ERROR BOUND BETWEEN MONOTONE DIFFERENCE SCHEMES
AND THEIR MODIFIED EQUATIONS*
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Abstract. It is widely believed that if monotone difference schemes are applied to the linear
convection equation with discontinuous initial data, then solutions of the monotone schemes are closer
to solutions of their parabolic modified equations than that of the original convection equation. We
will confirm the conjecture in this paper. It is well known that solutions of the monotone schemes
and their parabolic modified equations approach discontinuous solutions of the linear convection
equation at a rate only half in the L -norm. We will prove that the error bound between solutions of
the monotone schemes and that of their modified equations is order one in the L'-norm. Therefore
the conclusion shows that the monotone schemes solve the modified equations more accurately than
the original convection equation even if the initial data is discontinuous. As a consequence of the
main result, we will show that the half-order rate of convergence for the monotone schemes to the
convection equation is the best possible.
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1. Introduction. In this paper we consider the linear (p+¢g+1)-point monotone
difference schemes of the form

q

v?“ = Z asvi g (1.1)
s=—p

v? = ug(jAx), (1.1)

which are applied to the linear convection equation

§+a%—0 for (z,t) e R xR (1.2)
u(z,0) =up(z) for ze€R, (1.2")

where p and ¢ are nonnegative integers and a is a constant. The monotone conditions
for (1.1) are

as >0 for s=-p,...,q

and the consistency conditions are

q q
Z as=1 and Z sas = —Aa. (1.3)
s=—p s=—p

For simplicity of expression in what follows we will only consider the 3(1+1+1)-
point monotone schemes of the form

v;”l =AMy —a/2)vi 1 + (1 = 29\)v] + Ay + a/2)v]_4, (1.4)
v) = ug(jAx), (1.47)
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but all conclusions obtained in this paper also apply to the (p + ¢ + 1)-point mono-
tone schemes (1.1). The form (1.4) implies the consistence conditions (1.3), and the
arbitrary constant v and Courant number A = At/Az in the monotone schemes (1.4)
satisfy the monotone conditions

1
v > lal/2 and A < g, (1.5)

where Az and At are space and time steps, respectively. The monotone conditions
(1.5) mean that the coefficients of v7_,, v7 and v}, in (1.4) are nonnegative. Here
vj’ are the numerical solutions, which approximate the exact solution u(x,t) at the
point (z;,t,), where x; = jAz for j =0,£1,£2,... and ¢, = nAt for n =0,1,2,...
are space and time grid points, respectively.

It is known that the monotone schemes are of first-order accuracy and include
several popular difference schemes such as the upwind scheme (y = |a|/2), the Laa-
Friedrichs scheme (v = 1/(2X)) [5] and the generalized Lax-Friedrichs scheme (|a|/2 <
v < 1/(2X)) [7]. Dividing (1.4) by At the monotone schemes can be written in the

form

n+l _ pn

j i1, Vi1 — 207 U;'ll.
At 2Ax Ax?

We will derive modified equations for the monotone difference schemes by using trun-
cation error analysis [2, 3, 10, 12]. Let v(z,t) be a smooth function that satisfies the
monotone schemes (1.6) at the grid points. Substituting v(z,t) into equation (1.6)
and using the Taylor series at (x;,t,) gives

) o — ot
+1 1
J = = yAzx

(1.6)

At
(vt);-‘ + 7(1)“);-‘ + O(At2) + a(vx);-’ + O(AwQ) = 'yAx(vm);-I + O(Am3).

Since A = At/Ax is a constant, O(Ax) and O(At) are the same order as Ax or At
goes to zero. Keeping the first order or second order of Az in the above equation
gives

(v1) + a(ve)} = O(Az) (1.7)

or

(vt)? + %(Uu)? + a(vm)? = ’yAx(vm);L + O(Az?). (1.8)

Differentiating equation (1.7) with respect to ¢ gives
(vi)] + a(vez)] = O(Ax) (1.9)
and substituting v; from (1.7) into equation (1.9) yields

(vee)j — a2(vm)}‘ = O(Ax). (1.10)

By using equation (1.10) to eliminate vy from equation (1.8) we obtain
(0)} + a(v2)} = Az(y — Aa?/2)(vz0)} + O(A2?), (L.11)
where it follows from the monotone conditions (1.5) that

A
- 5a2 > |;l—‘(lf)\|a|) > 0. (1.12)
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Remark. Except for a trivial case (Ala| = 1, a pure translation), the last inequality
is a strict inequality.

Truncating the second-order error terms from equation (1.11) gives parabolic
equations

2
ow  Ow ( A 2>8w (1.13)

— ta—=A7Azx(v— za° | —,

ot " “ox T2 ) 9a2
which are called parabolic modified equations for the monotone difference schemes. In
what follows we write the modified equations as

ow aﬂ 9w

E—f—aax :Ew, (114)

where ¢ is defined by
A o
e:=A0Ax|y— 507> 0. (1.15)

The truncation errors given at the right hand of (1.11) show that if A < 1/|a|, then
the monotone schemes produce first-order accurate approximations to the convection
equation (1.4) and second-order to the modified equations (1.13).

We should point out that the preceding statement is derived by assuming smooth-
ness of the solutions. But it is widely believed that a similar result could be made for
discontinuous solutions [2, 1, 6]. We will confirm the conjecture in this paper.

It is well known that solutions of the monotone schemes and their parabolic
modified equations approach discontinuous solutions of the linear convection equation
at a rate only half in the L'-norm [4, 9, 13]. More precisely, let the initial data uo(z)
be a BV function, vaz(z,t) be the numerical solutions of the monotone schemes (1.4)
and (1.4’) and u(x,t) be the discontinuous solution of (1.2) and (1.2"). Then we have

loas () = u( )1 < Cluo| sy (tAZ)'?, (1.16)
where vaz(x,t) is defined by
vaz(2,t) = v for (z,t) € [z5,2511) X [tn,tng1)-
Similarly, for the modified equations we have the same error estimate
[wae () = ul- ) < Cluo| pv (tAz)'/2, (1.17)

where wa (-, t) is the solution of (1.13) with wa,(z,0) = uo(z). Here C is a constant,
which is independent of ¢, x, At and Az, but depends on the coefficients of the
schemes. The semi-norm |ug|py [11] is defined by

ol = sup ool + h) = w0 sy
n0 1]
Remark. We should point out that the half-order rates of convergence given in
(1.16) and (1.17) are the best possible [9] and this is also shown in Corollary 1.3 below.
In this paper we will show that the L'-error bound between solutions of the
monotone schemes (1.4) and that of their modified equations (1.13) is O(Az). More
precisely, we will prove the following theorem.
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THEOREM 1.1. If ug(z) is a BV function, and va, and wa, are solutions of
(1.4) and (1.13) with initial data ug(x), respectively, then we have

||UAE('at) - wAI('7t)HL1 < C()\,’Y,CL)lU(ﬂBVAZ‘, (118)

where C(A,v,a) is a positive constant defined by (4.14).

REMARK 1.2. It is noticed that the right-hand side of the estimate given in (1.18)
is C(\,v,a)|ug|py Az, which is, not like (1.16) and (1.17), independent of the time
t. This means that the estimate is of long time accuracy.

The main theorem implies that the monotone schemes solve the modified equa-
tions more accurately than the original convection equation even if the initial data is
discontinuous.

As a by-product of the main theorem we can show that the half-order rate of
convergence for the monotone schemes to the convection equation given by (1.16) is
the best possible. More precisely, we have

COROLLARY 1.3. Let ug € BV, va.(x,t) be the numerical solutions of the mono-
tone schemes (1.4) and (1.4") and u(x,t) be the discontinuous solutions of (1.2) and
(1.2"). Then for anyt >0 and M >0

sup  ||vag(,t) —u(-,t)|p > a(’y,)\)M(tAx)l/z, (1.19)

|uo|pv <M

provided that Ax is small enough. Here a(y,\) > 0 is a constant depending only on
v and .

As another consequence of the main theorem we can show that the monotone
schemes approach any other modified parabolic equations at a rate only half in the
L' norm. More precisely we have the following corollary.

COROLLARY 1.4. Let ug(x) € BV, vay be solutions of (1.4) and (1.4") and wa,
be solutions of the following parabolic equations:

Jw ow 5, 0w
i -7 = i 1.
It +a3x BAx 977 (1.20)
with initial data ug(x), where B> 0 is subject to
- A
B#8i=y - Ga,
Then for any M >0 and t > 0,
VE-vs|
sup  [[vag (-, t) — Wan (- t)|[ 1 > M e (tAx) /2, (1.21)

|uo|Bv <M

provided that Ax is small enough.

The paper is organized as follows. In section 2 we will prove the main theorem
for an important special solution, the Riemann solution, and based on the result we
will prove the two corollaries in section 3. In section 4 we will prove the theorem
for the general discontinuous solutions. In section 5 we will present some numerical
examples to verify the theoretical conclusions. Some comments and discussions are
given in the last section.
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2. Riemann initial data. The Riemann problem plays an important role in
error estimates for discontinuous solutions. In this section we will prove the main
theorem for the Riemann initial data.

The linear convection equation (1.2) with piecewise-constant initial data

up(z) = {U_’ r<0 (2.1)

Uy, >0

is called the Riemann problem, where u_ and u, are two constants and ug given by
(2.1) is called the Riemann initial data. Since the solution of (1.2) and (1.2") can be
expressed by

u(z,t) = up(z — at),

the Riemann solution U(z,t) of (1.2) and (2.1) is also a piecewise-constant function
with a discontinuous line along x = at:

u_, rz—at<O0
Uz, t) = ’ ’ 2.2
(z,) {u+, xz —at > 0. (2:2)

It is known that the solution of the modified equation (1.14) with the initial data
uo(z) has the explicit expression

_ (@—at—g)?

wag(x,t) = 2\/%/7 ug(€)e det  dE, (2.3)

and hence the solution Wagy(x,t) of (1.14) with the Riemann initial data (2.1) can be
expressed by

r—at
Wae(x,t) =u_ + % / VI €2 e (2.4)
—o0

where ¢ is defined by (1.15):

sA:c(fy;\az) > 0.

Let ®(z) denote the norm distribution function

B(z) = jz?/ €12 g, (2.5)

Then the solution Wa,(z,t) can be expressed in terms of &:

Wae(@,t) = u_ + (uy — u)é(si/;g) . (2.6)

Let

a; =My —a/2), ay=(1—-2y\) and a_; = A(y+a/2). (2.7)
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Then the monotone schemes can be put in the form

1
+1 _
vt = Z Qv (2.8)
I=—1

where a; > 0 for [ = —1,0, 1 satisfy the consistent conditions:

1 1
Z ap=1 and Z la; = —Xa. (2.9)

I=—1 I=—1

By using (2.8) repeatedly for n = 0,...,n — 1, we find the explicit solution of (1.4)
and (1.47):

n o__ n—-1,n0,N1 n—1 no ni .

v = g cy a—1""tap"™a1™ uo(Tj—n_ 4n)s (2.10)
n_120,m9>0,n12>0
n_i+no+ni=n

where Cj, =™ is the multinormial coefficient defined by

n!
Cn-1n0n
n

n_l!no!nl!'

It is easy to know that

> Cr-tmomig M-1g,™a™ = (a_q +ag +a1)" = 1. (2.11)

n_12>0,m9>0,n1>0
n_i1+not+ni=n

Substituting the Riemann initial data (2.1) into the solution’s expression (2.10)
and taking account of the identity (2.11) we obtain the solution V}* to the monotone
schemes (1.4) with the Riemann initial data (2.1):

VP=wu_ + (ug —u_) § Cr-rnomig  M-1qm0 g™

J
j—n_1+n1>0
n_120,m0>0,n12>0
n_i1+not+ni=n

or

ijn = u_ + (U+ _ u,) E E C;L*l’7L°’n1a,1n*1a0n°a1m. (2_12)
k}S] 1'7,71—77,1:]6
n_lzo,nozo,nlzo
n_it+not+ni=n

We will apply the following theorem from probability to prove the main conclusion
8, p. 125].

THEOREM 2.1 (Nagaev). Let Xi,...,X, be independent identically distributed
random variables, EX1 = p, B(X1 — u)? = 02 > 0 and E|X; — p]? < co. We write

Sp—n . E|X; —pf?
Fo(y) =P (Z\/ﬁu < Z/) ;o Sp = ZX“ 0= %- (2.13)
1=1

Then for ally € R,
0

[F(y) — @(y)] < Amv

(2.14)
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where A denotes a universal positive constant and ® denotes the normal distribution
function (2.5).

It is easy to show by induction that if Xy,...,X,, are independent identically
distributed random variables with

P(Xlz—l):al, P(X1:O):a0 and P(Xlzl):a_l,
then the random variable S,, = X1 + - - - + X, has the distribution

P, (k)= P(S, =k) = > Cr=nnomig_ ne1gynog ™ (2.15)

n,lfnlzk
n_120,m9>0,n12>0
n_i+no+ni=n

where k= —n,—n+1,...,n.
If a_1,a9,a1 are defined by (2.7), then

A
p=FEX,=Xa, o°=E(X;—p)?=2\ (7 -5 2) , (2.16)
and
_ EIXy —pPP 2091 = Aal®) = 3(Aa)’(1 = 2My) + [AaP (1 — [Aal) (2.17)
e= o2 B 2A(y — Aa?/2) ' '
Let
_k—npu
Yk = oyn
Then

Fo(y) :p<57;—\/gﬂ <y) = ; P(S, = k)

_ Z Z Cﬁ,l,no,nla_ln,laonoalnl. (218)

Y <y n_1—ni==k
n_120,m0>0,m1>0
n_i+notni=n

We now turn to the numerical solution V;* (2.12) and write the summing index con-
straint k£ < j in the form

k—np _j—npu

k= oyn — oyn’

where p and o are defined by (2.16). Some calculations show that

(2.19)

J—np  x;—at,
ovn  \/2t,

where x; = jAz, ¢, = nAt and ¢ is defined by (1.15). Therefore the inequality (2.19)
is equivalent to
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and the solution V}* (2.12) can be written as

VIi=u_+ (uy —u_) E E Cp-vnomig "=1gy™0q™.

<xj7atn n_i—ni==k
YRS 3et, no120,n0>0,m1>0
n_i+no+ni=n

By using (2.18) we can write V" as

n_ T — aty

It follows from (2.20) and (2.6) that

|V]n = Waz(zj,tn)| =

V' = Was (), ta)] < Jus —u_|A (2.21)
T — aty

2¢et,

e

F, Ty —atn\ By Tj — aln )
2€tn 2€tn
The estimate (2.14) from Theorem 2.1 implies that

)
Let Vag(z,t) = V" for (2,t) € [z, 741) X [tn, tn+1) and

1Vaz (- tn) = Was (- tn)llin == Z Vaw(zj, tn) — Waz(z;, tn)|Az.

j=—o0

Then it follows from (2.21) that

Q
[VawCt) — Ws o)l < Jus —u |4 3 il
J—mf<1+ ")

\/2¢t
<2uy —u_ £ Z —Az
n T
7=0 1+ J
V2¢et,

Q o0
<2ur —u_|A— —I—/ —dm
|+ ‘ \/ﬁ 0 - . 3
V2¢t,

0 V2et,
=2uy —u_|A A
lus —u_]| \/ﬁ( x4+ )

= |ug —u_|Ao (2 + 2\ (y — )\a2/2)) Az, (2.22)

where in the last equality we use the definition (1.15). (2.22) gives the I*-error bound.
Now we derive the error bound in the L'-norm. Since |[Wa, (-, t,)|pv = |us —u_|,

HVAac('a n)fWAac('a )HLl

= / T Wan (@5, t0) = W€ t)ldE + [Visa (- t) — Waa (s ta) s

j=—00
S |WAw<'7 n)|BVAx + HVAw(atn) - WAw('atn)Hll
= Juy — u | Az + [[Vas (- tn) — Was (s ta)li- (2.23)
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Substituting the I*-error bound (2.22) into the right-hand side gives

IVaw(stn) = Waa (s ta)llon < Juy —u-| [1+ 40 (24 /220 = 2a2/2) )| Az
By using the expression (2.17) we obtain
HVAz(utn) - WAz('utn)HLl

207(1 — [xal?) = 3(Xa)?(1 — 2\y) + [Aal3(1 — |Aal)
2A(y — Aa2/2)

§|U+*U_| |:1+A

X (2 + v/ 2A(y — Aa?/2) )] Az.
Let
227(1 — [Aal?) — 3(Aa)?(1 — 2\y) + [Aal*(1 — |Aa|)
2My — Aa?/2) (2.24)

< (2+ VG 27D )

C(\,v,a) =1+ A

Then we obtain
WVaz(tn) = Waz (s tn)llor < ug —u_|C (A, 7y, a)Ax. (2.25)

Now we consider the case of t # t,, for Vm € N and assume that ¢ = t,, + 0t for some
n, where 0 < 6t < At. Therefore

HVA:C('7t) - WAx('vt)HLl = HVAJE('; tn) - WAx('a tn + 5t)||L1~
Using the Taylor expansion at ¢,, on account of (1.14), we have

WAm(x, tn + 5t) = WAm(l’, tn) + 5t8tWM(x, ty, + 95t)
= Wae(z,ty) + 0t (—ady + €0z2) War(x, t, + 001), (2.26)

where 0 < 0 < 1. It follows from (2.4) that

2~ — Aa?
||(—a8x +€awz)WAz(atn + 9575)“[/1 S |u+ o U,_‘ <|a| T m)

and hence
Vae(t) = Waz (5 )lor < [[Vaz(-,tn) — Waz (s, tn) || 21

/27 — a2 (227)
+(5t\u+—u7| <|a|+ 27{')\> .

Combining (2.25) and (2.27) gives
IVaz(t) = War(, )]l < Juy —u_|C (A, 7, a)Ax, (2.28)
where

207(1 — |Aal?) — 3(Aa)?(1 — 2My) + [Aal*(1 — |Aal)
2A(y — Aa?/2)

X (2+\/m)+)\<|a|+\/272;:a2>.

We have now completed the proof of Theorem 1.1 for the Riemann initial data.

C(A\vy,a) =1+ A
(2.29)
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3. Lower bounds for monotone schemes. In this section we will use the
upper bound (2.28) to derive the lower bound estimates (1.19) and (1.21).
We first prove the lower bound (1.19) for the monotone schemes. It follows from
(2.2) and (2.3) that for ¢t > 0,
Waz () =UC Ol = luy —u ||| @() = R()|[r v 2et

= s~ () - R('>|L1\/ 200 (- e )

where

1, =>0.

R(z) = {o, z <0,

By using the triangle inequality and the upper bound (2.28), we have

WVaz(-,t) = UG Dl 2 [Wae(58) = UG = [Vaz (1) = Waa (D)

A
> fus —u_| | @() — R<->|L1\/2Ax (v - 2a2) t—us - u_|C(\ 7, a)Aa

= |uy —u_|VtAz <|<1>(.) — R(.)|le— C(A,ma)ﬁ) .

Some calculations show that

2

™

@) = R(O)llzr =

Therefore

1 A A
IVas(st) = UG, )lin = uy — u|ViBa (2 W(w—zaz)—c*(x%a) 5“)

This means that if

1 A t
Ax < = Za? 1
v 2 (-3 e 31)
then
IVaz () = U ) > oy, Mug — u_|(tAz)' /2, (3.2)
where
aly, ) = % (’y - ;\aZ) > 0. (3.3)

The inequality (3.2) implies that the lower bound (1.19), with a(+, \) given by (3.3),
holds provided Az satisfies (3.1). We have now completed the proof of Corollary 1.3.
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Similarly, we can prove the lower bound (1.21) by using (2.28). Let Va(:,1),
Wagz(-,t) and Way(+,t) be the solutions of (1.4), (1.13) and (1.20) with the Riemann
initial data (2.1), respectively. Then by using the triangle inequality we have

IWae(, ) =Vaa (s )zt = Wae () =Waa ()l = [1Was () =Vaz (1)l (3-4)

It follows from the expression (2.4) that we have

x—at
i Uty — U x _
Wae(,t) = Was(@,t) = == VEIALE =612 g,
T A
where
A _
B=v- §a2 # B,
and hence

Waw(-,t) = Was(-, t)l| 2
_ o 8/B
= \/QﬁAxtM/ /\/77]6—52/2 d¢
-9 /ﬁAx |U+ U— |‘/ ( ﬂ/ﬂe B’? 2/2 6772/2) dT]’
oy —u | [
=2 ﬁAxtJr\/E‘l— B/ﬁ‘

:2@'“*\2{"’%—@‘. (3.5)

Substituting (3.5) and (2.28) into (3.4) yields

dn

IWaz (1) = Vaz (1)1
> 2\/A:£t‘u;wu*| '\/B \ﬁ‘ — Jug —u_|C (A, 7y, a)Az

_mm_u"f ﬂ( ¥ fM\f)M/H)

The above inequality shows that if

g

Ax<

f
C(\v,a)?

Q

)\

™

then

1/2

] VB - fﬂ
Woxe 1) = Visa s Dlle 2 s = [t

The above statement implies Corollary 1.4. We have now completed the proof of
Corollaries 1.3 and 1.4.
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4. Discontinuous initial data. In this section we will prove the main theo-
rem 1.1 for the general discontinuous initial data. Assume that ug(-) € BV and hence
the discontinuous solution u(z,t) = ug(x — at) of (1.2) and (1.2') also belongs to BV
space, i.e., u(-,t) € BV. Since ug € BV, limy, ., ouo(y) exists for V2 € R. For
certainty we assume that for Vo € R,

wo(xz) = lim wug(y). (4.1)
y—x—0
The assumption will make assuming the point-wise initial data given by (1.4’) mean-
ingful. Of course, assuming the averaged initial data

(1+1/2)Az
0] = /( uo(§) d¢

j—1/2)Ax

also works. We will estimate the error bound ||vaz(+,t) — waz (-, t)||L1 by using the
explicit solution’s expressions (2.3) and (2.10). Using index substitution j—n_1+n; =

k into (2.10) we can write v as

Jjtn
U;L: E § C;;Lfl,no,nla71n71a0n0a1n1u0(xk)
k=j—n mn_i1—ni=j—k
n_120,n02>0,n1>0
n_i1+not+ni=n
or
oo
’U? — E E Cgfl»noﬂlla71n71a0n0a1n1u0(xk)7

k=—oc0 n_i1—mi=j—k
n-120,m9>0,n1>0
n_i1t+notni=n

where Cp, V"™ =0 forn_; —n; < —n or n_; —ny > n.
We write the solution wag(z;,t,) (2.3) into the form

1 ) _ (zj—at,— )2
WAz (Tj,tn) = 2\/7—% /_OO up(§)e detn d¢=1+1I, (4.2)
where I and II are defined by
e 1 Thy1 (zj—at,—&)>
I = det, d
3 gl [ 3

(= —at, —£)?

M= Y g [ (@ —motw)e e

k=—o0

We first estimate

e’}
’U;L _I: E ( E Og_l’no’nla_1n_laonoa1nl

k=—o0 n_i—ni=j—k
n_120,m90>0,m1>0
n—i+notni=n

_ (zj—atn—¢)*®

1 Th+41
_ - 4ety, d .
N /x € ¢ Juo(@x)
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It follows from (2.15) that
P.,(j—k)= Z Cp-vnomtig "—tgy"0q

n_l—nlzj—k
n_120,m0>0,m1>0
n—i+notni=n

n
1 1

and hence
e 1 Th41 _(xj—atn—f)2
S P(j—k:)—i/ ¢ aetde | uglan).  (43)
/ k;@( " 2vemty Sy,

By using the definitions (2.5) and (2.13) we obtain that

_ (wj —aty _5)2

k—1 1 Tip1 (zj—atn—€)* 1 ok
Z s / e 4ety, d¢ = 7/ e detrn d¢
L= 2VETtn S, 2VEmtn Joc (4.4)
— % :Oiwkiat’ e*W2/2d77 =1—-9 (W)
27T W €ln
and
k—1 © ik
Y RG-D= Y RO=1- 3 RO
I=—o0 1=j—k+1 f=—oo
2 — op — at (4.5)
-1 P,()=1-F, | ~2—F——",
x; —at n( ) < 25tn >
<2 \/;? =
where
_ ti—ata
o= 2et,

Applying summation by parts to (4.3) and using the identities (4.4) and (4.5)

gives

T

7 =- kliA’H;O(Fn(ykfl) — O (yp—1))uo(xr) + kErEloo(Fn(ykq) — ®(yp—1))uo(zk)

S (mu () = (B2 (o) — sl

k=—o00

It follows from (2.5) and (2.18) that
klim F,(yx) = klim O(yy) =1 and klim F,(yx) = klim D(yx) = 0.

Since ug € BV and the assumption (4.1), limy_, 1 o uo(x) exist and are finite. There-

fore
m (B (k1) = @(ye—1))uo(zx) = 0

and hence
Tk —a )) (wo(a) — o).

> T — T — aty
n_J= F,(2L—= ") _ (L% "7
Y Z ( ( 2¢t, ) ( 2¢t,
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Applying the impotent inequality (2.14) to the right-hand side gives

~I1l< > 4 f —— () — ok, (4.6)
k=—o00 \/ﬁ(1+ Lj Lk Aty )

2¢et,
lvaz(-tn) — Iz = Z v} — I|Az.

Let

]——OO
Then it follows from (4.6) that
loae(stn) = Illn< A Z Z : g Az|uo (k) — uo(wr—1)]-
k=—ocoj=—co  /u (14 Ty~ Tk — atn
V2¢et,

Similar to the estimate (2.22), the second summation term above satisfies

oo

> i sAz < o (24 VAR~ AP/2) ) Ax.
j—oo\/ﬁ<1+ :vj—xk—atn)

2¢et,
Joas(stn) = Tl < Ao (24 V2A( = 2a?/2) ) Ax 3 fuo(i) = uo(wx-1)|

Hence

k=—o0
< Ap (2 + V2 (y — )\a2/2)) |uo| BV A (4.7)
It is easy to show that
Tht1 (:Jz:jfatnff)2
HT I < M];MZ 2\/57/ [uo(§) — uo(xr)|e detn d¢
Tht1 1 0 _ (zj—atn—£)*
— dety, Az dE. 4.8
Zm/ ©) = ol e 3 ¢ vdg. (48)
We now estimate the second summation term:
1 _ (zj—at,—€)®
4ety, A
2 /emt, ; ¢ o
(x_atn_é)z
4ety, d
2\/57rt ]_ZOO/ v
1 _ ([(atn-‘r{)/Aw]Ax—atn—f)Z . (([(atn+£)/Aw]+1)Az—atn—5)2 Az
+ — dety, +e 4et, -
2. /ety 2
<1+ — 1+ Ar
B 2yemtn 20z4/ (v — %az) ™A
1
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where [n] means the largest integer of 1, which is less than or equal to 7. Substituting
the above estimation into (4.8) gives

1 o0 Th41
e < 1+ > [ o - wolanl g
2v/(v— 3a%) TA ) k="oo Mk
1
S 1+ ‘UO‘B‘/A.’L’. (49)

It follows from (4.2), (4.7) and (4.9) that

1082 (5 tn) = waa (s tn)lli < llvaz (s tn) = Ll + [

< A9(2+\/m>+1+2m

Similar to the estimate (2.23) we have
HUAI('atn) - wAw('vtn)HLl S ||UAJ;('7tn) - wAz('atn)Hll + |UO|BVA3j
and hence we have

||'UA:1:('7tn) - wAz('atn)HLl

|
< AQ(2+\/ZM7—AaW20—%2+ |uo| pv Az

Substituting the o expression (2.17) into the above inequality we obtain

lvaz(-tn) — waz (- ta)llLr < C(A, v, a)luo| By A, (4.10)
where

229(1 — [Aal?) = 3(Aa)?(1 — 2M\y) + [Xal?(1 — |Aal)
2X(y — Aa?/2)

x (24 V2A( = Aa?/2) ) + 2+

C(\7y,a)=A

1 (4.11)

2 (’yf%cﬂ)w}\'

Now we consider the case of t # t,, for Vm € N and assume that ¢t = t,, + 6t for
some n, where 0 < 0t < At. Similar to the estimate (2.27) we have

[va2 () = wae (5 )l Lt < [vas(stn) = waz( )l

2/7— a2 (412)
+ 5t|uo|BV <|a| + A/ 271'/\) .

lvaz (- t) —waz(,t)||zr < C(AN, v, a)|uo| By A, (4.13)

Combining (4.10) and (4.12) gives
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where

207(1 — |Aal?) — 3(Aa)?(1 — 2M\y) + [Xal?(1 — |Aal)

Chma)=4 2A(y — Aa?/2)
5 1
x (24 V2AG — a /2))+2+2 o w1

[2v — Aa?

We have now completed the proof of Theorem 1.1 for the BV initial data.

5. Numerical experiments. In this section we will compute a discontinuous
solution of the following linear convection equation by using an upwind monotone
difference scheme and show that the {!-convergence rate between the upwind solution
and its modified solution is one. The linear convection equation is

ou  ou_

el +
3t+8a§ for (z,t)e RxR

0 (5.1)
u(z,0) =wup(xz) for zeR,

where ug is a Riemann initial data:

0, =<0,
uo(a:){l s> 0 (5.2)

The solution of (5.1) and (5.2) is
U(I7 t) = UO(I - t)7 (53)

which has a discontinuous curve x = t. The upwind scheme is

n+1 n n
v; —vj+vj—vj"_1:0
At Az ’ (5.4)

v;’ = up(x;),

where Az and At satisfy the stable condition:

At

A= Ar

<1

3

and its modified equation is

ow Ow 0%w

ot Y or o (5.5)
w(0,2) = uo(),

where ¢ is defined by
1—A
€:= ?Aaﬁ > 0. (5.6)

It follows from (2.6) that the solution wa.(x,t) of the modified equation (5.5) is

wag(,t) = @(f/%) . (5.7)



MONOTONE DIFFERENCE SCHEMES AND MODIFIED EQUATIONS 17

In the numerical computation, we set

A
pp——

Ay 0.5 and Azx=2"" for

m=23,...,8.

The numerical results are shown in Table 5.1. Here u(z,t), given by (5.3), is the
exact solution of the linear convection equation (5.1), wa,(x,t), given by (5.7), is the
solution of the modified equation (5.5) and va,(z,t) is the numerical solution of the
upwind difference scheme (5.4). The data given in Table 5.1 clearly indicates that the

TABLE 5.1
11-errors and convergence rates for the numerical solution vas att = 1.

t=1 [vae — WAzl [vaz — ulln

Ax [T-error [T-rate T-error [I-rate
272 0.1251 — 0.3418 —
273 0.0625 1.0005 0.2209 0.6296
24 0.0313 1.0001 0.1487 0.5712
275 0.0156 1.0000 0.1025 0.5374
276 0.0078 1.0000 0.0715 0.5192
2-7 0.0039 1.0000 0.0502 0.5097
2-8 0.0020 1.0000 0.0354 0.5049

upwind numerical solution archives a first-order rate of convergence in approaching
the solution of the modified equation, but a half-order rate in approaching the exact
solution of the original convection equation. This verifies the theoretical conclusion
of Theorem 1.1.

The numerical solution of the upwind scheme (5.4) with Az = 273, the solution
of the modified equation (5.5) and the exact solution of the convection equation (5.1)
at t = 1 are plotted in Figure 5.1. The figure shows that the numerical solution is
much closer to the modified solution than the exact solution.

T
e
09t x B
AN
/-
0.8 /- B
/X
/-

L R |

07 R
;o
NE
0.6 X 4
/
;-
05F : |
i
NE
0.4F IR 3 B
/]
i

L AN 4

03 :
I
7
0.2 /X
. e
.
0.1F Sx 7
%
P
Se—i3¢. t‘»n“f\“ ! L L | | I 1
0 0.2 0.4 0.6 0.8 1 12 14 16 1.8 2
Fic. 5.1. The numerical “-- X - -7, modified “— — —” and exact ” solution at t = 1 with

Az =273,
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In order to test the long time accuracy for the numerical solution to approach the
modified solution, we compute the numerical solutions by using the upwind scheme
(5.4) with A = 1/2 and Az = 272273 ... 278 at t = 1, t = 5 and t = 10, and
the results are shown in Table 5.2. From the table we see that the ['-errors between
the numerical solution and the modified solution at different times, i.e., at t = 1,
t =5 and t = 10, are almost the same and the long time accuracy agrees with the
theoretical prediction given by Remark 1.2.

TABLE 5.2
Testing the long time accuracy for ||vag — wagll;r att =1, t=>5 and t = 10.

[vaz — wazlln
Ax t=1 t=5 t=10
272 0.1251 0.1250 0.1250
273 0.0625 0.0625 0.0625
24 0.0313 0.0312 0.0312
275 0.0156 0.0156 0.0156
276 0.0078 0.0078 0.0078
277 0.0039 0.0039 0.0039
28 0.0020 0.0019 0.0019

6. Conclusions. In this paper we justify that monotone difference schemes give
solutions closer to those of the parabolic modified equations than that of the original
convection equation and, in particular, prove that L!-error bound between monotone
difference schemes and their modified equations is first-order accuracy for general BV
initial data, which is better than the half order accurate between monotone schemes
and the convection equation. Furthermore the constant in the error estimate is inde-
pendent of computational time, and therefore the estimate is of long time accuracy.
The results in this paper give a more complete picture for the relationship between
the solutions of monotone difference schemes, their parabolic modified equations and
the convection equation.

The main conclusion of the paper is for monotone difference schemes approximat-
ing the linear convection equation with constant coefficients, but we believe that the
result can be extended to the nonlinear conservation laws and this needs some prior
estimates for solutions of nonlinear equations. We will report the results elsewhere.

Acknowledgments. The author thanks Professor H. Z. Tang of Peking Univer-
sity for many interesting discussions and Professor S. Y. He of Peking University for
bringing the author’s attention to the important reference [8].

REFERENCES

[1] A. Harten, The artificial compression method for computation of shocks and contact disconti-
nuities, Comm. Pure Appl. Math. 30 (1977), 611-638.

[2] A. Harten, J. M. Hyman and P. D. Lax, On finite-difference approximation and entropy con-
ditions for shocks, Comm. Pure Appl. Math. 29 (1976), 297-322.

[3] G. Hedstrom, Models of difference schemes for u¢ + u, = 0 by partial differential equations,
Math. Comp. 29 (1975), 969-977.

[4] N. N. Kuznetsov, Accuracy of some approximate methods for computing the weak solutions of a
first-order quasi-linear equation, USSR Comp. Math. and Math. Phys. 16 (1976), 105-119.

[5] P. D. Lax, Weak solutions of nonlinear hyperbolic equations and their numerical computation,
Comm. Pure Appl. Math. 7 (1954), 159-193.



MONOTONE DIFFERENCE SCHEMES AND MODIFIED EQUATIONS 19

R. J. LeVeque, Numerical Methods for Conservation Laws, Birkhduser Verlag, (1990).

J. Liu and Z. Xin, L!-stability of stationary discrete shocks, Math. Comp. 60 (1993), 233-244.

V. V. Petrov, Sums of Independent Random Variables, Springer-Verlag, (1975).

T. Tang and Z. H. Teng, The sharpness of Kuznetsov’s O(v/Ax ) L'-error estimate for monotone
difference schemes, Math. Comp. 64 (1995), 581-589.

Z. H. Teng, Modified equation for adaptive monotone difference schemes and its convergent
analysis, Math. Comp. 77 (2008), 1453-1465.

A. I Volpert and S. I. Hudjaev, Analysis in Classes of Discontinuous Functions and Equations
of Mathematical Physics, Martinus Nijhoff Publishers, (1985).

R. Warming and B. Hyett, The modified equation approach to the stability and accuracy
analysis of finite-difference methods, J. Comput. Phys. 14 (1974), 159-179.

X. Wen and S. Jin, Convergence of an immersed interface upwind scheme for linear advection
equations with piecewise constant coefficients I: Ll-error estimates, J. Comput. Math. 26
(2008), 1-22.



