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ABSTRACT. We study the spectral and linear stability of Riemann solutions with multiple Lax
shocks for systems of conservation laws. Using a self-similar change of variables, Riemann solutions
become stationary solutions for the system u¢ + (D f(u) —zI)uz = 0. In the space of O((1+|z|)~")
functions, we show that if R\ > —n, then X is either an eigenvalue or a resolvent point. Eigenvalues
of the linearized system are zeros of the determinant of a transcendental matrix. On some vertical
lines in the complex plane, called resonance lines, the determinant can be arbitrarily small but
nonzero. A C° semigroup is constructed. Using the Gearhart-Priiss Theorem, we show that the
solutions are O(eY!) if v is greater than the real parts of the eigenvalues and the coordinates of

resonance lines. We study examples where Riemann solutions have two or three Lax-shocks.

1. INTRODUCTION

We study the spectral and linear stability of Riemann solutions of a system of n conservation

laws in one-dimensional spatial variable,
(1.1) ur + f(u)e =0, ueR".

A Riemann problem is an initial/boundary value problem for (1.1) having a piecewise constant
initial data with a jump at £ = 0. A solution of the Riemann problem has the form u = @(§/7).

Using the change of variables ¢ = {/7, t = In T, system (1.1) becomes
(1.2) ut + (Df(u) — zI)u, = 0.

Riemann solutions to (1.1), usually non-stationary in the (£, 7) coordinates, are stationary to (1.2)
in (x,t) coordinates. This allows us to construct a C° semigroup of the linearized system and use
the spectral method to study its stability.

The main assumptions of this paper are:

(H1) The Riemann solution has m consecutive Lax i-shock shocks: A%, i = a,a+1,...,3, , with
speeds 5. Here 1l < a<f<nandm=8—a+1<n. Let 5" = —0o and §°+! = oo, then
w(é,7) =ut if s <&/ <5t
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(H2) The system is assumed to be strictly hyperbolic at each .

(H3) The Rankine-Hugoniot jump condition is satisfied at each shock A’.

(H4) Majda’s stability condition is satisfied at each A’

The main results of this paper are stated in the abstract, and listed in this section when we
overview the rest of the paper.

In [10], we obtained the growth rate of solutions in L? norm. In this paper we will obtain the
growth rate in sup norm. To be precise, let E be a Banach space and f : Rt — E be locally L.
We say f(t) is O(e?") in L* norm if [[° |e™ 7 f(t)|3dt < oo. If |f(t)|z = O(e?!), then we say f(t) is
O(e7?) in sup norm.

We allow the number of shocks to be any positive integer m < n while in [8, 10] m = n is assumed.
The spectrum for a system with n = m = 2 has been studied in [11]. In that case, except for A = —1,
all the other eigenvalues are equally spaced on a vertical line in the complex plane.

Using the characteristic method, sufficient conditions for linear stability have been obtained by
many authors [6, 7, 8, 19] in BV and L! spaces. Lewicka and Zumbrun showed that if a certain
scattering matrix is positive, then the conditions for BV and L' stability correspond to the condition
that the real parts of eigenvalues of the linearized system are less than 0 and —1 respectively [8].

If A is a bounded operator then the growth rate of e4f,t+ > 0, is determined by the largest real
parts of the eigenvalues of A. This result was known to Lyapunov (1892) for systems of ODEs, and
extends to parabolic equations [4] and initial/boundary value problems for hyperbolic systems in
one spatial dimension [12]. Lyapunov’s theorem does not apply to hyperbolic systems in spaces of
dimension greater than one [2], [14]. In [8] Lewicka and Zumbrun constructed an example where the
eigenvalues of a Riemann solution with shocks have negative real parts but the system is unstable.

For Riemann solutions consisting of Lax shocks, we define the so called resonance values and
resonance lines where certain determinant can be arbitrarily small, see Definition 7.1 of this paper,
and [10]. We will show that if -y is greater than the real parts of any eigenvalues and the coordinates
of any resonance lines, then the growth or decay rate for solutions of linearized equation around the
Riemann solution is O(e??) in sup norm.

Let A be the infinitesimal generator of a strongly continuous semigroup e* on a Banach space.

We define the exponential growth bound (or type) of e4t, w(A) and the spectral bound s(A) as

wo(e) := inf{w € R| there exists M,, > 1 such that ||e*!|] < M,e®! for all t > 0},

w(A) =t~ logsup{|z| : z € o(e!t)},t #0, s(A) =sup{Rz:z € o(4)}.

It is known that s(A) < w(A) = wp(e?) [21]. The following theorem can be found in [2, 3]:
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Theorem 1.1. [Gearhart-Priss theorem](Gearhart 1978, Priss 1984, Greiner 1985, Huang 1985)
For a strongly continuous semigroup on a Hilbert space, w(A) < ~v if and only if s(A) < v and

(1.3) sup{(||z — A) || : Rez > v} < 0.

Definition 1.1. A complex number A is called an e-pseudo-eigenvalue if A € p(A) and [|(A] —
A)7Y| > et A vertical line s = og in the complex plane that contains e-pseudo-eigenvalues for
all € > 0 is called a vertical line of pseudo-eigenvalues and o¢ is said to be the coordinate of the

vertical line of pseudo-eigenvalues.

Pseudo-eigenvalues are wellknown in literature [20] but are not related to the growth rate of C°
semigroups in any publication. The definition of the vertical line of pseudo-eigenvalues seems to be
new. For Riemann solutions with shocks, we will prove that the vertical lines of pseudo-eigenvalues
defined by the abstract operator A are precisely the resonance lines defined by certain determinant,
see Theorem 7.3. We present some simple results relating the vertical line of pseudo-eigenvalues to

the growth rate of solutions. The proof will be omitted.

Theorem 1.2. (1) In the complex plane C, to the right of R\ = s(A), the e-pseudo eigenvalues
approach the set of vertical lines of pseudo-eigenvalues as € — 0.

(2) If s(A) < w(A), then there exists at least one vertical line of pseudo-eigenvalues whose coor-
dinate is greater than s(A). The converse is also true.

(3) If |let|| = O(e™), then to the right of the line Rs > ~ there cannot be any eigenvalue or
vertical line of pseudo-eigenvalues. If vy is greater than s(A) and the coordinate of any vertical line

of pseudo-eigenvalues, then ||e|| = O(e7?).

In §2, we define the weighted function space L%. The linear variational system around the Riemann
solution can be written as V; = A(V) where D(A) C L7, see (2.8).

In §3, the Laplace transform is applied to the linear variational system. The solution in the dual
variable satisfies a system of integral equations in each R? — the ith region between two consecutive
shocks, with undetermined boundary values that correspond to the characteristic waves entering R'.

In §4, we derive priori estimates for solutions of the integral equations. The integral term is similar
to the convolution, and can also be interpreted as a Fourier transform. In Lemma 4.2, we prove an
inequality similar to Young’s inequality, and an equality parallel to the Plancherel’s equality.

In §5, we solve the Laplace transformed linear non-homogeneous system in L%. We define a
constant o, which is the least upper bound of the coordinates of all the resonance lines and the real
parts of all the eigenvalues. If a constant -y satisfies v > max{—n, oar}, then for the dual variable s of
t, with s > +, the inverse Laplace transform exists and is the weak solution of (2.2) (Theorem 5.3).

Moreover, the solution is of O(e??) in sup norm (Theorem 5.4).
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In §6, Theorem 6.1, we show that if the initial data is in D(A), then the solution is a classical
solution of (2.1) . Thus, there exists a semigroup e’ with A as the infinitesimal generator. The
growth rate of e’ is obtained by the Gearhart-Priiss theorem (Theorem 6.2).

In §7, we study the eigenvalue problem related to the linearized system around the Riemann
solutions. We show that the region ®A > —n, n > 0 consists of either resolvent points or eigenvalues
(Theorem 7.2). The eigenvalues are zeros of the determinant of a transcendental matrix. Examples
with n = 3,m = 2 and m = n = 3 are studied in details. In general, eigenvalues that are not equal
to —1 lie on vertical lines in C. There can also be vertical resonance lines containing §-resonance
values with arbitrarily small § > 0 (Definition 7.1). In Theorem 7.3 we show that the resonance
values and resonance lines are exactly the pseudo-eigenvalues and vertical lines of pseudo-eigenvalues
defined in Definition 1.1.

During the preparation of this paper, I have benefited from discussions with Y. Latushkin on

semigroups and S. Schecter and M. Shearer on hyperbolic conservation laws.

2. BASIC SETTINGS

Counsider the Riemann solutions of (1.2) with m Lax shocks. In the (z,t) coordinates, the location
of the ith shock A’ is at # = 2° = 5", < i < 3. Regions between shocks will be called the regular
layers, denoted by

R = (2%, 2", a — 1 <i < B; where 27! = —00, 271! = .
The Riemann solution becomes
u(z,t) =a', ifzre R = (2',2'), a—-1<i<p.

Assuming that the position of the ith shock is ¢ = ¢!(7) and using z'(t) = ¢*(7)/7, then the jump

conditions can be derived from the Rankine-Hugoniot conditions of (1.1) as follows.

Fu(E' ) = Fu(E =, 7)) = € )€+, 7) — ule=, ),
gt dt Bopy _ ni i
=) () = (0 + (),

Flu(a'+,1) = fu(a'=,1)) = (&' (8) + 2" (1)) (u(@'+,1) —u(z’—,1)).

Let A* = @' — @', U be the variation of v and X? be the variation of the shock position z*. For
a stationary solution z'(t) = z! is constant and #%(¢t) = 0. Linearizing around the jump condition,

we have

Df(@)U(z'+,t) — Df(@ U (z' =, 1) = (X'(t) + X'(t))Au’ + 2* - (U(a'+,t) — U(z'—,1)).
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Thus the linear variational system of (1.2) with jump conditions at each z? is

U, + (Df —2)U, =0, Ul(x,0) = Up(x),
(2.1) g o
[(Df(u()) - 2D)U,: = [X (1) + X' (1)]A.

Here [F(z)],i := F(2'+) — F(2'—) denotes the jump discontinuity of a function F(z) at 2.

For brevity, we use Df for D f(u(x)) or Df(a") if no confusion should arise. By a nonsingular

change of variables
V=€ (Df —al)U, Y'(t) = ' X'(t), h(z) = (Df — zI)Up(x),

system (2.1) is equivalent to

Vi+(Df —2)V, =0, V(z,0)=h(x),
(2.2) o
[V (2, 1)), = Y'(1)A".

The change of variables U — V brings a change of the growth rates of solutions. If (V,{Y?}%) =
O(e") then (U,{X}3) = O(e"?~V?). In §7, we show A = 0 is an eigenvalue for (2.2) corresponding
to the dynamics of the layer positions Vi = AY‘. This implies that A = —1 is always an eigenvalue
for (2.1).

From the hypothesis (H2), in each R?, Df(u') has n distinct eigenvalues,

(@) < Xa(6?) < -+ < Ap(@h).

We use A to denote the eigenvalue A;(a'). Since A’ is a Lax i-shock and in (z,t) coordinates
is the shock speed, we have for each a <i < §:
/\::j <zl < /\Z:H, characteristics leaving A’

(2.3) - |
N> gt > characteristics hitting A*.

In the bounded regions R! = (2!, 2't1), a <i < B — 1, from (2.3),
A<t <z <N

It follows that = # )\§ for any 1 < 7 < n. The relation between the characteristic and shock waves
in bounded regions is illustrated in Figure 2.1. Although the characteristic lines are curved in (z,t)
coordinates, see (2.7), we draw straight lines for convenience.

In an unbounded region R~ or R?, it is possible to find x such that = = /\?71 or /\]6-. See Figure
2.2. More specifically,

(1) in R*~! for each )\?_1, 1 < j < a -1, there exists z such that

(2.4) N =z <2, j=1,...,a-1
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FIGURE 2.1. The left and right going characteristics in R*~! and R'.

(2) In R? for each )\?, B+ 1< j < n, there exists = such that

(2.5) N=z>2" j=p+1,...,n

a+1

A1 Ao-1 /\0( N Ags1 Ap

FIGURE 2.2. An example with 1 < @ and 8 < n. In R* ! and RP, the character-

istics have vertical asymptotes at x = Aq,..., Aq—1 and Agy1,..., A, respectively

Assume that in R’, the left and right eigenvectors associated to A} are 15 and r%, and

V= Zy;(a:,t)r;, h= Zh;(a:)r;
1 1

From (2.2), then the jth wave satisfies
(2.6) vjt + (Aj — 2)vja =0, v;(x,0) = h;(z).

The characteristics of (2.6) in R is

(2.7) (cll_f = A; —z, z(t)= )\j- + (z(0) — )\;)e_t.
As t — oo, the characteristics line has a vertical asymptote: x(t) — A}, which is not in R’ if
a <i<f—1,but can be in R* ! or R? if 1 < a or 3 < n respectively.
Definition 2.1. In R’, the jth wave v;: (z,t) is called a left wave if /\§ < z, or a right wave if /\§ >z
(the characteristic line moves to the left or right as ¢ increases, see Figure 2.2).

In a bounded region R',a < i < § — 1, the vertical asymptotes x = A} ¢ R’ so that v!(z,1)

is either a left (if j < i) or a right wave (if j > i + 1) for all z € R’. Since z = /\§ can occur in
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unbounded regions R*~! and R? if a > 1 or # < n, there may exit some j for which v (z,t) can be

a left or right wave, depending « < A} or « > Aj. This motivates the following definition:

Definition 2.2. (1) In R, the jth characteristic mode is called a left mode if 1 < j < i and
i#a—1,aright modeifi+1 < j <nand i # 8. If the jth mode is a left (or right) mode, the
corresponding wave v’ (z),z € R’ is a left (or right) wave.

(2) In R?, the jth characteristic mode is called a mixed mode if i = a—1, 1 < j < a—1 or
i1 =0, B+1<j<mn. If jth mode is a mixed mode than the wave v;(a:) is a left wave if x > A;-, or

a right wave if x < )\;

(3) Let Q:= U{R' 10 <i < B — 1}U{RON\{AS 1 j <a— 1JU{RA\N,j > B+ 1)),

Remark 2.1. System (2.6) has singularity at shocks = 2’ and vertical asymptotes in R*~! or R,

but is completely regular in Q.
Definition 2.3. Let L727 be the Hilbert space of locally L? functions with the following weighted

norm being finite: If the restriction of U to R’ is U’ and if U* = Y. u; (:r)ré-, then

1/2

B n
U =1Ulez = | D > lujll? :

i=a—1 j=1

>y 1/2
ulll = N —2) "l (z ‘ T .
s (/Rl_\(] )" ui(@) |$_A;|>

If the weighted norm for the restriction of U to R’ is finite then we say that U’ and the scalar

function v} are in L?(R").

Most of the estimates in §4 work only in the right half plane {\ € C : R\ > —n} where 7 is the
constant in Definition 2.3. We assume that the constant > 0. In the unbounded regions R*~!, R%,
|Ai — z|" — co. Thus as # — oo, u’(z) — 0 algebraically of order |z — ;| ™" in the L? norm with
respect to the measure dz/|z — \;|. Choosing larger n can increase the region in the complex plane
R > —n, but the function space will be smaller.

In the bounded regions R, a < i < 8 — 1, the weight is added for convenience only.

System (2.2) can be written as an abstract equation in the Hilbert space L%:

Vi = A(V), V(0) = h, with A(V) = —(Df —2I)V,, oneach R’
D(A) :={V:V, (Df —al)V, € L,
(2.8) ,
with jump conditions at shocks: [V (z)],: € span(A') for a <i < 3, and

in R* Y, RO : I, - V()] =0, k#£j, fori=a—-1,j<a—1lori=p,j>p+1}.
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The jump conditions across the vertical asymptotes z = A; in R*~! and R® mean that when crossing
the asymptotes A;-, all the other waves are continuous except for the one that turns vertical at both

side of )\3 Even the existence of one sided limits is not assumed for that mode.

3. LAPLACE TRANSFORM AND A SYSTEM OF INTEGRAL EQUATIONS

A function y(s) is in the Hardy-Lebesgue class H(vy),vy € R, if

(i) y(s) is analytic in R(s) > v ;

(i) {5upysny (2, ly(o + i) o) /2} < oo,

‘H(7y) is a Banach space with the norm defined by the left side of (ii). For v = 0, this definition
and the following lemma can be found in [21].
Lemma 3.1. The function z(t) € e"'L?(R") iff its Laplace transform y(s) = Lz(s) € H(7y).

Moreover, if y(s) € H(7), then the inverse transform

N
z(t) = (27)"Y/? lim y(y + iw)e'™ dw
N—o00 _N
vanishes for t < 0 and y(s) may be obtained as the one-sided Laplace transform of z(t). Further

more,

o0 o0
[ emtopa= [ e+ )P
t

=0 wW=—00

Applying the Laplace transform to (2.2), we have
sV + (Df —zI)V, = h(z), he L
(3.1 [V (2, )t = [s7(s) — YI(O)AY, a <i < B,

N

e -V(z)]y =0, k#j, fori=a—-1,j<a-1,ori=0,j>0+1.
If for some v € R, we can find a solution V € H(v) for (3.1), then the inverse transform shows
that V(x,t) is a weak solution of (2.2) with e 7'V (-,¢) being an L? function in R*.
To simplify the notation, we will drop the hat on V(a:, s) if no confusion should arise. The use of
the dual variable s already indicates that this is the Laplace transform of V(z,t). The convention

also applies to other time dependent functions and their L-transforms.

We now drop the hat in (3.1). If V(z,s) = > 7 vj (=, s)r3 satisfies (3.1), the jth wave satisfies
svj + (A —2)vje = hj(2),
vie + 5N —2)lvj = (N —2) M hy(x), if £\,
vi(z,s) = hj(z)/s, it & = Aj.

Observe that if Rs > 0, the system has an algebraic dichotomy in each R’. See [1, 13, 15, 16, 10]

for discussions of exponential and non-exponential dichotomies. As $s — 0o, the growth/decay rate

of the dichotomy gets larger. To have a solution V(z,s) that is uniformly bounded in s, we must
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solve each wave along the decay direction of the dichotomy, i.e., solve the right going waves (z < )\;)

! and the left going waves (X} < x) from z'*' to z’. This approach is consistent

from z! to 't
with the characteristic method which requires that each wave is prescribed at the point where the
characteristics enter R'.

We shall use vy (v,) to denote the left (right) wave respectively. Using integration factors, we

find that for the right wave, A, > z, or the left wave z > Ay,
(A —2)50)e = A —2) 5 hy, (@ = X)) "%00)e = —( — X)) "5 g

The solution in R? = (z?,z"+!) satisfies the integral equations:

Ar — @ : TN dy
2 T Y = ; s T la g ” I
(32) wrlens) == o) + [ )
¢t < o <min{z N}, if A, > 2,
oM T iy /x Al —x, dy
(33) ’Uf(xﬂs) _(A[—l‘iJrl) ’l}g(x 78)+ it )\Z_y) hf(y)/\l_ya

max{z’, A} <z <z if A < 2L
In the right hand sides of (3.2) and (3.3), v.(z%,s) and ve(z*t!,s) are unknown variables. As
g
a convention, 27! = —oo,z%*! = oo, and the terms involving v,(z®~!,s) and ve(z®*!, s) are

ignored. Note that 0 < ;‘T":;i < i:—iz <1l, 0< i‘\i—iz < % < 1.

Remark 3.1. (i) In bounded regions R',a < i < 8 —1, (3.2) works for r =i+ 1,...,n and (3.3)
works for £ =1,...,1.

(i) In R*~!, (3.2) works for r = 1,...,n and (3.3) works for £ =1,...,a—1. For 1<j<a-—1
the jth mode is a mixed mode.

(iii) In R?, (3.3) works for £ = 1,...,n and (3.2) works for r = 8+ 1,...,n. For f+1<j<n
the jth mode is a mixed mode.

(iv) If the jth mode is a mixed mode, then to compute v;(z, s), we use (3.2) for z € (z%, ;) and
(3.3) for z € (A\j,z'"!). Notice in this case either ' = —o0, or z'! = cc.

(v) In R*~! or RP, if the jth mode is a mixed mode, then from (2.6), we must set v;(z,t) = h;(z)
at the singularity = A} (or vj(z,s) = hj(«x)/s). This is meaningful if h;(z) is continuous in z. If

h; € L%, the value at the singularity is undefined.

4. ESTIMATES OF THE INTEGRAL TERMS

In this section, we derive some estimates for the integral terms of (3.2) and (3.3). To simplify
the notation, we make use of the information carried in the names of variables, e.g., = is the spatial

variable, ¢ is the time variable and s = o + iw is the dual to ¢ after the Laplace transform.
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Definition 4.1. We say V(x,t) is in L} (x) if V(-,t) € L for each fixed t. We say V (z,t) is in L*(t)
if it is in L?(R™) for each fixed x. We say V (x,t) is in L2 (x,t) if it is locally an L? function of (z,1),
and for almost every t, V(-,t) € L2 with

/0 ||V(-,t)||37dt < 0.

After the Laplace transform, V'(z,t) becomes V (z, s) with s = o +iw. We say V(z,s) is in L} (z)
if V(-,5) € L for each fixed s. We say V(z,s) is in L?(w) if V(z,s) is in L*(R) for each fixed =
and o. We say V(z,s) is in L%(aj,w) if for each fixed o, it is locally a L? function of (z,w), and for
almost, every w, V(-,s) € L} with

o0
/ V(- 8)|2dw < oo,
—00

These definitions also extend to functions defined only in one regular layer R*,i = a —1,...,3.

Let s = 0 + iw with 0 > —n. In each R?, define

[T (A==’ dy : oo . i1
F.(x,s) .—/x (/\r_y> hr(y))\r—y’ right mode: z* < < min{A,,z'7"}

Fy(z,s) 5:/I

We present a generalized Minkowski inequality in L727 but omit the proof:

pitl

ZU—>\£>S dy i i+1
he(y)——, left mode: max{A;,,z'} <z <z'".
(E=5) metn 2 Do)

Lemma 4.1. If f(-,¢) € L% for almost every £ € R, and the mapping & — L% is integrable with
JUFCONz2dé < 00, and if g € L=(R) then F(-) == [ g(&)f(-,)d¢ € Ly, and

1Flzs < [ lo(@IA €z

Lemma 4.2. Assume that h € L%, ie. in Ri = a—1,...,8, the weighted norms ||h;|| of
hj,j =1,...,n, as in Definition 2.3, are finite. Then for any o > —n, we have:
(1) The function (x,s) — Fj(z,s) € C" is continuous for Rs = o > —n, & € Q (See Definition

2.2). Furthermore,
(17

< .
T V200 +n) - [N — x|

|z, 5)]

(2) Fj(-,0 +iw) € LZ(R") with
. 1
|F;(-,0 +W)||L3(Ri) < m||hj||L$,(Ri)
uniformly with respect to w € R.
(3) As a function of z, for almost every w, Fj(-,s) € L%(Ri). Moreover, in R,a <i < f—1,
| IB P < cl

=—00

In R*™' and RP,
o 1
| IR < i

=—00
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(4) The function Fj(x,s) is in L*(w) for each o > —n, © € Q. Moreover, x — Fj(z,s) is a
continuous function for such x to L?(w) with one-sided limits at x = x*,a < i < f.
The following estimates holds where C(n) depends only on n:
| B s)P < clins P,
Proof. We prove the lemma on the unbounded interval R® = (2%, 00) only, since the other cases can
be treated similarly.
To prove (1), we consider z° < z < )\?,j > 3+ 1. By the definition we have

2
|Fj(z,s)]> < (\j —2)*

T B i d
[0 =070y = )l )]
B J Y

= [ Oy =ty

x
B 2B

dy
Aj =y

IN

N =)k ()

1
S 3+ o) —2)

2
3 1.

The case A? < x < oo can be treated similarly.

To prove (2), first consider the left mode 1 < j < 3, where \; < . Let et = (y—\;)/(z—\;) > 1.

Then
© e —X\° dy
Fi(xz,s :/ < ]> h;i(y
= [ (G2 oSy

[ee]
= / e Chi(\j + (z — A\j)ed)de, 27 <z < 0.
0

Using Lemma 4.1, we have
1F ()] < / el (N + (- = Aj)eS) .

If we set z = \; + (z — \j)et, 2% = \j + (2 — \;)es > 2P, then

e dz
50+ (=) = [ (o= A gy + (@ = AP 2
zh z J
_ < dz _
= [ e )P < e P
2B z J
(4.1) 185 (Aj + (- = Ap)e)| < e lhy]l.
Thus
o0 (o 1
1B Gl < [ eyl = ],

If 8 = n then all the modes are the left modes. But if § < n, there are mixed modes f+1 < 7 < n.

Let j be one of the mixed mode and let

R® —{)\;j} = 0 UQy, where Oy = (27,)), Qs = ()j,0).
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For z € Q0 = (), 00) where the characteristics is left moving, we have:

S VA dy
Fi(z,s :/ ( J) hi(y) ——.
e = [ (325 2

Similar to the left modes j < 8, we can show that

1
(4.2) 15 (5 8)llL2(0s) < H—UthHLg(Qz)-

For x € Q; = (2%, \;), the characteristics is right moving. We have:

T —z\° dy
T J J

Let €6 = (A\; —y)/(\; —x) > 1 and assume h;j(x) = 0 for ¢ R°. Then

Fj(z,s) =/ e *hi(Aj — (\j — x)e®)dE.
0
Using Lemma 4.1, we have
Il < [ e Slnghs = 0 = el

If weset z = \; — (\; —)et, 28 = \; — (\j — 29)ef < 2P, then

>\.
g dx
150 = O = 9P = [ o= 071y = = 2)e) P
2B |z >‘J|
_ As dz _
= [T AP @R T < e
B |Z ]|
(4.3) I = Oy = )| < eIyl
Thus
o0 (o 1
(4.4) 1F5 (- $)llez(0,) < /7 e~ THmedg| || = M—U”hj”LE,(Sh)'

Observe that ||hj||2L$,(RB) = ||hj||2L$,(Ql) + ||hj||2L$,(Qz)' Similar formula holds for [|F}||zz(gs). Com-

bining (4.2) and (4.4), we have

1
I1E; (- $)llpz(rey < n_'_—a_thHL%(RB)-

To prove (3), we will interpret Fj(z,s) as a Fourier transform of h;. First consider the left mode

1<j < B, where \; < 7. Let e = (y — \;)/(z — A\;) > 1. Then

Fj(z,0 +iw) = /:; e~ TTER (N + (z — Aj)eb)dE = F(f(€,x))

where f(¢,z) = e “CH(E)hj(\j + (z — \j)e), H(€) is the Heaviside function.

(4.5)

For each ¢, from (4.1) we have that f(¢,-) € L7 and

1£(&, )l = e™ 75 [|hy]l.
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It is now clear that £ — f(¢,-) is in L?(R, 7). Using Plancherel’s Theorem, we have

= NI 1 2
1E5 (o +iw)l” < o 1Al
— 00

2 2(0 + 1)
We have proved (3) for the case that the jth mode is a left mode in R®. If the jth mode is a
mixed mode, then the inequalities must be proved in Q; = (2%, ;) and Q2 = ();,00) separately
and combine the results. Details are left to the readers.

To prove (4), as in the proof of (3), we use (4.5). We claim that for each fixed z, f(z, &) is in L%(¢).
Consider the left mode, 27 < x < co. If we set z = \j + (z — \j)et, 27 = \; + (27 — \j)e® > 2P,
then

/ F(E,x)Pde = / e 29 i () + (& — Aj)ef) [Pde

— 00

1 2n oo
= < ) / e 7T (2 — X)) |y (2)? e
z Z = >‘j

1‘—/\]' B

1\ :
S(mﬁ—)\j> |hj|I?, since o +n>0and 27 — \; <z — ;.

Applying Plancherel’s formula to (4.5), we have that [~ _||Fj(z, o+iw)||*dw < (2m) 7 |27 —X;| 27| ;]2
Moreover, the mapping z — f(&, z) is continuous from R” to L%(¢). Therefore, F}(z, 0 +iw) depends
continuously on z as a function in L?(w).

The proof is similar for the mixed modes. Details shall be omitted. |

5. L? SOLUTIONS VIA THE LAPLACE TRANSFORM

The definition of x and the scattering matrix M are motivated by Lewicka’s earlier works and
some of the calculation in this section is similar to that in [8, 10].

We will derive an explicit formula for the solution V' (z, s) of equations (3.2), (3.3). We show that
these solutions are in L2 (z,w) for o > v where s = 0 4w and the real constant y > max{—7, o }.
The constant oy is defined in Definition 5.1. Moreover, for ¢ > -, the solution V (z, s) is a continuous
function of € R? in L?(w) with one-sided limits at = = z’. In each R?, V (x, s) is also a point-wise
continuous function for x near 2’ with one-sided limit in the sup norm. The jump condition as in
(3.1) at the ith shock is satisfied in the sense that both sides are functions in L?(w) and in C'(w).

Based on this, the inverse Laplace transform V' (z,t) of V(z,s) is a weak solution in the sense of
distribution. The function e ="V (z,t) is in L?(z,t) as in Definition 4.1. Moreover, e~V (z,) is in
L%(t) and is continuous with respect to z in each region R’ with one-sided limits at = 2. The
value of the jump at z? is understood as a L? function in time.

If V(z'+, s) and V (2'—, s) along the shock A’ are specified then the above can be used to determine
sY#(s) — Y(0). If the initial condition Y'#(0) is given, we can compute Y(s) and Y'(¢). From now
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on, we require that the jumps of V(z,t) and hence V (z, s) are along the direction of A’ but ignore

the values of the jumps. The jump conditions thus simplify to
(5.1) [V (2,5)],: =0, mod A'.
The rest of the section is devoted to solving the system (3.2), (3.3) and (5.1).

5.1. An algebraic system with jump conditions. We consider an algebraic system for V(z, s) =

S v, )i, R = (af, 2 1)i = a— 1., B:

(5.2)
Ar — @ ° i . . .
vp(z,8) = S ve(z',s) + H.(x, s), r=i+1,...,n, fa<i<f—1,
.
Ae — @ ° i+1 . .
ve(x, s) = pypEsy ve(z*7,s) + Hy(x, s), (=1,...,, ifa<i<p-—1,
. —
A -z \' s 5 '
vp(z,8) = S ve(2”,s) + H.(z, s), 2 <z <N, ifr=p+1,...,n,
.
A — ’ e a—1 a
ve(z,s) = Sy ve(z®,s) + Hy(z, s), A <x<Lgz™ ifl=1,...,a—-1,
. —
vj(z,s) = Hj(x,s), —oco<z< min{x“,/\?‘_l}, or max{xﬁ,)\?} <r<o00,j=1,...,n,
[V(z,s)], =0, mod AY, i=aq,...,[,
[lk-V(a:)]Aézo, k#j, fori<a-1,ori>pg+1.

The terms H; satisfy
H 5.1. The function (z,s) — H;(z,s) € C* is continuous for Rs = o > v, « € Q. Moreover, H; is
bounded for all o > 7 by

|Hj(z,0 +iw)| < C()[A — ="

H 5.2. For 0 > v, Hj(z,s) € L}, (z,w). That is, with the fixed o, for almost every w, H;(-,s) € L}
with

/ H; (-, 8)][2d < 0.

=—00
The function z — H;(z,0 + iw) is continuous from z to L*(w) for z € Q, with one-sided limits
atz =20 <i<B.
H 5.3. sup{||H;(-, )|, : Rs =0 >~} < o0.
We first solve v;(z,s) in R, a < i < 8 — 1, then use the jump condition and Majda’s stability
condition to find enough boundary conditions on 2%— and #°+ so that v;(z,s) can be determined

in R*! and RP.
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From the first two equations of (5.2), in each region R!,a <i < 8 — 1, we have

(5.3) v = 8) = (A — 2 /(N — 29))P0p (24, 8) + Ho(z™)s), r=i+1,...,n,

(5.4) ve(x'+,5) = (2" = Ao) /(@™ = X)) Pwe(2™T =, 8) + H(x',s), £=1,...,i.

We now find (v, (z+, ), ve(x*! —, 5)) from (5.3), (5.4) and (5.1). These are the values of left /right
going waves leaving the shocks. For a+ 1 < i < 8 — 1, we place the left going waves v,(z‘—) and
then the right going waves v,.(2'+) leaving A’ in an (n — 1) dimensional vector y;. See Figure 5.1.
However, only the right (or left) going waves leaving A® (or A®) are placed in x, (or in x5). Next,

we define x as a block structured vector. To simplify the notations, we drop s in v;(z!, s):

vl(:ri—)
Xa Va1 (T4+), vy (2 ) i—1(zt—)
X=1|: | xa= : » X8 = : y Xi = U’_lw, , a+l1<i<p-1.
Ui+1(CUZ+)
X3 U (2% +) x5-1(x” =)
v (2i4)
/\i_l Ri—l Al Ri AL
A A A

VY ) ) ) v oy

% ‘ v A X 4

FIGURE 5.1. y; consists of the left and right going waves leaving A%: vy(zi—),l =

1,...,i—1and v,.(z'4),7 =i+ 1,...,n. The characteristics should be curved.
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Define the following matrices D = diag(D; ... D,) where
)\i—l _ i1 AE — gitl n
A -t —_ A=zt )i

A& — a+l\ "
Dq = diag (%) )
AT - r=a+1

AT gt o
/\571 — P

)

Dg = diag <
=1

Then from (5.3) and (5.4), forall a +1<i < g —1,

vy (z* 1 4) Hy(z' " +,s)
v (214 H; (2" '+,s
(5.5) T B
i (2! =) Hipi (=, )
v (271 ) H,(z"t!—,s)

For i = a or 3, (5.5) still holds with some modification: Delete the first a — 1 rows if i = a and
delete the last n — 8 rows if 1 = §.
The last column vector in (5.5) shall be denoted by #H;,i = ..., 3. We also have

Va (2% =) Ho(z%—,s)
((5.5)a—1) : =Ha1:= : ;

v (2%—) H,(z%—,s)

vy (25 +) Hy (27 +,5)
((5:5)3+1) : = Mg =

vg (2P +) Hg(zP+,5)

From (H4), at the shock A?, the following vectors
(5.6) r’fl,...,rij,Ai,rﬁl,...,r;,

are linearly independent and form a basis in R”. Any u € R" can be expressed uniquely as:

i—1 n
_ i1 A i
u= E ;T + o; A + E a;rs.
i=1

j=i+1

Let B; be the matrix of which the columns are vectors (5.6). Then

(a1,...,0,)" = B M.
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Let

B = Ii—1yx@-1) O 0

0 0 —Iniyx(n—iy
_ 0 = (2
EZ( ) - (I(i—l)x(i—l) 0 0)7 Ez( ) = (0 0 _I(n—z)x(n—z))
Then

(A1, ey @ity =ity —0)T = BB M,

(a1,...,0i-1)" = El(l)B;lu, (—Qit1,...,—an)" = E~£2)B;1u'
Let the left and right going waves in R? and R*~! be

@ =3 uto Vi) = 3w, we R,
i1

Vi th Y Vil ka -, weRTh
From the jump condition at z?, we have
V;(Z’Z-f-) + ‘/Zl(xl+) — Vrifl(l,i_) + wi—l(mi_) + SzAz

Written in the coordinates,

thm— Zv,«x+ ‘4 SIAT = nga:+ kaw—

i+1

Applying B; := E;B; ', PV := EVB; ' and P := EY B;! to the equation above, we have

(2

(vi(z' =), .. v (@), vip1 (BT4), o v (2T4))T

—P nga:—l- kaw— ),
(v1(z* =), ... v 1 (2t =))" P( ) Zw (z'+)r ka (z'— ),

(Vg1 (2P 4), ..., vp(2' ) = ng (z'4)r ka (z'—

For a < i < 3, define the (n — 1) X (n — i+ 1) and (n — 1) X 7 matrices

Miif1 = —ﬁi(rjfl,...,r;_l), MZ+1 = If’i(ri,...,rﬁ),
i,(1 ~(1 i— i— (1 ~(1 i i
Mz'l—(1) = _Pi( )(r:» 17""rn 1): Miz+(1) = Pi( )(rla---ari);

@) = _pE (it i), MY = PP (el xd).
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Here M/_, or M/, , represents the contribution to the waves leaving A’ from the waves leaving A*~!
or A"+ respectively.

The waves leaving A’ can be expressed by the waves hitting A’ from the left and right as

v (2t )
. V(=) vy (' +)
vi—1(z'—) ; . ; .
(5.7) . =M;_, : + M, : )
Vit1(z'+) . ,
vp(zt=) vi(z'+)
vn(zt4)
vy (28 -) vi(2i-) vy (2P 4)
(5.8) : =MV e s |
vi_1 (2 =) vp(zt—) v (zt+)
Vi+1 ($l+) vi(mi—) U1 ($l+)
(5.9 : =My MY
v (2P 4) v (28 -) vi(2'+)

Note that in the right hand sides of (5.7), (5.8), and (5.9), (vi(z'=),...,v,(z*=))" comes from
the lower half of (5.5) with i replaced by i — 1, and (v (2+,...,v;(z'+))" comes from the upper
half of (5.5) with i replaced by i+ 1. In other words, the waves hitting A* come from Ai~! and A+!.

This motivates the definition of matrix M with the following block structure:

M2 e MePe)

a—1
[OMgH!] [©] (Mg, 0)
M = a+1

oMzt (0] [MIfFe]

©M] (O] MEY
In the above, the three matrices [@M} ,],[0], [M/,,0] on the same row are used to express the
total scattered waves from A’ due to the impinging waves hitting it from A*~! or A**'. The three
matrices [M;~"0],[0],[©M;*'] on the same column are used to express the contribution of outgoing
waves leaving A’ eventually hitting A’~! from the right or A**! from the left. Exceptions are the
matrices Mgff) and Mg_’i_(i), which are of (n —a) x (n —a + 1) and (8 — 1) x 8 and are used to
express the contribution of H,—1 and Hp41 to xqo and xg respectively. The zero matrix [©] on the
main diagonal is of size (n — 1) x (n —1). Notice that the column size of the matrix M} | (or M{, ;)

decreases (or increases) as i runs from « to 3. The matrix O to the left of M} | has (i —2) columns
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and © to the right of M} 1 has (n —i — 1) columns so that the combined size of matrices in each
[ Jisof (n—1)x (n—1).

Let M be the (n — 1)m X (n — 1)m matrix resulting from removing the first block of n — a + 1
columns and the last block of 3 columns from M. It means that the columns containing M, gff) and
Mgﬁ) will be dropped. Using the matrix M, from (5.5) and (5.7), we have the following equation
for {xi}f:a:

X=MDx+ MH,
(5.10) i
or (I — MD®)y = MH,
where D? is the power of the diagonal matrix D, A is from the right hand side of (5.5), (5.5)q—1,
(5.5)g+1-
Hi=Hoor,-- Hp)"

Definition 5.1. Let =(s) := det(I — M D?) and
oy = sup{o : inf |E(o + iw)| = 0}.

In the next section, we show that the roots of Z(s) correspond to eigenvalues of the linearized

system.

Lemma 5.1. Let v be any constant that satisfies v > max{—n,on}. Then the inverse matric
(I — MD?)~ ! exists and
I( = MD*)~H| < C(y)

uniformly in the region o > .

Proof. From the definition of the diagonal matrix D?, there exists NV > 0 such that if ¢ > N then
|MD?| < 1/2, and thus ||(I — M D?%)71|| < 2. So what left is the region ¥ := {y <o < N}.

Observe that each entry of M D? is uniformly bounded with respect to s = o + iw € X. Using
minors to express the inverse matrix (I — M D*)~!, the numerators are bounded with respect to s.
The denominator is Z(s) := det(I — M D?). Since v > oy, we have that Z(s) # 0 for s € X.

Assume that there is a sequence {s,}?° = {0, + 1w, }{° C T such that Z(s,) = 0 as n — oo.
Since the real parts of s,, are bounded, without loss of generality, assume that o, = 09,7 < 09 < N.
Let 7, = 0p + iwy,- Since Z(s) is uniformly continuous with respect to o, we find that Z(7,) — 0
as n — oo. This is a contradiction to 7, = 09 > o). Therefore, there exists C () > 0 such that
|=(s)] > Cy(y) for s € X.

This proves that |(I — M D*)~!| is uniformly bounded by a constant C(v). O

From Lemma 5.1, for o > =, system (5.10) has a unique solution

x(s) = (I — MD*)"*MH.
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The algebraic system (5.2) can be solved for (v,.(z,s),v¢(z,s)) in R’ if we extract the boundary
values (v, (x4, s),ve(x*T—, 5)) from x and substitute them into (5.2). Since y satisfies (5.10), the
jump conditions are satisfied at each z.

We have the following lemma about the solution of (5.2).

Lemma 5.2. Assume that v > max{—n,oy} where n is the constant in the definition of L% and
o is as in the Definition 5.1. For the forcing terms H; of (5.2), assume that the Hypotheses H 5.1
H 5.2 and H 5.3 are satisfied. Assume that s = o > 7.

(i) Then there ezists a unique solution V (x,s) to the system (5.2) that is in L% (z,w). Moreover,

/oo ||v<-,s>||2dw<cw>[/°° U+ S5 e+ + 3750, s )Pl

=— w=—00 i=a (=1 i=a r=i
(ii) The mapping x — V (z,5) is continuous with values in L?(w) for z € Q. It has one-sided limit
at each z¢. Moreover, in the same domain of z and o > v, (x,s) — V(z, s) is point-wise continuous

and © — V(z,5) is continuous in C°(w) with one-sided limits as © — z'+.
(iii)
sup{[[V (-, s)llp : 0 > v} < Csup{||H (-, 5)[l : 0 > 7}

Proof. From the assumption, the vectors H;,i = a —1,...,[3, are in L?>(w) and bounded by
[e%e] B8 i
/ Z|’H |dw—[/ ZZ|H¢:U+S|2+ZZ|H z'—, 5)|})dw].
=T j=a—1 =T j=a =1 i=a r=i

From Lemma 5.1, the matrix (I — MD®)~'M is uniformly bounded with respect to s, we found
that x(s) is in L?*(w) N C°(w), and is uniformly bounded with respect to o > v, so are the vectors
(v (24, 8), v (21—, 5)),a <i < B — 1.

STEP I, Solving (5.2) in bounded regions R',a < i < 8 — 1: Using (v, (z+, s), v, (2T~ 5)), we

can compute v;(z,s) in each R’. Observe that v;(z.s) = ¢;(z,s) + Hj(z,s) in R’ where

A —2\° ; . A—z \° i+1 .
Ur(x,8) = (Ar—xi> ve(z',s), i+1<r<n, Yiz,s)= <m> ve(z 0, s), 1 <L <.
Since the regions are finite and s is bounded to the left in C, there exists C'() > 0 such that
(511) H(=2Y i<, 1(2505) I<om i
: Y=o ) IS0 —1) I<Cly > 7.

From this it follows that in a bounded R,
/ >l 9P < C) / (Z oo+, ) +Z|v P ) P,

Based on this, we have that in each bounded R’, V(z,s) is in L} (z,w). This proves (i).

The proof of (ii) and (iii) are also easy based on the boundedness of R? and (5.11).
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STEP II, Solving (5.2) in unbounded regions R*~! and R®: Using

U1 (ma_,s) Ul(ma_hs)
= Ms’—(%)rﬂa—l + MSQ-(P )
Va—1(x%—,8) Vo (2%, )
(5.12)
’U5+1(.’L'B+,S) ’UB(CCB—,S)
: _ asB:(2) . B,(2)
—M671 : +MB+1 HB-‘,—la
Un(:L’B+,S) vn(lﬁ_as)

and by (5.2), we find v1(z%—),...,va—1(z*=) in R*! and vg41(z°+),...,v,(z7+) in RP, all in
L?(w) N C°(w), uniformly bounded for o > 7.

We consider € R® only since £ € R*~! can be treated similarly.

Observe that v,.(z,s) = ¥.(z,s) + H.(z,s) in R®. Since H,(z,s) € L} (x,w), we only need to

show that 9, (z,s) = (Qfﬁ) vp(2P,5) € L2 (x,w). The difficulty lies on the fact ()i"__fﬁ) — 00

if 2 - A\ and —p < 0 = Rs < 0. We shall see that this trouble is resolved by the help of he wight
function in R®. For any right going waves in R® with 2° < z < A, using |(\, — 2)°| = (A, — 2)7,

2

Ar A=z \° dx
16r (s )72 2y = [0 (27, 5)]? — Ar = 2)*"
(5.13) ! o [\ — 2P |Ar — x|
' A —afP s
< ler(m )

To prove (iii), from H 5.1, H;(z'+,s) is bounded uniformly for o > «. Therefore, for a right
moving wave v,,7 > B+ 1, 27 < x < M, (iii) follows from (5.13). Forz € R%,j = 1,...,, or
for mf <z <o, j=pF+1,...,n, we have vj(z,s) = H;(x,s). For those modes, ||lv;(-,s)| =
1H;(+; $)|l 22 (2,w) and (iii) is satisfied.

From (5.13). we also have,

Ar —aP[*

2(0 +mn) [or (27, 8) 12y, BH1<T <n.

||'¢}7‘('v S)”%%(m,w) <

From the above, (i) follows easily.
The proof of (ii) is straightforward and will be omitted.
d

5.2. Solving the system of integral equations. To solve v;(z,s) from (3.2), (3.3) and (5.1), we
only need to write the integral terms as H;(z, s) and use Lemma 5.2. The main result of this section
is the following theorem:

Theorem 5.3. Assume that h(x) € L7 (x). Then

(i) for any constant v > max{—n,on}, there exists a unique solution V (z,s) € L%(aj,w) to (3.2),
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(3.3) and (5.1) if Rs = o > . The mapping x — V(x,s) € L*(w) is continuous for x € Q with one
sided limits ot ©*, 0 < i < . Moreover

[ el < colmz,

=—00

sup{[[V (-, s)llzz2 : 0 > v} < C)IIAll 2.

(it) The inverse transform V(x,t) = L™V (x,s) satisfies that e~V (2,t) € L} (2,t) with
[ e Vel <o,
It is a weak solution to (2.2) in the sense of distribution.
(iii) The mapping x — e~V (x,t) is continuous from x — L2(t), for Rs > v, x € Q. In this

sense the jump conditions are satisfied in the weighted L?(t) space.
Proof. For o > v, a —1<i<f3, Fj(z,s) as in §4, let
HJ("L”S):F](I.,S)) j:17"'7n7

From Lemma 4.2, F;(x, s) satisfy conditions H 5.1, H 5.2 and H 5.3. Therefore, from Lemma 5.2,
there exists a unique solution V' (z,s) to (5.2) with these H;(x,s). It is the unique solution to (3.2)
(3.3) and (5.1). Clearly, all the conditions as in (i) are satisfied.

Let V(x,t) = L7'V (z,s). Since V(z,s) € L} (z,w), from the Paley-Wiener Theorem, e~V (z,) €
L?(x,t) and is a weak solution of (2.2). This proves (ii).

Since z — V/(z, s) is continuous for Rs > v, from z € O — L?(w), therefore, z — e 7'V (z,t) is

continuous from the same domain of # — L?(t). This proves (iii) O

Theorem 5.4. The solution V(z,t) constructed as L~V (x,s) is a continuous function of t in the

space L7 (x) with V(x,0) = h(z). Moreover,
Sgp{€”t||V(',t)||Lg} <CMIAllzz-

Proof. Although our solutions are constructed by the Laplace transform, we can show that the
solution expressed by integrals in dual space is the same as constructed by the characteristic method
in (z,t) space. In particular, several shift operators in L? spaces are involved, which are well-known
to be continuous in the space of L? functions. Based on this, the continuous dependence on time can
be proved. Notice that we cannot derive the integral formulas directly by the characteristic method,
since we do not assume that the solutions are differentiable.

Consider the mode V,.(z,t) = L7V, (z,s),r =i+ 1,...,nin R, i = aa—1,...,3 — 1 where

7' <2 <min{z* A}, 2971 = —00 and 27+ = co. The other modes can be treated similarly.
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Recall that
-1
vp(z,t) = L7 v (2, 8)
TN — T

>‘7‘_m s i -1
S+ 07 G

dy
>\r -y

=L7'(( )*he(y) )

=wi (z,t) + we(x,t).

Make the spatial change of variable e¢ = (A, — z%)/(\. —x) > 1. Then £ = 0 corresponds to x = z*.

Denote v,.(¢, s) = v, (z, s).

wy (z,t) = L7 (e7*5,(0, 5))

ﬁr(oyt - E)H(t - E)

where H (t) is the Heaviside function. In particular, this means that w (z,t) is a locally L? function
in the new spatial variable ¢ since v, (z?,t) is locally L? in time.

Using that e~ v, (z¢,t) € L%(t), we have (assuming bounded R’ for simplicity)
.Ti+1

ol < [ P = aPrlua (e, o

2t

dx
|Ar — 2|

S (/\r - l.i)277 /OO 672£n|’57‘(07t - £)|2d£

0

oo
< e\, — wi)2”/ e 277 |0,(0, 7)PdT < 0.
0

This proves that wi (z,t) is a continuous function from ¢ — L2 (x) and the growth rate is e, v >

max{—n,o}.
Consider wy(z,t) = L7 F,(z,s), Using the new variable ¢ for y: e = (A, —y)/(\, — x), we have
Fo(z,s) = / e h, (A — O\ — 2)ef)d€
£=0

= Lh. (A — (A — 2)€).

Thus,
wa(x,t) = hr(Ar — (Ar — CE)et)-
This is fully expected by the characteristic method. It also shows that ws(z,t) is a continuous

function from ¢t — L727 (z) since h is composed with a smooth change of variable that depends on ¢.

Indeed,

||hr(>\r - (>‘r - le)et)HLE,(ac) < G_Nt“hr”L%

< ez

as shown in the proof of Lemma 4.2.

Finally, when ¢t = 0, wy(z,0) = 0 and w»(z,0) = h(z). Thus v,(z,0) = h.(z). O
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6. DIFFERENTIABILITY OF SOLUTIONS FOR INITIAL DATA IN D(A)

Recall that the differential operator A is defined as in (2.8)
H 6.1. Assume that h(x) = Y h;(x)ri € D(A).
Remark 6.1. Note that the condition (Df — zI)V, € L% is not equivalent to that V, € L% since the
variable z is unbounded and D f — z[ is singular at z = /\§ in unbounded regions R*~!, R%.

Theorem 6.1. If h satisfies Hypothesis 6.1, then the L? solution constructed in §5 is differentiable.
That is, as a continuous function of t, V(-,t) € D(A) and Vi(-,t) € L} with

[ VAT + VDI + 1AV IR < bl

=0
igg{e_”t(ll‘/(-,t)ll +IVEGOl+ AV EDIDT < CliRl-

Moreover, for x € Q, the L? functions e "V (z,t), e "'Vi(z,t) and e " AV depend continuously on

x with values in L*(t).

Proof. Let F; be defined as in §4. For i+ 1 <7r <n,

N ‘ (>\r - m)s
sFy(z,s) = /wi smhr(y)dy

_ / " = 28, (e — 1)~ e (0)dy

i

= o) = 2= - [T S )y

(=) e
=)~ ) = [ - 0oy
From (3.2), we have
50, (2, 5) = <;\__§>sv(ms) +sFu(z.5).
Let 2;(2, 8) = sv; (2, 8) — h;(x), then
(6.0 o) = ($22) antetio) + [ 2wy

Here (Ah); is the jth component of vector valued function Ah.

Similarly we can show that for 1 < ¢ <,

(6.2) o) = (20 ) wlet o+ [T A Ganay

A — zitl i1 (/\g - y)S“

Let

e >\r - 8 .
H,(z,s) = /zi ﬁ(/lh)r(y)dy, t+1<r<n,

o) = [ S Ay, 1< <
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Based on H 6.1, we can apply lemmas 4.2 to show that Hj(x,s) € L; (z,w) that depends continuously
on z € R! with values in L?(w).

Let Z(z,s) = Y| #j(z, s)ré-, then the jump conditions on V and h imply that
(6.3) [Z(x,5)],: =0 mod A’

Applying Lemma 5.2 to the systems (6.1), (6.2) and (6.3), we find the function Z(z, s) = sV (z, s)—
h(z) is in L} (x,w) and depends continuously on x € € with values in L?(w). Note that as shown in
Theorem 5.4, V(x,0) = h(z).

Observe that

sV (z,s) — h(z) = sL(V (x,t) — H(t)h(x)).

In the Hilbert space L2, the inverse Laplace transform of the right hand side is 9;V (-, ) — §(0)A(-).
From the Plancherel’s theorem, e~ 7*(8;V (-, t) — 6(0)h(-)) is an L*(t) function in L7.
We now consider the spatial regularity. From (3.2) and (3.3), one easily obtain that

(Aj — x)0zvj(z,s) = —sv;(x,s) + hj(z), 1<j<n.

Therefore,
(Df — xI)Vy(x,s) = —(sV(x,s) — h(x)).

If o > v then sV (x,s) — h(z) € L} (2,w) . Therefore AV (z,s) € L} (2,w). By inspecting terms in
the right hand side we conclude that (D f — zI)V;(z,s) depends continuously on z € § with values
in L?(w). Using the inverse Laplace transform, we find that e~ AV (z,t) is in L (z,t) and depends
continuously on z € Q with values in L?(t).

Using Theorem 5.4 to Z(z,s), we can show that e™7*V;(z,t),e” "t AV (x,t) are continuous, uni-

formly bounded functions of £ > 0 with values in L2 (x). O

Theorem 6.2. (1) A is the infinitesimal generator of a Cy semigroup et in L%.

(2) The exponential growth rate of the semigroup satisfies
let]] < Ce.

Proof. In Theorem 5.3, we proved that the densely defined linear operator A has a nonempty
resolvent set ®s > v for any v > max{—n,op}. In Theorem 6.1, we showed that the initial

value problem

du(t
U _ gut), t>0, u0)=h
dt
has a unique classical solution u(t) € L2, which is continuously differentiable on [0, 00), for every

initial value h € D(A). Thus, based on a theorem in semigroup theory [17], page 102, A is the

infinitesimal generator of a Cy semigroup e*4 in L727.
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From Theorem 5.3, part (i), we have
sup{||(s — A)7!| : Rs > 7} < 0.
Based on the Gearhart-Priiss Theorem, the exponential growth rate of the semigroup satisfies
lle]] < Ce.
O

Remark 6.2. The same growth rate of solutions V' (z,t) has been obtained independently in Theo-

rem 5.4, using a prior estimates of the solutions.

7. EIGENVALUES AND RESONANCE VALUES

Let A be an eigenvalue for system (2.2) where A > —n. Let the corresponding eigenvector be
(V(z), {Y"},) € L2 x R". This a case with h = 0. Therefore, V € D(A) and
(7.1) AV +(Df —z)V, =0,
[V]p: — AYIAT = 0.
Let V(z) = ZU; (a;)r; in R
Lemma 7.1. Assume that (V(x), {Y'}™ ) is an eigenvector associated to an eigenvalue \ with

RN > —n where n is from the definition of L%. Then V(z); =0 for z € R* ', a < j <n, and for
reRF1<j<B.

Proof. In R®~" or RS, for those values of j, we have

A —z \*
v (z) = <A?_ xﬂ) 12l (2%—), —oo < < 2%,
J

o — oz \ A
vf(w)z(A] mﬂ) vf(m6+), P <z < 0.
i —

Since A > —n, in order to satisfy the conditions
09Iz < 00, (0210 < oo,

we must have v;(z®~1=) = v;j(@®+) = 0. Therefore V(z) = 0if z € R*',a < j < n, or
rERP1<j<B. O

Similarly, one can show that all the right moving waves v;(z,t) = 0 if —c0 < z < )\?*1 and all
the left moving waves v;(x,t) = 0 if )\? < x < oo. But the characteristic waves leaving x% to the

left or leaving 2 to the right may not be zero.
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Remark 7.1. A = 0 is alway an eigenvalue. The corresponding eigenspace contains the n-dimensional
linear subspace of L2 x R": V(z) =0, {Y'}} € R".

In the U variable, A = —1 is alway an eigenvalue which reflect the dynamics of the shock position
x'(t) for the original system (2.1):

Xi(t) + X'(t) = 0.

The eigenvalue A = —1 has another simple interpretation. In the vanishing viscosity approach
to shock waves, shocks are limits of traveling waves that have 0 as an eigenvalue corresponding to
the shift of traveling waves (shock positions), say by A¢?. In the similarity coordinate z = £/, the
shift of shock position decays algebraically like Az? = A¢!/7. If we use t = InT as time, the decay
becomes exponentially in time with the rate A = —1.

Theorem 7.2. (1) In the region R\ > —n, A # 0 is an eigenvalue iff E(\) := det(I — M D?*) = 0.

(2) The region R\ > —n contains only normal points of the resolvent equation.

Proof. (1) If det(I — M D*) = 0, then system (I — M D*)x = 0 has a non-trivial solution x. This
means that with H; =0 and s = A, in R',a <i < f—1, system (5.3), (5.4) has a nontrivial solution
ve(2,\),r =i+1,...,nand v(z"1,\),£ = 1,...,i. Then an eigenfunction V(z, \) corresponding
to A can be constructed using (3.2), (3.3) and h = 0. In R®~! and R”, v;(z,\) can be constructed
for )\;-“_1 <z<z¥j<a-—-landz’ <z < )\?,j > 3 + 1. The rest of the waves in R*~! and R”?
are zeros as by Lemma 7.1.

On the other hand if V' (z, ) is an eigenfunction corresponding to a non-zero eigenvalue A, then
the system (I — M D*)x = 0 has a non-trivial solution y. Therefore det(I — M D) = 0.

(2) If det(I — MD?*) # 0, then (I — MD*)™! exits for such A. From the previous section, if

he L%, then we have a unique solution V' € L?7 for the resolvent equation
Vo + X(Df —2)™'V = (Df —2I)™*h, [V], =0 mod A"

Certainly ||[V|| < C(A)||h]] for some constant C' (uniform boundedness theorem in Banach spaces).

This shows if A is not an eigenvalue then it is a resolvent point in A > —1.

Let o,,, be the largest real parts of the zeros of Z(s) = det(I — M D¥?), i.e:
om = sup{o : there exists w such that Z(¢ + iw) = 0}.

Then o, < oy and the two can be different.

For any o¢ > —n, as a function of w, =(og + iw) is quasi-periodic, with the frequencies defined by
finite linear combinations of In [¢*+" — Xe| —Infz’ = Xi|, i =a,...,6—-1,j=1,...,n.

If the frequencies are rationally related, then Z(og + iw) is periodic in w. In this case inf,, |=(0¢ +

iw)| = 0 generally implies that there exists wg such that Z(og +iwg) = 0. There are countably many
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eigenvalues lying on the vertical line {0 = 0¢} with equal vertical spacings. This has been verified
in examples consisting of two shocks [11].

If the frequencies are not rationally related, then it is possible to find oy > o, such that
inf,, |Z(00 + iw)| = 0.
Definition 7.1. If s € C with 0 < |Z(s)| < d, then s is called a resonance value of order §, or a
0 resonance value. A vertical line s = o¢ in the complex plane that contains resonance values of
arbitrarily small order is called a resonance line and oy is said to be the coordinate of the resonance

line.

A number oy is the coordinate of a resonance line, if and only if
inf |2(o¢ + iw)| = 0.
w
It is not hard to show that at a resonance line {o +iw|o = 09}, by choosing w, the system response

to forcing terms with frequency w can be arbitrarily large.

Theorem 7.3. There exists a constant C' > 0 such that if s € C is a resonance value of order 4,

then
C/6 < [|R(A, s)]|-
The resonance lines are exactly the vertical lines of pseudo-eigenvalues

If a resonance line with coordinate greater than o, exists, then o, < op. The existence of

resonance lines has not been verified by numerical computations.
Ezample 7.1. (1) For a system of n equations with m Lax shocks, m < n, the determinant has the

form
q
E(s)=1- Zajebjs, b; <0
j=1

with a possibly large ¢. Since b; < 0, there exists a sufficiently large v > 0 such that if #s > 7 then
=(s) #0 and

inf{|2(s)] : Rs > v} > C(7) > 0.

(2) For a system of two equations with two Lax shocks, under general conditions,

2(0 4 iw) = 1 — ael7+)

is periodic in w. Eigenvalues not equal to —1 are are equally spaced on a unique vertical line [11].

(3) For a system of three equations with three shocks, in the this section we will show that
8
(7.2) E(s) =1-) a;e*, b; <0,
=1

There may be resonance values on a vertical line if the frequencies b;,5 = 1,...,8, are not rationally

related.
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(4) As an simplified artificial example, consider the function

—(o+iw) a(o+iw) .

[1]

(s)=1—are —ase”

Assume that there exits op € R such that a;e™7° + aze~*° = 1. If p/q is rational, then s =
oo + 2kmiq, with k € Z is an eigenvalue. If p/q is irrational, then Rs = o is the coordinate of a

resonance line where |E(0g + iw)| can be arbitrarily small but nonzero.

1 2 3
N\ N N\
ul ud
u2 us
u3 \ / ué
v3 v4
R’ R R’ R’

FIGURE 7.1. An example of three Lax shocks and four regions.

7.1. A system of three equations with three Lax shocks. We look for an eigenfunction that is
defined in 4 regions and has three component in each region [Figure 7.1]. In the unbounded regions,
u; =0, 1 < j <6. We look for characteristic modes v;, 1 < j < 6 in regions R' and R?.

The scattering matrix M is of 6 x 6.

0 0my O OO
0 0mg O O O
(73) o= a b 0 0 e f
c d 0 0 g h
0 0 0 ng 0O
0 0 0 ng OO

Each entry m;; in M is the rate of the scattering wave v; from the shocks produced by the impinging
wave v; hitting the shocks. For example, n; and n» represent the rate the out going modes v; and
vo produced by wvs, after scattered by the shock Al. The entries (a,b,c,d) represent the conversion

of (v1,v2) to (vs,vy) after hitting As, etc.
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Let ¢; be the growth rate the wave v; moving from shock to shock:

A — 22\’
w=(i=n)

A — a2
AL — 2l

A2 — 23\’ A2 — g2
wm(57w) o= (5

For s to be an eigenvalue, the following matrix must be singular:

’ (A —at
> ) ¢3._<>\%—$2

g A3 — 22
) o= (=5

)
)

-1 0 n1¢)3 0 0 0
0 -1 n2¢3 0 0 0
a b -1 0 e
14Dy | @ W b5 fds
cpr dgy 0 -1 g¢5 hos
0 0 0 n3¢4 -1 0
0 0 0 n4¢4 0 -1
Using the column operations to eliminate (ni¢s,n2¢sz, n3ds,nads) and by setting ¢;; = ¢;0;,

Gijke = QiP;Prde, we find that

enzdus + fnagae
—1 + gnsdas + hnadas

=1+ any¢13 + bnados
cni 13 + dnaos

=1—ani¢13 — bnadaz — gnzdss — hnydae
+ (ag — ce)ningpizas + (ah — cf)ninspizae
+ (bg - de)n2n3¢2345 + (bh - df)n2n4¢2346,

Using a change of variable, it is easy to express each of the term ¢; = ebi® and Z(s) has the

desired form of (7.2). Note that Since ¢1345 = 13045, etc, the exponents of (7.2) satisfy

bs = bibs, bg =bibs, by =bobs, bg = babs.
There are only 4 basic frequencies determined by by, ...,bs. The other 4 are linear combinations of
the first 4. Therefore, if by ..., by are rationally related, then Z(s) is periodic in w for the fixed o.

Otherwise, Z(s) is quasi-periodic in w.

7.2. A system of three equations with two Lax shocks. Let the location of the two shocks
Ali=1,2bex,i = 1,2. The z axis is divided by the shocks into three regions R’. For the solution
@' is R* assume that D f(u') has i eigenvalues that is less than ' and n —i eigenvalues that is greater
than z'*!'. The numbers of left-right waves are depicted in Fig. 7.2

It has been proved in Lemma 7.1, if the eigenfunctions is in L% for RA > —n, then u; = 0,5 =

1,...,5. We look for the modes v;j,j =1,...,3. Then v4 can be calculated later.
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1 2
AN N

vl ud
ul

v2 us
u2
u3

v3 v4
0 1 2
R R R

FIGURE 7.2. There are three regions divided by two Lax shocks

We set x1 = (v1,v2)7, x2 = (vs). The scattering matrix can be obtained by dropping the last

three rows and three columns of the matrix M in (7.3).

0 0 ni
M = 0 0 no
a b 0

Let ¢1, ¢2, ¢3 be the growth rate of the waves vy, v2, v3 from one shock to another. In order for s to

be an eigenvalue, the following matrix must be singular:

-1 0 TL1¢3
(=1+MD*)=1| 0 -1 naps
a¢1 b¢2 -1

Thus,
E(s) =1 —ani¢13 — bnagaz = 0.
There are two frequencies involved, ¢13 = @1¢3 and ¢o3 = ¢o¢3. They are determined by the
total times that the wave vs traveling from Ay to A! and then reflected from A; and following the
directions of v; and v, to A% again. Resonance values may exist if the time of traverse of vz and v,

is not rationally related to the time of traverse of v3 and vs.
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