Examples. An example where Assumption 4 holds is if p — H(p,z) is
radially symmetric with a unique minimum at p = 0 (i.e. H(p,z) = h(|p|,z) where
h :[0,00) x R®™ — R is nondecreasing in the first variable), Q is convex and 0% is
piecewise C'. The function d can be chosen as the product of the distances to each
C! subset of 9.

As a second example consider Q = (0,1)". Then the assumption holds for any
Hamiltonian H(p,x) = Hs (p%,pg, P2, x) if p? — Hs is nondecreasing for all 1 <
i <mn. We can choose d(x1,---,x,) = Pz (1 — ;).
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An example where the Lemma fails is if H = H(p) : R? — R has level sets that
are ellipses with no axis parallel to the normal vector Dd. To demonstrate this we
consider for simplicity Q = {z = (£,7) : £ > 0} € R? (hence d(x) = £ is a reasonable
choice of d), and take

(2.14) H(Du) = H(ug,up) = (u¢ — u,,)2 + i(w + u,,)2 - 1.

For instance, we may choose k, zog and z in Lemma 2.2 such that k(zo — z) = (0, —1),
and get

(2.15)  H(k(zo —2)) = H(0,—1) > H(—p, —1) = H (k(zo — 2) — pDd(x0))

for all 1 € (0,2). Hence Assumption 4 fails at the line £ = 0 for H = H.

2.1.2. Translation of the zero gradient. In Assumption 4, the value p = 0 is
always included in the region of R™ where p — H (p, x) has to be monotone along Dd,
but such a restriction may be remedied by a translation; Consider the situation that
Assumption 4 holds for the Hamiltonian p — H(p — m(x),x), and that there exists a
differentiable f such that Df = m. Then w(x,t) = u(z,t) + f(z) will solve

wy + H(Dw — m(x),z) =0
(z,1)

w(z,0) = up(z) + f(x) VreQ

(2.16) g7(sc) + f(z) Ve

g

in the viscosity sense.

As a special case consider 2 = (0,1) € R. Then, according to the above, H(p,0)
must be decreasing for p < a and H(p,1) must be increasing for p > b for some
constants a and b.

3. Uniqueness, existence and regularity. In this section we prove the fol-
lowing:

THEOREM 3.1. Let assumptions 1 - 4 hold, then there exists one and only one
viscosity solution u of (1.1)-(1.2) in C°(Q x [0,T)). Furthermore

(3.1) |uel] < Lt, and |[Dul <L,
where
Ly= sup |H(p,z)|,
|p|<Lo,z€Q

and L is any number such that H(p,x) > Ly for all |p| > L, and x € Q.

Note that L > Ly, and that L may be finite because of the uniform coercivity
condition.

We first state that it is enough to prove the theorem for problem (1.1)-(1.2) with
a truncated Hamiltonian, more specifically the problem

uy + Hg(Du,x) =0, Ve e Q,te(0,T),
u(z,0) = uo(z), =€Q,
(3.2) u(z,t) =g(x), €00, 0<t<T,

where Hr(p,z) = min (H(p,z), R), for some finite R > L;. The advantage is that
Hp, is globally Lipschitz in the z-variable. Clearly the solution of (3.2) also solves the
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original problem (1.1)-(1.2) because of (3.1). The uniqueness statement of Theorem
3.1 follows since we also show that comparison holds for (1.1)-(1.2) provided either
the subsolution or the supersolution is Lipschitz continuous. The Hamiltonian Hpg
satisfies Assumption 4, but not Assumption 2, and hence Proposition 2 does not apply.
However it is enough to prove Theorem 3.1 for the problem (3.2) under the explicit
assumption that the solution u of (3.2) satisfies ulaq < g.
The crucial point is the following comparison result.
THEOREM 3.2. Assume assumptions 1 and 4 hold, and that one of the following
assumptions holds:
1. Let u be a bounded subsolution, and v a bounded supersolution of (3.2). Let
u satisfy (2.10), and let u*|gq < g.
2. Let u be a bounded subsolution, and v a bounded supersolution of (1.1)-(1.2).
Let u satisfy (2.10), and assume either u or v is Lipschitz continuous.
Then

(3.3) ut <o,

in Q x [0,T].

Note that provided u*|sq < g, the function limsupycq_., se(o,r)—t w(Y, ) is a
subsolution. Hence the comparison result implies that, given a viscosity solution u
of (3.2) such that u*|pn < g, we have that u, is in C°(Q x [0,T]), and is a viscosity
solution of (3.2). However, u can be discontinuous at the boundary in general.

The proof is standard due to Lemma 2.2, the only new problem is handling the
boundary condition for the supersolution, which can be done quite easily.

Proof. Define

(3.4) M = sup(u™(x,t) — vi(x,t) — 25t)

We assume M > 0, and proceed to show that this leads to a contradiction for any
constant § > 0. Let
(z—y)? (t—s)

(3.5) \I/(x7 t,y, 5) = (x, t) — Uy (y, S) — 5(t + S) - 2¢2 T 92

Let

(3.6) (Te,te, Yes Se) € (2 x [07T])2
be a maximum point of ¥ in (Q x [0, T])z,
Then,
* (e —ye)?  (te — s0)?
U (e, te) = va(Ye, 5e) — 0(te + 5¢) — 2¢2 O 9¢2
(3.) (et er5) 2 Uyt t) > 0 (o,8) — v, t) - 26,

Taking the supremum of the last expression, we see that
(3.8) W (Te,te) — Vi (Ye, Se) — O(te + 8¢) > M,

and by standard arguments (see for example [2]), and taking a subsequence if neces-
sary, we also get

(3.9) Te >, ye > 2", te—tF, s —tF
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where the supremum in (3.4) is obtained at (z*,t*). If 2* € Q, or if ¢* = 0, the proof
is similar to the standard case.

If z* € 99, we need to consider the possibilities that x, or y. are in 92 as € — 0.
The case z. € 02 can be treated in the same way as if . € Q due to Lemma 2.2.
If ye € 01, there are essentially two cases. First, if there are arbitrarily small € such
that v.(Ye, se) < g(y.), we may argue as above. Otherwise, we may consider e such
that vi(ye, s¢) > g(ye), in which case (3.8) implies

M < u*(xeate) - 'U*(yev 56)
(3.10) Su(ze,te) — 9(Ye),  ye € 0.

Then, by (3.9) and u*|gq < g,

(3.11) M < limsup{u*(ze, te) — uo(ye)} < u*(x*,t*) —ug(a™) < 0. O

e—0

We can prove the existence of a viscosity solution such that u|gn < g by a standard
application of Perron’s method as adapted to viscosity solutions, see for example [2].
Note that as a supersolution we can take ug(xz) + 2Ldist(x), where dist(z) is the
distance function to 912, and as a subsolution we can take ug(x) — Lyt.

From the comparison result we easily get

PROPOSITION 3.3. Let the assumptions 1 and 4 hold, and let u € C°(Q x [0,T])
be a viscosity solution of (3.2) such that u|spn < g. Then

(3.12) G I < [luoll + Cot, - Co = max |H(0, )],
and
(3.13) |u(z,t) — ug(z)| < Lyt.

Proof. This follows from |lug|| + Cot and uo(x) + Lt being supersolutions, and
— JJlup|| — Cot and wug(x) — Lyt being subsolutions. O

We now turn to Lipschitz regularity.

THEOREM 3.4. Let the assumptions 1 and 4 hold, and let u € C°(Q x [0,T]) be
a viscosity solution of (3.2) such that ulaq < g. Then

(3.14) u(z,t+7) —u(z, t) < Ly

for > 0.
Proof. This follows from

(3.15) w(x,t) = u(x, t +7) — Ly
being a subsolution. This is easily seen for ¢ > 0 and z € 0, and by Proposition 3.3,
(3.16) (z,0) = u(z,7) — L7 < up(x).

Finally, at the boundary points x € 02, we have u(x,t) < u(z,t) < g(z). O
The lower bound on w; follows similarly by

(3.17) (z,t) — u(z,t +7) + L7
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being a subsolution. A coercivity argument could also have been used for the upper
bound.
The Lipschitz continuity in x follows from Assumption 2, since it implies that

(3.18) u(z,t) = sug{u(y, t) — kly — |}

is a subsolution whenever k > L with L defined as in Theorem 3.1: Consider first
t = 0. Clearly there exists yo such that

uo(y) — klz —y| <u(z,0) = uo(yo) — klz — yol.

More specifically uo(z) < uo(yo) — k|x — yo|, hence, unless yo = x, we get the con-
tradiction k < Lo < L, so u(z,0) = up(x). Next, consider u(x,t) — ¢ (z,t) having a
maximum point (xg,to) with o > 0. Then there exists yo such that

(3.19) u(y, t) = kly — | = ¢ (2,t) < u(yo, to) — klyo — zo| — (2o, t0)

If g # yo, we get

(320) djt(mOa tO) + HR kua Yo < 07
lzo — o

but by the Lipschitz continuity in time | (zo,t0)| < L, which contradicts & > L.
Hence g = yo, so, by (3.19),

(3.21) Yi(z0,t0) + Hr (DY(z0,10),70) < 0.

Because of Lemma 2.2, this also holds if yg € 0€2.

4. The convergence result. The convergence result may now be stated. We
consider a scheme S*(p) : By — By, where By is a class of functions in L°°(Q) such
that all Lipschitz continuous functions U satisfying Ulgn < g are included in B,.
Furthermore S*(p) is defined for all A > 0 sufficiently small, and 0 < p < .

We define our approximate solution U (z,t) : Qx [0, 7] — R inductively by setting

(4.1) U(z,0) = u(z,0), x€q,
and for t € (ty,tn41), where ¢, = nAt with 0 < At < A
(4.2) Ulz,t) = SNt —t,)U(- ta)(z), = €Q.

The time step At must be chosen such that for p < At, S*(p) satisfies the following
conditions:

1.
(4.3) |S*(p)U|| < Ul + Cop
for a constant Cj independent of .

2.
(4.4) |5 (p)U = U|| < Cs(IIDU)p

where Cg() € C° : R{ — R{ and independent of .
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3. Let ¢p(z) = &(z — 2)2 + K, and 0(z) = — (2 — 2)? + K for some z €  and
constants k, K > 0. Then there is a C' > 0 such that the following holds for all z € Q:
Given U € By, we have either that

(4.5) (SA(p)a)*p(m) —9@) | y(po,2) > —c (1+/D9|| + || D?6|) A

whenever § < U, or that (£,7) — SM7)U(€) is a supersolution of (1.1) in a neighbor-
hood of (x, p).

4. There exists an operator S;' : L>(Q) — L*°(2), such that for any U € By,
SMNp)U < S (p)U, and

(4.6) S*(p)U(z) = min (9(2), Sp(p)U(x)) Va €.
Furthermore S; satisfies
(S?(”)e)*f”) ~%) | (Do), x) > —C (1 + |D6] + | D)) A

A * _ x
(4.7) (S5 (p)¥) [Ex) ¥(z) + H(Dp(x),z) < C (1 + || D] + ||D>¢||) A

for all z € Q. -
5. S* and S} are monotone in the sense that if U (z) < Us(z) for all x € Q,
then

S (p)Ui(x) < SMp)Ua(x) and  Sp(p)Us(z) < Sp(p)Ua(x)

for all z € Q.

6. S* is also monotone in g in the following sense: For any function g > g, there
exists an operator Sg‘ : By — By with By C By such that the above assumptions hold
with g replaced by g, and

(4.8) SMp)U < SH(p)U

for any U € B,.
7. There exists Lg > Lg such that one of the following two conditions hold:
i) For all y € 9Q and k > Lg,

(4.9) S2(p) g(y) + klz — yl] < g(y) + klz —yl,

where g here denotes k|x — y| + g(y) restricted to 9€.
ii) We have the Lipschitz estimate

(4.10) |DSMp)U|| < DUl + Ls(1 + | DU))p.

Here is our main result:
THEOREM 4.1. Let the assumptions 1-4 hold. Then U(z,t) converges uniformly
to the unique viscosity solution u of (1.1)-(1.2) in C°(Q x [0,T]), and

(4.11) U(z,t) — u(z,t)] < KA +X), Y(z,t) €Qx[0,T]

for a constant K given by ||luol| , C, Co,Co, Car, Cs(Lo),L¢, L, Lg and T.
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Requiring both monotonicity and (4.7), means that schemes like S* only exist
for a certain class of Hamiltonians and domains. However, this class should coincide
reasonably well with the one specified by Assumption 4, since Sg‘ only needs to be
consistent for gradients of the form k(x — z) for which H is monotone. Unfortunately,
Lemma 2.2 does not translate directly to a corresponding lemma for approximations.

Before proving the theorem, we show how monotonicity and consistency of S*
imply that U is in a sense almost a sub- and a supersolution (At least with respect
to the test functions we consider).

LEMMA 4.2. Define

Vo, t) = 2w 2P 4 ()

with k > 0, z € Q and n € C*([0,T)). If U*(x,t) — (x,t) has a global mazimum in
(wo,t0) € Q x (0,T] for tg > 0, then
(4.12) ne(zo, to) + H(k(zo — 2),20) < (|Imeel] + C(1 + k diam(2) + k)) A

where diam(§2) = sup, ,cq | — y|.
Proof. By assumption,

(4.13) Uz, tn) < U*(2,tn) < (2, tn) + U* (20, to) — (@0, to).

We may assume that ¢ (xo,t0) = U*(xo,to), since only the derivatives of i) are rele-
vant. Monotonicity of Slf‘ then implies

(414)  SMto —ta)U( ta)(@) < Sp(to — ta) (-, tn) (@) + U™ (w0, t0) — 9 (0, to)

with t,, < tg < t,41. If we take the upper semicontinuous envelope on both sides, and
set x = xg, this becomes

(4.15) 0 < [Sp(to — tn)¥ (-, tn)]* (20) — ¥ (20, t0),
which can be rewritten as

[Sp (to — ta)Y (-, tn)]* (w0) — ¥ (w0, tn) n Y (o, tn) — P (0, to)

(4.16) 0<
tO - tn tO - tn

)

and hence from consistency (4.7):

[P (to — t) (-, ta)]* (o) — (o, to)

0<
- tO_tn

(4.17)
<-H

— Yu(o, to) — [[Pull (Fo — tn)

(D(xo0, to), w0) — ¥i(0, to) + [[Yeel A+ C(L+ [ Dy + [[D*0[)A. O

Analogously, we have

LEMMA 4.3. Let §(z,t) = —%(z— 2)? +n(t) with k > 0, z € Q and n € C?[0,T)),
and let U (y, s) — 8(y, s) have a global minimum in (yo, so) € Q x (0,T]. Assume also
U(Yo, 80) < 9(y0) if yo € OQ. Then

(418)  0u(y0,50) + H(DO(yo. 50). w0) > — (0] + € (1 + D] + || D%6]]) ) A
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Note that in the case yo € 9Q and U(yo, s0) = g(yo), this fails to hold. However,
then the Lipschitz type estimate (4.22) given below is sufficient for our purpose.
Proof. Following the arguments (4.14)-(4.17) (note that we have U(z,t,) > 0(z,t,)),

we get

0 > — H(DH(0,50),0) — 05(0, s0)
(4.19) — [|0ss]| (s0 — 8n) — C(L+ || DO|| + || D?6|)) .

For yo € 09, use (4.7) instead of (4.5). O

Before proving Theorem 4.1, we need some regularity estimates on U at the
boundary and initially:

PROPOSITION 4.4. Let U be defined by (4.1)-(4.2). Then, for all (z,t) € Qx[0,T
and y € 082:

(4.20) |U (2, )| < [|uoll + Cot
(4.21) U (2, 1) — uo(z)| < Cs(Lo)t
(4.22) U*(z,t) < g(y) + Ls|z —y,

where Lg € [0,00) is given by Lo, Ls and T.
Proof. We first prove (4.21). The proof of (4.20) is similar and easier. Clearly
this holds for ¢t < At. Assume for induction that

U(x,t,) > uo(x) — Cs(Lo)tn.
Then, for ¢, <t <t,41

U(x,t) = S Mt —t,)U(-, tn)(x) > SNt — t,)[uo — Cs(Lo)tn) ()
(4.23) > ug(z) — Cs(Lo)t,

since ||D(up — Cs(Lo)tn)|| < Lg. To prove the opposite inequality, assume that
Uz, t,) < ug(x) + Cs(Lo)t,. Now, S* applied to the right hand side is not de-
fined since (ug + Cs(Lo)tn)|oq > g. However, taking g = g + Cs(Lg)T, we can use
(4.8) to get,

U(l‘, t) = SA(t - tn)U('a tn)(x) < S;(t - tn)U('a tn)(m)
(4.24) < S3(t —tn)uo + Cs(Lo)tn](z) < uo(z) + Cs(Lo)t, tn <t <tpia,

which is the desired estimate.
To prove (4.22) we start with the inequality

(4.25) uo(z,t) < klz —yl+ g(y)

where k > Lg > Lo. If (4.9) holds, we get that

(4.26)  SMp)uo(x,t) < S3(p)uo(w,t) < S5(p)(klz —y| +9(y)) < klz —y| + 9(y),
where g denotes k|z — y| + g(y) restricted to 9. It hence follows by induction that
(4.27) U*(z,t) < g(y) + Ls|z — yl.

If on the other hand the assumption (4.10) holds, we get that

(4.28) IDU| < (Lo + 1) exp Lst — 1.
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To see this, observe that (4.10) applied inductively constitutes an Euler approximation
to the ordinary differential equation ||U, ||, = Ls(1+||U,||). From this the result holds
with

(4.29) Ls=(Lo+1)expLsT —1. 0O

4.1. Proof of Theorem 4.1. For completeness, we include the whole doubling
of variables-argument, although most of it is standard procedure due to Lemmas 4.2
and 4.3. The exception comes when we have a supersolution assuming the boundary
condition strongly, in which case we use the regularity of u or (4.22).

We want to estimate U(z,t) — u(z,t) from above first, so we define

(4.30) M = sup(U~(z,t) — u(, 1)),

and assume M > 0. From here we follow the doubling of variables strategy as in [8]
or [17]. Let

(x —y)? (t—s)g_t—ks

— M.
2¢2 2¢2 4T

(4.31) U(x,t,y,s) =U*(x,t) —uly,s) —

By upper semicontinuity ¥ attains a maximum in (Q x [0, T])2. Let

(4.32) (0, 0, Yo, 50) € (€ X [OaT])Q

be this maximum point.
Then we have

(w0 — 90)2

2¢2
. M
(4.33) > W(xo,to, Y0, S0) > Y(z,t,z,t) > U*(z,t) —u(x,t) — -

U* (x07 tO) - U(Z/O7 SO) -

Taking the supremum of the last expression, we see that
(434) U*(x(),to) —u(yo,so) Z M/2

Using the Lipschitz continuity of u, we can show that

R
(4.35) w0 = yol < 2Le*, [to = so| < (Lu + 57)€”

with R = |Jug|| + max(Cy, Co)T. Clearly, |te=s0 — 2L| < L¢ by (3.1), hence the last

2¢2

estimate follows from M < 2R. To see the first, note that

(wo — yo)2

(4.36) u(yo, S0) + 5o

< u(zo, o)
which gives

(zo — y0)?
2€2

In the following let

(4.37) < u(wo, s0) — u(yo, S0) < L|xo — yol-

(o —y)? (to—5)? to+s
0vs)=—""%z ~ "9z T
(x —yo)?  (t—s0)2 t+s0
2¢2 + 2¢2 + 4T

M

(4.38) P(z,t) = M
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and observe that
(439) Dﬁ(yo, 80) = D@/J(io,to) and |D’lﬁ($0,t0)| S 2L.
Since u is a supersolution, and u — @ takes its minimum at (yo, so),

(4.40) 0s(Yo, s0) + H(0(yo, 50),y0) > 0

unless yo € 9N and u(yo, So) = g(yo). Lemma 4.2 applies for U* — 1, so

M
5T =1(x0,to) — 0:(yo, to)

< — H(Dy(zo,t0),w0) + H(DO(yo, s0),Yo) + <€i2 +C <1 + di&Q(Q) + iz)) A

1 di Q 1
<Carlro — Yol + (6—2—1-0 (1—|— %() + —2)> A

(4.41)

: 2
<Cyy2Lé + 14+ C(1 + diam(92) + €)

2

A

€

whenever tg, sg > 0.
If o = 0 or sp = 0 we may use (3.1), (4.21), (4.34) and (4.35) to prove

R
(4.42) M < (Cs(Lo)(Ls + %) +2LoL)e* or M < (Li(Li+ T> +2LoL)ée2.

We consider ¢ty > 0 and sg = 0, which gives the first inequality of (4.42). The second
is similar. From (4.34) we have

(4.43) M/2 < U*(x0,t0) — u(yo,0) = U™ (0, t0) — uo(Yo)-

Hence

(4.44) M/2 < |U"(wo,to) — uo(wo)| + |uo(zo) — uo(yo)| < Cs(Lo)to + Lolxo — yol,
which implies the first inequality by (4.35).

It remains to consider the case yo € 99 and u(yo, so) = g(yo) = wo(yo). From
(4.34), (4.22) and (4.35) we have

M/2 < U*(z0,t0) — u(yo, 50) < uo(yo) + Ls|wo — yo| — uo(yo)
(4.45) < 2LgLé.

Putting these estimates together, and setting e = A/* gives
(446) M < K( ||U()|| ) L07 L7 LS) Ov CO) CNYO? CQL; Ltv CS(L0)7 T) (A% + )\)

To estimate U — u from below we consider

(x —1y)? B (t —s5)? t+s

(447) \IJ((E, t7 Y, S) = U(.’E, t) - U* (y’ S) - 262 262 4T

M,

and use essentially the same argument.
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5. Example. The proposed abstract scheme is not of much value if a numerically
(or theoretically) useful one does not exist. In this section we will develop a Godunov
type scheme for an important example.

We will make the additional assumption on H that there exists Mz > 0 such that

(5.1)  |H(p,z) = H(q,2)| < Mglp—q| Vo eQ, {p,ge R": |p|,|q| < R}.
Also, we replace Assumption 1 with the existence of a C'y > 0 such that

(5.2) |H(p,z) — H(p,y)| < Cu(1+p|)|z —yl,

however we only use this for deriving a global bound on |DU|. Several monotone
schemes for the Cauchy problem are given in [15]. Among them the Godunov scheme
seems the most convenient to generalize to boundary problems.

5.1. One spatial dimension. Let us first concentrate on the one-dimensional
case ) = (0,1), g(x) = 0. The mapping p — H(p,z) is assumed to have a unique
local minimum at p = 0 for all z. The Godunov scheme S"(p) is defined here by

(5.3) S (p)ule) = (@) — pA(6~u(x), 0+ u(x), z)
for h <z <1 - h, where

minagpgﬁ H(p7 iC)7 a< 5
maxg<p<a H(p,7), 3 < «

(5.4) H(o, B, z) = {

and we have employed the one sided difference operators

u(x + h) — u(x)

u) —ule b g
) ulo),

h )

More explicitly, for the Hamiltonian we study

(5.5) 0" u(x) =

H(a,z), «,>0
R H
(5.6) H(o, B,2) = HEg;C)) z7<ﬁO><0ﬂ

max(H (o, x), H(B,2)), B<0<a.
At x =0, we take

(5.7) S"(p)u(0) = min (u(0) — pH~ (5 u(0),0), 0)

where H™ (p,x) = H(min(0,p),x) = H(0,p,x). At x =1 we similarly take

(5.8) S"(pyu(1) = min (u(1) — pH* (5" u(1),1), 0)
where H* (p,z) = H(max(0,p),z) = H(p,0,z).

In order to use the convergence theory, we need to define Sh for all 0 <z<l.
We will do this by extending w to [—h,1 4 k], and then apply the interior operator
given by (5.3), from now on denoted by S!. We consider only z = 0, the case z = 1
is entirely similar.

We let u(z) = u(0) for —h < 2 < 0. This choice implies that SJ(p)u(0) =
S (p)u(0) whenever S™(p)u(0) < 0. The scheme S then satisfies all conditions of
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Theorem 4.1 except (4.6) and (4.9). In order to take the boundary condition into
account, we take for 0 < x < h

(5.9  8"(p)u(z) = min (S*g(p)u(x), ﬁsm) . Ls = Lo = max (|| (uo)all, po) -

If S} (p)u(z) > Lsx, we can use that Lgz is a supersolution to (1.1). We can let B,
consist only of functions u(z) < Ug with Ug(z) = Lgmin(z, 1 — ), since ug(x) < Us,
and S’h(p)US < Usg.

PROPOSITION 5.1. The approzimation scheme S™ : C%1([0,1]) — C%, satisfies
the conditions of Theorem 4.1 with X\ = h, Cs(L) = supy, <1, ,ecq [H(p,7)l, Co =
Cy, Ls = Lo provided

(5.10) AtMp <h, for R=|ug.
Furthermore
(5.11) (8™ )| < max(luall, Lo) + Car (1 + max((lua|l, Lo)) At

Proof. This result is standard except for the Lipschitz continuity (5.11). For that
we need R
LEMMA 5.2. The Godunov Hamiltonian H satisfies

(512) |ﬁ(avﬁ7y) - ﬁ(avﬁwxﬂ < CH(l + max(|a|, |ﬂ|)‘y - Jf‘

This follows easily from (5.4). Using our extension of u to [—h, 1 + h], we first find a
bound H(S’{}u)gc
operator 75 by Tsu(z) = u(x + J). By Lemma 5.2
(5.13) s Shu(x) — S§msu(z)] < Chr (1 + max(|Jug |, po)) Atd

for the interior operator S for all 2 € [0,1]. Define the translation

whenever z,z + 0 € [0, 1]. Also Sl commutes with addition of constants (Sh(u+k) =
Sh(u)+k), which from u < v+|u—v|| and monotonicity implies || Sfu—Stv|| < [Ju—v||.
We can then conclude

|Sgu(e + 6) = Sgu()| < S§meu(z) — Sgule)| + |rsSgule) — Sirsu(x)]
(5.14) < luz +90) + u(@)|| + Cor (1 + max([Juzl|, po)) Atd.

The estimate (5.11) then follows immediately. O

As these considerations demonstrate, finding a scheme with the right properties
in the vicinity of the boundary is a theoretical, but not computational, problem. For
the analysis, we just need to know that a monotone and consistent scheme exists
everywhere.

We conclude as follows

PROPOSITION 5.3. Let Q = (0,1), and let the mapping p — H(p, x) have a unique
minimum at p = 0 for all x. Then (1.1)-(1.2) has a unique viscosity solution w in
CO(Q x [0,T)). Furthermore the scheme S" defines an approzimation U(z,t) such
that ||U — u|| < O(Vh) if the CFL-condition AtMpg < h holds with

(5.15) R =|[Us(, )| < (Lo + 1) exp Cprt — 1.

The estimate on (5.15), U, follows from (5.11). Observe that (5.11) applied
inductively constitutes an Euler approximation to the ordinary differential equation

max(||Uz||, Lo): = Cr (1 + max([|Uz]|, Lo))-
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5.2. Two spatial dimensions. We will try to produce a two dimensional ex-
ample scheme using the same strategy. Consider now the spatial variables (z,y) €
Q= (0,1)2, and a Hamiltonian
(5.16) H(ug, uy) = h(uZ,u?)

Y

where h is increasing in both variables. Assumption 4 then clearly holds. As boundary
condition we consider g(x) = 0. The Godunov scheme may be generalized to

(5.17) Sh(p)u:u—pﬁ(égu,dﬁu,dgu,éju)

with
(5.18)
min,_<p<p, H(p,q), p- <py

min, <g< yq— < g4
2 o max,, <p<p_ H(p,q), p+ <p-
H(pfaeraq*anr): .
MmNy <p<p, H(pa Q)v p— <py <
man+§qu7 y 4+ = 4—
max,, <p<p_ H(p,q), pt+ <p-
For the H given here, this becomes
(5.19) H((p-,ps.q-.q4) = H(p,q)
where
P+, P—P+ <0 4+, 9-,q+ <0
p—s p—p+ =0 - 4-,9+ =20
(5.20) p = q=
0, p-<0<py 0, ¢-<0<gy
max(p_,p1), p+ <0<p_ max(g_,q+), g+ <0< gq_

At the boundaries we may simply replace the undefined finite differences with 0 in H.
That is

H(0,0,u, 0, u,05u), =0,0<y<1
5 H(6;u,0,07u,67u), z=10<y<]1
5.21 Stpyu=u—p{ o =YD ’
(5:21) b =u=p H(d, u,6fu,0,0;u), y=0,0<z<l1
ﬁ(é;u,z?ju,(s;u,()), y=10<z<1,
and take
(5.22) 5" = min(0, SP).

At the corners we have even less information, so we take

ﬁ(O,éju,O,éJu), z=0,y=0
0y u,0,0,0,u), x=1,y9=0

x

(5.23) Sy (p)u=u—p gEM 0,6;u 0; r=1y=1
( )

x

ﬁO,d;'u,(Sy_u,O, z=0,y=1.

This defines an approximation for (x,y) € [h,1 — h]> U9Q. As in one dimension we
need to do some work near the boundary. However our strategy there carries over
straightforwardly.
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Given a function u(z, y) defined on [0, 1]2, we want to extend u to (z,y) € [—h,0)x
[0,1]. We set u(z,y) = u(0,y) there, and similarly around the rest of 2, and apply
the interior operator 5'(’} In order to take the boundary condition into account, we
take for 0 <z < h

(5.24) 8" (pyule,y) = min (S§ (p)u(e,y), Us(z,y))
with
(5.25) Us(x,y) = Lsmin(z,y,1 —x,1 —y), Ls = Ly = max(po, Lo).

which is a supersolution to (1.1)-(1.2). Since 5" (p)Us < Us, and ug < Us, we can let
B, only consist of functions such that u < Us. We may use the same method as in

one dimension to estimate HDS’h(p)uH

Now we can conclude that the conditions of Theorem 4.1 also holds in this case,
hence

PROPOSITION 5.4. Let Q = (0,1)? and H be defined by (5.16). Then (1.1)-
(1.2) has a unique viscosity solution u in C°(Q x [0,T]). Furthermore the scheme S"
defines an approzimation U(z,t) such that |U —u|| < O(Vh) if the CFL-condition
AtCerr, < h holds for

5.26 C = max H,(p,q)| + |Hq(p, .
(5.26) CFL |p|g|\Uz|\,\q\g||Uy|\(| p(P, ) + [Hq(p, 0)])

with
(5.27) max (||Uz||, [|[Uyl]) < (Lo + 1) expCrt — 1.

5.3. Numerical results. This two dimensional scheme was implemented and
tested. The domain was still 2 = (0,1)?, while H and the boundary conditions varied.
Some effects specific to the Cauchy-Dirichlet problem were noted, but in all cases we
found that the error is governed by already well known numerical phenomena.

5.3.1. Elliptic paraboloid. As an illustrative example, we chose H (ug,uy) =
u2 + iui — 1 and up(z,y) = —2us(x), where u, is the stationary solution, u, =
min(z, 1 —x,2y,2(1 —y)). Figure 5.1 shows the results with discretization parameters
h = 0.01 and At = % At first U only satisfies the boundary condition weakly,
but at ¢ = 1.7 it has reached the approximate stationary solution. The results look
reasonable, and there is no sign that the weak boundary statement adds significantly

to the error expected for a pure Cauchy or pure Dirichlet problem.

5.3.2. Piecewise linear H. The Hamiltonian H (p, q¢) = |p|+|q|—1 allows simple
explicit solutions. Firstly, us = min(x,1 — z,y, (1 — y)) is the stationary solution.
Starting with ug = —us, the solution will be u(z,y,t) = max(ug(x,y),t — 0.5) until
t = 0.5, as shown in figure 5.2 to the left. At most points this is easy to check, but it
should be proved for the line segment given by x = y and « < 0.5. At x <t — 0.5, it
follows by the subdifferential

(5.28) D™ u(z,z,t) = {(p,q) : Ip| + ¢ = 1,¢ < 0,p < 0}.
Atz =y =1t—0.5 =%, we have
(5.29)  w(®,&,t) — (@, 8, t) < ul@+h,d+ht—h) — @+ h, &+ h,t —h),
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t=0.3

t=0.6 1=0.9

t=1.2 t=1.5

FIGURE 5.1.

implying
(5.30) (& + hy &+ h,t —h) —(&,%,t) < —h.
Letting h — 0, we can conclude that

(5.31) —Vu(Z,t) = Py (xn, t) + b (2,1) =1 2 0.

Obviously, D~ u(Z,#,t) C (—o0,0)?, hence the supersolution condition holds. In the
numerical experiments, however, numerical smoothing causes the stationary solution
us to appear prematurely near the corners. On the right in figure 5.2 this is seen for
h =0.02 and ¢t = 0.01.

With more grid points, the area where this effect occurs shrinks. Hence, the
pointwise error is eventually unaffected by the boundary. Figure 5.3 shows one corner
from a simulation with & = 0.0025 and At = h/2. These data were simulated for sev-
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FIGURE 5.3.

eral h (with At = h/2), and the log,-values of the maximal error over the grid points
at t = ?.4 are tabled below. The numbers fit well with the theoretical convergence
rate of 5

5
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h Maximal error over grid | Observed convergence rate

5.3.3. Numerical diffusion of boundary values. Let H(p,q) = |p| + |¢| — 1

as above. Then us; = min(z,y) is a stationary solution if also g(x,y) = min(z,y).
Figure 5.4 shows a simulation with us as initial data. The discretization parameters
were h = 0.02 and At = 0.01. Due to numerical smoothing at the line x = y, the
Dirichlet condition is not strongly satisfied in the discrete case.
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