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Abstract

In this paper we study an integro-differential equation that models the
erosion of a mountain profile caused by small avalanches. The equation is in
conservative form, with a non-local flux involving an integral of the moun-
tain slope. Under suitable assumptions on the erosion rate, the mountain
profile develops several types of singularities, which we call kinks, shocks
and hyper-kinks. We study formation of these singularities, and derive ad-
missibility conditions. Furthermore, entropy weak solutions to the Cauchy
problem are constructed globally in time, taking limits of piecewise affine
approximate solutions. Entropy and entropy flux functions are introduced,
and Lax entropy condition is established for the weak solutions.

1. Introduction

On the real line, consider the integro-differential equation

wy — (eXp /:o f(uw(t,y))dy)gﬂ —0, t>0, (1.1)

together with an initial data
u(0,2) = a(x). (1.2)

Here the flux is a non-local function. For convenience, we define the flux
function

Flaiug) = oxp / " flus(ty)) dy. (1.3)

Although F' depends on u, in a non-local way, in the rest of the paper we
shall often write F'(z), without causing confusion.
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The equation (1.1) describes the erosion of a mountain profile by small
avalanches. Here t is time, x is the one-dimensional space variable, and
u = u(t,z) describes the height of the mountain. We always assume that
the slope has positive sign: u,(0,2) > 0. We also assume that there is a
(normalized) equilibrium slope u, = 1 such that f(1) =0, while f(u,) >0
for u, > 1 and f(u,) < 0 for u, < 1.

In the above model, granular matter is poured at unit rate from x =
oo (or from an uphill location outside the interval of interest), and slides
downhill along the mountain slope, from right to left. As it moves, in regions
where the mountain slope u, is less than 1, part of this granular matter is
deposited, and the size of the avalanche shrinks. On the other hand, in
regions where the slope is larger than 1, the size of the avalanche grows,
putting more granular matter in motion (see Figure 1).

Fig. 1. The size of an avalanche grows when the slope of the mountain is uz; > 1,
and shrinks when u, < 1.

The model (1.1) can be formally derived as follows. Let u = u(t,x) be
the height of a mountain profile, on top of which there is an additional layer
of sliding material, of thickness h(t, x). We assume that there exist functions
(depending only on the mountain slope)

a(uy) : speed of the moving layer, a(uy) > 0, (1.4)

B(uy) : erosion rate per unit moving mass per unit time.

In other words, a(u,) is the speed at which matter moves down the slope,
toward the left. Moreover, a unit amount of sliding mass puts into motion an
additional amount 5(u,) of mass, per unit time. As a result, a unit amount
of moving sand puts into motion an additional amount

0‘(“:1:)

(1.5)
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of sand, per unit length of distance covered.

A mass my, of sand pouring across a point b grows larger or smaller as it
traverses the interval [a,b], depending on the slope u, on this interval. As
it reaches a, its size is

b
Mg = (exp/ fuz(y)) dy) my .
Hence

b
% (/a u(t,x)d:c) =mp — My
—exp [ " Fua () dy — exp / " F ) dy = F(bsus) — Flasus).

This is the integral form of the conservation equation for u, with flux F.
Since a, b are arbitrary, this formally leads to the integro-differential equa-
tion (1.1).
In the case where
Up — 1
a(uz) = Uy, ﬁ(uz) =uz; —1, f(um) = ’ (16)

Ug

the model (1.1) was derived in [2] as the slow erosion limit for a system of
2 x 2 balance laws describing granular flow in one space dimension:

{ ht = (hug)y — (1 —ug)h,

Uy = (1 —ug)h. (L7
Here v and h are the heights of the standing and moving layers, respectively.
It was observed that the evolution of the mountain profile in the slow erosion
limit actually depends only on the total mass being poured from the top,
not on the pouring rate. In this paper we shall assume that this rate is = 1,
so that the time ¢ actually equals to the total amount of mass being poured
from the top, and we will still use ¢ as independent variable.

The model (1.7) was first proposed in [18]. It is a nonlinear 2 x 2 system
of conservation laws, providing an approximate description of the evolution
of two layers of granular matter (a standing and a moving layer). A math-
ematical analysis of steady state solutions for (1.7) was carried out in [11,
12]; a numerical study has been performed in [17].

More recently, the first author and collaborators studied analytical prop-
erties of time dependent solutions of (1.7). In [24] an existence result for
global smooth solutions is proved. The paper [1] establishes the global ex-
istence to the Cauchy problem with large data, within a class of functions
with bounded variation. Furthermore, in [2] the authors prove the global
existence of large BV solutions for an initial-boundary value problem. They
also show that, as the thickness of the moving layer becomes very thin,
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the limit profile of the standing layer is described by the scalar integro-
differential equation in (1.1) with f as in (1.6). For the class of functions
f with sub-linear growth, the slope p = u, does not blow up, and differ-
entiating (1.1) gives a integro-differential conservation law for p. In this
case, the well-posedness of the Cauchy problem is studied in [4], and an
initial-boundary value problem in [3].

In the present paper we study (1.1) for a wider class of functions f,
leading to the formation of different types of singularities. On the function
f we make the following assumptions.

(A) The function f :]0, +oo[— IR is in C?, with

f(w)y>n >0, f'(w)<0, f(1)=0, lim f(w)=-cco. (1.8)

w—0+

Furthermore, f has a linear asymptote

lim f(w) —wf'(w) < . (1.9)

w—+00

The assumptions (A) imply that f’ has a well-defined limit at w — +o0,

ng = lim f'(w) > 0. (1.10)

w—~400

This implies that f(w) grows at a linear rate for large w. Therefore, the
following integral is bounded

/:ofzzw)dw < 0. (1.11)

Under the above assumptions, we prove that the mountain profile u(-)
can exhibit three types of singularities:

— Kinks, where the mountain profile is continuous but its slope has dis-
tinct right and left limits: 0 < u,(z—) < ug(2+) < cc.

— Hyperkinks, where the mountain profile u is continuous but its slope
has an infinite limit from the right (and a finite or infinite limit from
the left): u,(x+) = +o0.

— Jumps, where the mountain profile has an upward discontinuity, i.e.,
u(z—) < u(z+).

We seek BV solutions for the Cauchy problem, on a bounded interval of
interests. It would be also desirable to have some form of control over the
total variation for wu, since it is the independent variable for the function
f. But this is not possible because we consider solutions with infinite slope.
Fortunately, it is possible to control the total variation of the characteristic
speed f/(uz)F, or f'(u,). In fact, observe that f’(u,) changes very little for
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large u, and approaches 7y as u; — +o00. This motivates the definition of
the following auxiliary function

w — 2

EEC)
/wids if w>2.
s fs) B

We see that ((w) is a strictly increasing function, and uniformly bounded
thanks to (1.11). Furthermore, ¢’(w) is continuous and decreasing, and
¢'(w) — 0 as w — +4o00. These are very similar properties as for f’. As
we will see later, ¢ is more flexible and easier to control. This function will
also be used in the definition of the entropy functions.

We note that u(zx) = x+c¢ with any constant c is an equilibrium solution.
We define the deviation function U(z) that describes the deviation from
equilibrium for

if w<?2,

¢(w) (112)

U(r) = u(x) —z. (1.13)

Solutions of the Cauchy problem will be obtained within the class W
consisting of all functions u : IR — IR satisfying the following properties:

(W1) There exists a constant kg > 0 such that
u(z) —uly) > kolx —vy), YV >y. (1.14)

(W2) There exists an interval I = [a,b] such that

{u(z) = u(b) +z—b, z>b, (1.15)

u(z) = u(a) +z — a, r<a.

(W3) The total variation of the deviation function U(z) = u(x)—z is bounded,
ie.,
TV{U()} < oo. (1.16)

(W4) By setting

Clusle)) = Co0) = tim [ “’fj(s)ds

w— 400

for x in the support of the singular part of the measure D,u, the function
2+ ((ug(x)) has bounded variation.

A definition of entropy weak solutions for (1.1)-(1.2) is now given.

Definition 1. A function u : [0,7] x IR — IR is called an entropy weak
solution for (1.1) with initial data @(z) € W if u(0, z) = u(x), and

—u(t,-) € W for every t € [0, T].



6 WEN SHEN, TIANYOU ZHANG

— For every test function ¢ € C°(IR?), one has the integral identity

/OT/ZR (upy — Fpy) dxdt = /ZR (u(T, x)p(T,x) — u(O,x)cp(O,m)) dz .

(1.17)

— (Entropy conditions). For almost all 0 < ¢ < T, the Lax entropy con-

dition is satisfied at every singularity (kink, hyper-kink and shock). Let
A(t) denote the speed of the singularity, and let

AT (O)=F (up(t,2=))F(z—;ug), A= (ug (t, 24)) F (245 ug)

be the characteristic speed to the left and right side of the singularity,
respectively. Then
A7) > At) > A1) (1.18)

Piecewise affine approximations (with discontinuities) for wu(t,-) will be
constructed by an algorithm that traces the fronts, both their positions and
their point values. The algorithm determines a set of ODEs for the evolution
of the nodal points x;(t) and the nodal values u;(t) = u(z;(¢)).

Note that « — u,(t, x) is a measure-valued function, and the flux F' con-
tains an integral of f(u,). The convergence of the flux is not straightforward.
By condition (W7), the map x — wu(z) is strictly increasing. Because of the
lower bound on u,, the inverse map u — xz(u) is uniformly Lipschitz. It is
convenient to make a variable change and use the height u as independent
variable instead of x in the definition of F'. Therefore, we define

Fluug) = exp{/uoo g(uz(t,v))dv} : (1.19)

where
M, if w<oo,
gy ={ v (1.20)
lim fw) = lim f'(w) = no, if w=o0.
w—oo W w—00

The function w — g(w) is uniformly Lipschitz on the interval [k¢, oo] with
ko > 0. Therefore the map u — F(u;u,) is uniformly Lipschitz continuous.
An a priori BV estimate on the flux F' can then be used to establish the
compactness of a sequence of approximate solutions. Our main theorem is
stated below.

Theorem 1. Let T > 0 and an initial data uw € W be given. Then the

Cauchy problem (1.1)-(1.2) admits an entropy weak solution v = u(t,x)
defined for all t € [0,T].

Other PDE models for granular flows can be found in [5,23] and in
the book [16]. An extension of the model (1.7) was proposed in the recent
paper [13], introducing an additional equation for the velocity of the sliding
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material. This leads to a refined but more complicated description (a 3 x 3
system) of the complete dynamics.

Several other examples of scalar conservation laws with integro differen-
tial terms have been considered in the literature, and are worth mentioning
here. In particular, the variational wave equation

wt f)s = /0 Cfwddy,  w>0

was studied in [9,19], while the Camassa-Holm equation

et (2) (2 me—lf—yl(uz(y)JrM)dy -0
2), " \2 /). 2 i

was analyzed in a large number of papers (e.g. [10,7,8] and the reference
therein). In both cases, writing a balance law for the quantity u2 one obtains
the a priori bound

ua(t, )2 < C.

In turn, this implies that the solution wu(¢,-) remains Holder continuous at
all times.

In contrast, solutions u(t,z) to our equation (1.1) may well develop
jumps, so that the distributional derivative u, contains point masses. How-
ever, if the function f has linear growth and satisfies the assumptions (A),
we show that the Cauchy problem has well defined solutions globally in
time.

For the approximate solutions and their a priori estimates, we further
require a decay property for the second derivative of f. Namely, we assume

sup |f"(w)|w® < co. (1.21)

w>Ko

This requirement implies an asymptote for f, therefore is stronger than
(1.9). This restriction will be dropped later.

The remainder of the paper is structured in the following way. Section
2 contains some basic analysis. Formation of singularities is studied by the
method of characteristics. Admissibility conditions, wave speeds and wave
interactions are also studied. In Section 3 we provide some technical lem-
mas, derive formal bounds and introduce entropy and entropy flux pairs.
In Section 4 we construct a piecewise affine approximate solution to the
Cauchy problem. Assuming in addition (1.21), in Section 5, suitable a pri-
ori estimates for the approximate solution are established. As customary,
the limit of a convergent subsequence then provides an entropy weak solu-
tion, which is completed in Section 6. We then drop the assumption (1.21)
at the end of Section 6. We end the paper with some concluding remarks.
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2. Basic Analysis

We first note that we have
Fo= = fF = =~ fl(ta) ow [ futa)dy. @D
For smooth solutions, setting w=u, we find
wy— (Fy)y = w+ (fF), = 0. (2.2)
As long as the solution remains smooth, the method of characteristics yields
&= F(z;w)f(w),
= (f'(w)w— f(w)F(z;w), (2.3)
W= F(z;w)f*(w),
with initial data
z(0) = o, w(0,20) = @(zg), w(0,xg) = Uy(xo).  (2.4)

Of course, (2.3) is not a closed equation, because the flux F' depends on the
entire profile of the function w on the half line [z, +oo].

2.1. Formation of singularities: kinks and shocks.

The slope w satisfies the conservation law (2.2), where the local flux
f is non-linear. By this non-linearity, the characteristics will cross, form-
ing discontinuities in w. These will result in kinks in the mountain profile,
therefore are weak singularities, and we call them kinks. To study the de-
velopment of kinks, we set z = w, = u,,. Differentiating (2.2) in = we find
the evolution of z along a characteristic curve

d

az(t,x(t)) =2+ Ff(w)ze = —Ff"(w)22 +3Fff'2 — Ff3(w). (2.5)
As long as w remains finite, when z is large, the leading term is —F ' (w)22.
Hence, by the assumptions f” < 0 and F > 0, the function z(¢,z(t)) can
blow up to +oo in finite time:

z(t,z(t)) — +oo, t—T—.

In other words, a convex kink will develop in the solution u. However, con-
cave kinks will not form, because for z with large negative value, the first
term —F f(w)2? will dominate with positive value, and z will increase.

The strong singularities in the solution are discontinuities in the pro-
file variable u, and we call these shocks. From the 3rd equation in (2.3),
the slope is non-decreasing along characteristics. We assume that the flux
remains uniformly positive F > F° > 0. As long as the solution remains
smooth, (i.e., no kinks yet), the following cases can occur:
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(a) If 0 < w(0) <1, then w(t) — 1 as t — oo.
—+o00
(b) If w(0) > 1, since / f%(w) dw < oo, then the slope w will blow up

in finite time. Shocks could be formed in the solutions of wu.

Remark 1. If w blows up to infinite value, them the last (negative) term
—Ff3(w) in (2.5) could dominate, resulting in a concave kink. This would
be attached to the right side of a shock.

Remark 2. Observe that

which implies that the quantity © = w/ f(w) remains constant along charac-
teristics. During blowup, the change in u should remain finite since erosion
should not produce an infinite deep hole. Therefore, the following must hold
during blowup
w
li —— < 0. 2.6

wteo flw) ~ (2:6)
Then, f(w) must grow at least at a linear rate for large w. In fact, this is
observed in [3,4]. When (2.6) fails, i.e., if one has instead

lim fw) = lim f'(w)=0,
w—+00 w w— 400
it is shown in [3,4] that w, remains uniformly bounded for all time. The
only singularities in the solution are the kinks in the mountain profile.
Therefore, the assumption
lim f'(w)=mno >0

w—+00

is the precise condition for possible blowup of slope.

2.2. Wave speeds and their admissibility conditions.

A kink in u corresponds to a jump in the slope w. The slope w satisfies
the equation (2.2). Consider a jump in w at xg, with w™, w™ as the left and
right state (resp.). By the definition, the flux F' will be continuous at z.
By the Rankine-Hugoniot condition one finds the kink speed

fw?) = fw™)

A =
wt —w™

F(xp) . (2.7)
Since f is concave, only upward jumps are admissible, i.e., wt > w™.

The shock speed is derived from the Rankine-Hugoniot equation in the
u variable. Assume that « has a jump at x = zy. Consider the right and
left limits

= = i . 2.
u dm u(z), u m_gcr;_u(x) (2.8)
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We shall also need the right and left limits of the flux function F(z), as
r — xg . To compute this, we can approximate the function v with functions
u'® such that

o ul9(z) = u(x) for |z — zo| > ¢,

e u(9 has piecewise constant slope on the interval [xo — €, xo + €].

By the assumptions (A), we then have

lim o f(ugf) (y))dy = lim vote f (U(l’o +e€) 2—6u($0 — e)) dy

e—0 To—¢ e—0 To—e

=no(ut —u").
Since the size of the shock appears as a parameter, let’s define
[u] =ut —u” >0. (2.9)

Then
F(xo—) = F(zo+) - exp{no[ul} . (2.10)

By the Rankine-Hugoniot equation we get the shock speed

F(zo+) — F(zo—)  exp{mo[ul} —1

e v—— i F(zo+)
_ L expizmofuly exp[i]‘”(’[“]}p(xo—) . (2.11)

The standard Lax [20] admissibility condition applies to shocks. We write
w™,wt as the left and right state (resp.) for w at xg. Let

A" = Flao—)f(w™) = F(xo+) - exp{nolul} f/(w ),
= Flagt) f/(w*)

be the characteristic speeds to the left and right of the shock, respectively.
Note that this is different from a standard conservation law, where the
characteristic speeds would depend on u(zg+), not u,(xgt). Lax condition
states

AT > A > AT (2.12)

We first claim that A~ > A\, always holds. Indeed, we need to show that
_ expino(lul)} —1
exp{no[ul} f'(w™) > {OE[E]])}. (2.13)

Note that [u] > 0 and 19 > 0, so (2.13) follows from the fact that f'(w™) >
1o and that ze® > e* — 1 for any = > 0.
For the condition A\; > AT, we need

eXP{ﬁ(E[L]d}l > f(wt). (2.14)
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This condition can be viewed in two ways. Given the size of the shock [u],

(2.14) gives a condition on the slope w™, namely

expinolul} —1
[u]

On the other hand, given the slope on the right w™, (2.14) provides a

condition on the size of the jump. In fact, expand the left of (2.14),

wt >, where v satisfies f'(y) = (2.15)

eXp{mEg]d} —L e+ %ng[U] +oo

and one gets
2
W] > 2 - (f/(w) = o) - (2.16)
0
In summary, for a shock to be admissible, it has to be large enough for
fixed slope on the right, or the slope on the right should be large enough

for a fixed shock size.

Remark 3. An intuitive physical meaning for the admissibility condition
(2.16) can be the following. If the jump is big, then as the avalanche passes
through the jump, it flows through a longer path straight down, and causes
more erosion, so the slope could remain vertical. On the other hand, if the
jump is small, there would be less erosion at the jump, not enough to keep
up the vertical slope. As a result, the corner will be smoothed out, resulting
in a rarefaction fan.

2.8. Bridging the two singularities: hyper-kinks.

We observe that by the admissibility condition (2.15), smaller shocks
require steeper slope on the right of the shock. In the limit as [u] — 0, in
(2.15) we have f’(v) — no, therefore we must have u — +o0, i.e., the slope
on the right needs to blow up. This corresponds to a kink with an infinitely
large slope on the right. This is a special type of singularity, and we refer to
it as hyper-kink. The wave speed, obtained as the limit of the kink speed
in (2.7), is

hm A= Lm @D S

wt—o00 wt—o00 wt —w~

and obtained as the limit of the shock speed (2.11), is

(w0) = noF(zo),

. . exp{no[u]} — 1
lim A\ = lm ———— - F =noF .
Jim As = lim o (zo) = noF'(x0)
They are the same. Therefore, the speed of a hyper-kink at x is

)\hk = 770F(1‘0) . (217)

In summary, we have 3 types of singularities: kinks, shocks and hyper-
kinks. See Figure 2 for an illustration.
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h};per-kink

A)ck

Fig. 2. Three types of singularities: kinks, shocks and hyper-kinks.

2.4. The generalized Riemann problem and wave interactions.

The generalized Riemann problem, with a jump in uw at some point x,
depends only on 4 parameters: [u],u, ,u} and F'T. The last parameter F'™
only gives a change of the wave speed, not the qualitative behavior. If the
jump is admissible, it will travel as a shock. If the jump is not admissible,
i.e., the slope to the right is not large enough to satisfy (2.15), then the
solution will have a rarefaction wave merging to the right, with limit slope
at the right satisfying the admissible condition (2.15). See Figure 3 for an
illustration.

Fig. 3. A generalized Riemann problem for (1.1). Here the data are the left and
right limits ™, u™ of the mountain profile, the limits u, , u) of the slope, and the
incoming flux F.

Note that this is not the regular Riemann problem, and the solution
is not self-similar. This analysis gives us an instantaneous behavior of the
solution.

There are several types of singularity interactions, which we discuss be-
low.

(a). A kink (or hyper-kink) interacts with a kink (or a hyper-kink). In this
case, they will merge into a larger kink (or hyper-kink if one of the incoming
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wave is a hyper-kink). If the new wave is a hyper-kink, it will travel with
the hyper-kink speed, and if it is a kink, it travels with the kink speed. For
the later case, let w!, w™, w” be the left, middle and right slope before they
merge. The speeds of the two kinks before merging are

WD T

and the speed of the new kink will be
Yy _ l
= ) =)
wh —w
Clearly we have )\L > Ap > Aj, ie., the new kink speed lies between the
speeds of the two merging kinks.

(b). A shock interacts with a shock. This will result in a bigger shock. Since
the larger jumps are “more admissible”, the new shock will be admissible.
Concerning its speed, let [u]!,[u]” be the sizes of the two jumps, and let
F™ F" be the flux at middle and right of the two shocks. Then, the speed
of the two merging shocks are

A= FWW =F" exp{no[ur}e’q’“’ffg]‘l]l}l 7
nd
' v proplmlil} 1

[u]
The speed of the new shock is
n_ prexp{no(ful’ +[u])} =1 AL [u)’ + A7 [u]”
S 1 7 1

which is a convex combination of the speeds of the two merging shocks.

b

(¢). A kink (or hyper-kink) interacts with a shock. If the kink is on the left,
since the left side of the shock is always admissible, the kink will simply
merge into the shock. If the kink is on the right, since the kink is always
convex, this would only increase the slope on the right of the shock, keeping
it admissible. As a result, the kink would merge into the shock.

In conclusion, when two singularities of the same type interact, they
merge into one; When two singularities of different types interact, the weaker
singularity merges into the stronger one. If more than two singularities inter-
act, by induction they will merge into one singularity, taking the same type
as the strongest singularity among the incoming waves. Therefore, all inter-
actions behave in a similar way as shock interactions for scalar conservation
law, and no new singularities are generated at interactions.

By the Lax condition we impose, characteristics will merge into convex
kinks from both side. They will also merge into shocks from the left. How-
ever, on the right of a shock, characteristic curves could depart from the
shock, tangent to the shock curve, at a time ¢ > 0. It is unclear if an Oleinik
type decay estimate [22] would hold.
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3. Some technical lemmas and formal bounds

Towards the study of the initial value problem (1.1)-(1.2), we begin with
some technical Lemmas and some formal arguments for smooth solutions
and entropy inequality. Throughout the paper, we will use C' repeatedly,
with or without indices, to denote some positive bounded constant that
does not depend on the critical variables. The dependence of the constant
will be explain immediately after its introduction if it is not obvious.

3.1. Technical Lemmas
We first show that the assumption (1.21) implies an asymptote for f.

Lemma 1. Let f satisfies the assumptions (1.8) and (1.21). Then, f’ has
the following decay property

sup  w? (f’(w) - 770) < 00, where ng = lim  f'(w). (3.1)
w>ko>0 w00
This implies that f approaches an asymptote
lim |[f(w)—wn| < oo. (3.2)

w— 400

Proof. The property (3.1) follows because

Fw)=ml < [ Irelds= [ S 1) g ds

w w

1
< w2 Sup |33f//(3)| :

S> Ko

This indicates that (f'(w) — no) is absolutely integrable. Furthermore, for
any w,w > Ko, we have

() = wm) = (5) = wn0) = [ (7(6) = s s

w

w

:/w(f’(s)—no)ds < oo.

Letting w — oo, we get (3.2). U
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Remark 4. As immediate consequences of Lemma 1 and the property (A),
the following bounds also hold.

Lm [f(w) —wf(w)] < oco. (3-3)
Sup F)lf"(w)] < oo, (3.4)
sup F)(f' (w) = o) < 0. (3.5)

Thanks to the decay property of f” in (1.21), the changes in f’ and g
are controlled by the change in . This is the content of next Lemma.

Lemma 2. Let f satisfy (A) and (1.21). For any @ > @ > ko > 0, we have
fi(w) = f(w)
lg(w) — g(w)]
where C' is some constant that depends only on kg and properties of f.

Proof. Consider f'(w) as a function of ((w). By the Chain Rule we have

d(f) d(f)/dw  fw) [ 1) f*(2), w < 2,
¢ d¢/dw  ((w) | () fP(w),  w > 2,

which is strictly negative and uniformly bounded for w > kg by (3.4). The
property (3.6) follows by the Mean Value Theorem.
In a similar way, consider g(w) as a function of {(w), we have

wf'(w) — f(w)
dg dg/dw wf'(w)— fw) Tﬂ( )s

(wf(w) = f(w) =5 w>2.

&~ d¢jdw T wP(w)
Thanks to (3.3), this is uniformly bounded for all w > ko. Again, (3.7)
follows from the Mean Value Theorem. U]
Furthermore, the next lemma reveals some more relations between f and
¢, which would be useful to control the error of the approximate solutions.

w < 2,

Lemma 3. Let f satisfy (A) and (1.21), and let w > 2 be bounded. For
any w > w, we have

o) () - LI <oy -gwn . 69
) (P20 ) <oy —con . 69)

where C' is some constant depending only on properties of f, but not on w
or w.
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Proof. These properties clearly holds if w remains bounded. If w blows up,
we have

g 1 @) (@) —m)
W £ 1) (f @) - s ) (@ —C@) (o) @)

To see that the constant C' in (3.8) is uniform in w, we compute

f(@) (' (@) = no) f'(@) (f"(@) = mo) + f (@) f"(w)

lim = lim

@—>+00  ((400) — ((w) W—r+00 —('(w)
— tim_£(@)/2@) (/) — m) + 1) (@)

which is uniformly bounded because of (3.5) and (1.21), proving (3.8).
The proof for (3.9) is completely similar. We have

i _fw) (1= )

w—r+00 w—w

= i T (i (7(0) - Pl - i (7(0) - £}

w——4o00 W — W \w——+oo

=no (M — (f(w) —now)) ,

where
— 1 !
M= lm {f(w)-f(w)w}.
To prove that the constant C' in (3.9) is uniform in w, we compute

. M*(f(’@)*ﬁﬂ_})f : — (0
o o) gy w2 (1(0) =10 <o,

thanks to (3.5). This completes the proof. U]
In next Lemma we list many bounds satisfied by f and F if u € W.

Lemma 4. Let u(z) € W be a function that satisfies the conditions (W1) —
(W3). Then

| it <c. (3.10)
exp{—C} < F <exp{C}, (3.11)
TV{F} < C-exp{C}. (3.12)

where the constant C' is
C = f'(xo) - TV{U}.

Furthermore, if u also satisfies (Wy), then the maps x — ['(uy), x — g(uy)
and x — f'(u;)F(z) all have bounded variation.
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Proof. If u(x) is continuous, then formally we have

| tnite = [ 1) - 7)) do

— 00 — 0o

LI s

= f'(K0) /OO Uz| dz = f'(ko) - TV{U},

— 00

oo

dzx < f/(lio)/ lug(z) — 1] dx

—0o0

and (3.10-3.12) follow.

However x + U is only BV and can be discontinuous. To prove the
same result, we will use u as the independent variable instead of x. The
map u — U(t,z(t,u)) is continuous, and the total variation of U equals
to the L' norm of dU/du. Let u,=u(a) and up=u(b). Since U is BV, then
up — Ug is bounded. We have

up
du = /

dU o
2 odu =
du Y /u .

a

Up

dx
122
du

1
1— —
Uy

TV{U} = / du.

Uq

Now since f = 0 outside [a, b], by considering u, as a function of u, we have

“+o0 b
/ g () d = / (g (2))| e

— 00

= [ il = [ ) - f)]

a Uy (U) Ug

a

= f’(ﬁo)[jb

a

up

du < f’(/@o)/ u—|uw —1| du
1L
Uy

du = f'(ko)TV{U}. (3.13)

Then, (3.10-3.11) follow. For the total variation of F, observing that u
F(z(t,u);uy) is a Lipschitz continuous map, therefore

Up Up Up
TV{F}:/ |Fu|du:/ qug/

a a

f(uz;w) f(u?:z) du- || Pl

By applying (3.11) and (3.13), we get (3.12).

As an immediate consequence of Lemma 2, we see that the total varia-
tions of z — f/(u,(x)) and = — g(u,(z)) are bounded by the total variation
of  — ((uy(x)). Combining with the total variation bound on F, the char-
acteristic speed f’(u,)F has bounded variation as well. U
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3.2. Formal bounds

In this subsection we derive some essential formal bounds on smooth
solutions. These bounds would provide insight and guideline for the a priori
bounds for approximate solutions.

Lemma 5. Let the initial data ©w € W be smooth and assume the solution
u(t, ) remains smooth, then t — u(t,-) € W.

Proof. We will check if all the conditions (W7)-(Wy) hold.

(W1). From the equations (2.3) it follows w > 0. Hence the function ¢ —
inf, ug(t, z) is non-decreasing along solutions of the Cauchy problem, giving
the lower bound on the slope.

(W>). For finite t, there is a bounded interval, namely I(¢) = [a,b+ f'(ko)t]
such that u, =1 outside I(t), and f has bounded support in I(¢).

(W3). Let ¢=U, = u, — 1. This is a conserved quantity, and satisfies the
conservation law

Qt+(f(Q+1)'F)z:0-

By the facts that sign(q)f(¢+1) = |f(¢+ 1)| and F > 0, we conclude that
the L! norm of ¢ is non-increasing in time. This leads to the BV bound on
U(t,-).

(Wy). By Lemma 4, the flux F is bounded away from 0 and remains bounded
for finite time, and the total variation of F' is bounded. We consider the
function ((w) along a characteristics ¢t — z(t) with & = f/'(w)F,

G+ [FG = (w)f*(w)F. (3.14)
Recall the definition of ¢ in (1.12). We have the following
sup [((w)fP(w)| <C1,  Cr=max{1, f*(ko)/f*(2)},  (3.15)
and
S C@PW) <G, Co= max Rf@ @) (316)

The total variation of ¢ can increase because of the source term in (3.14).
We have

L rvic(w)) = TVIC () (w)F} < CYTV{F} + | Fllpe CaTV{C) .

dt
(3.17)

This indicates that TV{(} can grow exponentially, but remain bounded in
finite time. Let C5 = C1TV{F} and Cy = Cs||F||Le, we have

TV{C(1)} < €O (TV{<<0>} n g) | (3.18)

O
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3.3. Entropy conditions
We introduce the entropy functions P(u,w)
Plu,w) = [u— Ky - [l = ((w)] 4. (3.19)

Recall that the function ((-) is defined in (1.12), which is monotone and
concave. Here (k, 1) € {2 are two arbitrary constants, where

2= {1 : w0,a) <k <u(,b), ((ro) I <((+00)} . (3:20)

The operator [-]+ truncates the positive part of the function, so

D Ju—k, u>k,
W_M+:{m <k,

- l—C(U)), w<wl7 I\
- ¢l = {g PV where (=L
Note the entropy P is convex in both w and wu.

The corresponding entropy flux is Q(u, w)F where Q(u,w) is defined as

)

Q(u,w)= W—HylffSMQM& w < wl (3.21)
Oa

w > wl7
By these definitions, the following holds for all (I, k) € 2

Qu(u,w) = Py (u,w) - f'(w), lirf Qu,w) =0. (3.22)
w—r—+00
Here and in the rest of the paper we denote P,, P,,Q.,Q. the partial
derivatives of P,(Q w.r.t. u,w, respectively.

Next Lemma shows that the entropy is dissipative at any admissible
singularity.

Lemma 6. Assume u(t,z) is a weak solution of (1.1), and let u have a
singularity at (t,xz), may it be a kink, a hyper-kink or a shock. Let \ be
its Rankine-Hugoniot speed, as in (2.7), (2.17) or (2.11). Let (u™,u") be
the left and right state for u, and use a similar notation for the quantities
w, F, P and Q. Then, the entropy functions P are dissipative, i.e.,

AMPT —P )= (QTFt —Q F)>0 (3.23)
for all constants (I, k) € 2, if and only if the Lax condition is satisfied

Fw )F~ > 1> fl(wh)Ft. (3.24)
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Proof. We prove the lemma for all 3 types of singularities.

Kink. At a kink, u is continuous, and we have u~ = ut = wu and
F~ = F* = F. The lemma follows from a standard argument for convex
entropy. If w~ < w™, we claim

Me(PT—P7)—(QT —Q7)F>0. (3.25)

Indeed, if u < k or [ < {(w™) then all terms in (3.24) are 0, and (3.24)
holds trivially. Otherwise, if [ > ((w™), by the convexity of the mappings
w+— P and w— f, (3.25) holds.

If w™ > w™, an analogous argument leads to

M(P* = PT) = (QF — @ )F <0,
for u > k and | < {(w™). This proves the Lemma for this case.

Hyper-kink. The proof for hyper-kink is completely similar. By our
definitions, we have

lim P(u,w) =0, lim Q(u,w) =0,

w—+00 w—+00

for any constants (k,[) € §2. At a convex hyper-kink, we have Q* = P+ = 0,
and

)\hk(P+—P_)—(Q+—Q_)F:—)\hkP_-i-Q_FZO. (326)
But at a concave hyper-kink, we have Q~ = P~ =0, and
Mp(PT =P ) —(QT —Q )F = Pt -QTF <0, (3.27)

for constant k¥ < u and [ > ((w™). This proves that at a hyper-kink, the
entropy is dissipative if and only if the hyper-kink is convex.

Shock. Across a shock, all of u, w and F are discontinuous. We can
write

A(PT =P )= (QTFt —Q F ) =1L +1,
where
I =-XP +Q F, (3.28)
I, = \PT —QTFT. (3.29)
The term I; deals with the left side of the shock. We first observe that

I=0ifk>u" orl < {(w™). Now consider k¥ < v~ and I > {(w™). Since
As < noF~, and by (3.26) we have

I >-—-nF P +Q F >0.

This implies that the entropy is always dissipative at the left of a shock.
This is not surprising, because the left of the shock is equivalent to the
convex hyper-kink, which is always admissible.
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The term Is deals with the right side of the shock. Note that I, = 0 if
k > u™. In this case, the entropy will be dissipative across a shock if we
also have Iy > 0.

Ifk > wutorl < ((w'), then Iy = 0. Now assume k < u™ and [ > ((w™).
We have

Qt [ F(s)¢'(s) ds
IQ:P+ ()\SPJFFJF) =pt </\S l—C(w+) F*) .

Then, I > 0 for all I > ¢(w™) if and only if

[ f(s)¢ (s) ds
As 2 A ) F

= fl(wh)FT, (3.30)

which is precisely the Lax condition. This completes the proof for the
Lemma. Ll

Remark 5. For smooth solutions, the entropy pairs (P,QF) satisfy the
balance law
P(uaw)t + (Q(uaw)F)x - S(uaw)Fv (331)

where S(u, w)F is the source term, with
S(u,w) = — f(w)Q + wQ, — f(w)P, + f*(w)P,, . (3.32)

By the definitions of P and @, the map w — § is uniformly bounded.
Indeed, we have

. o Quaw) L Qulu,w)
S F)Quw) = Hm Smres = i Ty
~fu e i =EEOED o,
+oo gy /
wLirJIrloo 'U)Qu(uaw) < wLiIEOO fw fl(;)f (S) =
o @)/ Pw) 1
w—+00 —1/w2 70 ’
im fw)Py < lim  f(w)[l = ¢(w)]s,
_ oy SGH0) —Cw) o —Cw)
wotoo  1/f(w) wotos —1/f2(w)
lim | f*(w)Py| < [u— k4.

w——+00

As an immediate consequence of Lemma 6, Lax condition is equivalent
to the following entropy condition: for all constants (k,1) € £2, it holds

P(u,w); + (Q(u,w)F), < S(u,w)F, (3.33)
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in distribution, i.e., for any smooth test function ¢ > 0 with compact sup-
port, the following holds for all (k,1) € 2

T
// P(u,w)pr + Q(u,w)Fp, dx dt
0JIR
> / (P(u(T, z), w(T, 2))p(T; 2) — P(u(0, 2),w(0, 2))p(0, z)) da

—BAT/II%S(u,w)Fwdx dt. (3.34)

4. The construction of piecewise affine approximate solutions

The existence of entropy weak solutions for the initial value problem
(1.1)-(1.2) is achieved through piecewise affine approximate solutions. In
this section, we construct such an approximation. We will let € > 0 be the
parameter for the approximation, and let u®(¢, x) denote the piecewise affine
approximate solution.

4.1. Piecewise affine approximation for initial data

First, we approximate the initial date @ € W by piecewise affine func-
tions. Since @ is BV on the interval [a, b], by standard approximation theory,
one can approximate it with piecewise affine functions that converge in L!.
A possible construction is given below, which takes several steps.

Initial set of nodal points x;(0). The initial set of nodal points z;(0),
i=0,---, N are selected through a discrete sampling of ((@,(x)). First, we
take care of jumps in (4, (x)). By property (Wy), the function z — (@, (x))
is BV. Also, outside the interval [a, b] the slope u, = 1, so ((@,) is constant.
There will be finite many points of x;(0) where ((@,) has a jump of size
bigger than e. All these points are selected as nodal points.

Then, every point z;(0) where @ has a jump larger than e will also be
selected. At these points we would have ((@;(z;)) = ((400). In order to
have a polygonal approximation to the graph of w, we would put 2 nodal
points at jumps of u, i.e., 2;(0) = x;41(0). Since U(0,x) is BV, @ would
have finitely many such jumps.

At last, we cut the interval [((ko), ((+00) — €] into N¢ pieces, with

CO:C<K/0)7 CNC:C(+OO)_€a Cj_gj—lgg jzlaaNC

We need to make sure that the ¢/ = ((1) for some j, i.e., the slope 1 is
always sampled. Since z — ((@(z)) is BV, there are finitely many points
of x;(0), such that ((u,(x;(0))) = ¢’ for some j (j =0,---, N¢), and

(U (2:)) = C(Uz(it1))| < e,
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where ever ((,) does not have a jump with size larger than ¢ on the interval
(Ti, Tiy1)-

Let’s say there are totally N nodal points. We would use 20(0) = a and
2n(0) = b to denote the first and last nodal points, respectively.

Piecewise affine approximation to @(z). Using this set of nodal points,
we can construct a piecewise affine approximation to @(x). The nodal values
u; is set to be u; = @(x;) where ever u(x;) is continuous, and where ever @
has a shock at x; = x;41 we set

up = w(wi—), U1 = W(Tiq1+),

Note that at a shock we have x; = z;1 but u; < u;+1. Then, the piecewise
affine approximation «°(0, z) is the polygonal interpolation of @(z) through
these nodal points, with vertical line at each shock z; = x;4.

Discrete function U¢. Using this u®(0,z), we set the discrete deviation
function

Us(0,2) = u®(0,2) —x.

The nodal values are set as U;(0)=U¢(0, z;) when U€ is continuous, and at
a shock x; = w41,

Ui(O)iUs(O,$i—), Ui+1(0)iU€(O,$i+1+).

The discrete slope w®. The discrete slope is set to be w®(0,x) = us (0, x)
where ever «® is continuous, and w®(0,2) = +oo if u® has a jump at z.
Therefore, w® is piecewise constant a.e., with infinite value at points where
u has shocks. By using half indices, the cell value of the discrete slope on
each interval [z;, z;41] can be computed as

Ui+1 — Uy . . .
L % if [w4, @i41] is not in a shock,
— ) w1 —
wi—i—% = 1+1 7
+00, if [z;, 2;11] is in a shock.

At the boundary we set w_ i =land wy, 1 =1

Discrete function (¢ and its accuracy. The discrete function (¢ com-
puted as

¢*(0,z) = ((uz(0,2))

is then a piecewise constant function. By construction, we have

Cwy 1) = ((w;_1)| < 2,
for all ¢ where ((u,) doesn’t have a jump bigger than ¢ at x;. By standard
approximation theory, this approximation converges in L', and is of first
order

1€ (uz(0, ) = C(a(2))[lr < Ce. (4.1)
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Furthermore, the piecewise affine approximations u® (and U¢) also converge
to @ (and @ — x) in L',

Discrete flux F© and its accuracy. By using w®, we compute the discrete

flux function -
Fawdzen{ [T e}

Ptz | [ ot o) as).

where in the second integral we use u as the independent variable, as in
(1.19). We will often use the simpler notations F*¢(x) or F*¢(u) since the
dependence on w* is non-local. The function F¢(z) will be piecewise smooth.

The nodal value F; are set in the following way: If x; is not in a shock,
we set the nodal value F; = F°(z;); If [;,2;41] is a shock, then we set

or

Fi :FE(.’EZ'—), Fi+1 :FE(I'iJrl—f—).

To ensure accuracy of the discrete flux F¢, we assume that, (by adding
more nodal points,) for each interval [x;, x;1] that is not a jump,

[ Fwip)| @isn —zi) <. (4.2)
The condition (4.2) implies
—€ F’L £ g
e © < <ef, |Fi—Fi|<eeF;, |Fi—Fi|<ecFipi. (4.3)
i+l
This further implies
w1 —1
Usir = Uil = |22 | [ f(wy )| (s —2) < C2, (44)
f( 7,+%) 2

where C' = max,,>x, |(w — 1)/ f(w)] is bounded.
Since © — F(x;4,) is BV and uniformly bounded, there will be finitely
many nodal points inserted for this purpose.

Adding more nodal points in rarefaction fans. Initial concave kinks
will open up in a rarefaction fan, and need some special treatment. Assume

we have a concave kink at z;, with slopes Wi 1 > Wiy, We insert suitable

number of nodal points at z;, say z; = x; Tjt1 = Tjp2 = -+, with
Wiy 1, w1, such that

C(wj-&-%) - C(wj-f—l-i-%) <e. (4.5)

If the slope crosses 1, ie. w; 1 > 1 > w1, then we will select some

w1 = 1. Then, we will re- number the index i accordingly. Therefore,

posslble large non-admissible concave kinks in the initial data will open up
into a fan of small concave kinks, each of size < e. Since ((u,) is BV, there
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will be finitely many rarefaction fans that need this fix, therefore the total
number of added nodal points are finite.
We remark that, by Lemma 2, the condition (4.5) implies

f/(wi+1+%) - fl(wi+%) <Ce, (4.6)

where C'is the same constant as in Lemma 2. So, concave kinks are “small”
kinks.

Taking care of non-admissible shocks. Finally, non-admissible shocks
in the initial data will result in a rarefaction fan merging on the right of the
shock. Let 4 have a non-admissible shock at z; = z;11. We will insert one
or multiple nodal points at x;11, say ;41 = T; = Tj41 = Tj42 = - -+, With
slopes Wi 1, W1, such that w1 =7 where 7 follows from (2.15),
and the other slopes are chosen such that (4.5) holds. Again, if the slope
crosses 1, then we will select some Wi 1 = 1. Of course, we will need to
re-number the index i.

Summary. In summary, for the initial data @(x), we have now a piecewise
affine approximation, represented by the nodal points x; and nodal values
u;. (See Figure 4.) In addition, we also have a piecewise constant function
w* for the slope, and a piecewise smooth function F*¢ for the flux.

U )

Uj+1

Uj

Uy

Z; Tj = Tj4+1

Fig. 4. Piecewise affine approximation.

4.2. The algorithm

The algorithm contains a set of ODEs that describes the evolutions of
the nodal points z;(¢) and nodal values u;(t). Each nodal point x; is treated
as a singularity, i.e., a kink or a shock, and it travels with the corresponding
speed. The evolution of the nodal value u; follows the characteristics from
the smooth region. Details are explained below.
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If z; is a kink. A convex or concave kink travels with the kink speed A ;

Bi(t) = Ay = Fy - 22 3] (4.7)

The value of u; changes as
Wi (t) = (ui)e + @4 (ui)z -
Here one can choose to use either the left or right slope,
Ui(t) = Agiwi—y = Fi- flwi_y) = Mggwi g = Fi- fwipg). (4.8)

The second equal sign holds because A ; satisfies the Rankine-Hugoniot
equation. Plugging (4.7) into (4.8), we get

wi(t) = F; - wi—%f(wi-&-%) - wi+§f(wi—%) . (4.9)

We remark that i; < oo in (4.9). Indeed, if w; 1 = w;_1 = w, we have

-3
(t) = Fi - (wf'(w) = f(w)) < o0,
and if w; 1 # w;_1, then ; is also uniformly bounded because of the limits

wf(w;; 1) — w1 f(w
lim (i) e3/( )Z lim {w; 1 f'(w) — f(wiy1)}

wW—00 Wiyl —W w—+00
2

=Wy 10 — f(wi—i-%) < 00,

. w1 f(w) —wf(w;_1) — i {wy s f ) — fw, 1))

w—00 w— w; 1 w—r 00 2 2
2

=w;_11m0 — f(w;_1) <o0.

If [x;,x,41] is a shock. Both nodal points will travel with the same shock
speed Ag ;. Let [u];=u;4y1 — u; denote the size of the shock. We can write
the the nodal speeds relating to the flux F' at the same point

1 —exp{—no[ul:}
[ul;

exp{no[ul;} — 1
[ul

z;(t) = F; , Eig1(t) = Fiqq - . (4.10)
The values of u; and wu;41 are updated with the slopes from the left and
right (resp.)

U, (t) —f(wi,%)Fz‘ + w1, (4.11)

Uit (1) = _f(wi+1+%)Fi+1 + Tit1 W14 1 (4.12)

Hyper-kinks. For any fixed ¢, a hyper-kink at z; is approximated by a
convex kink with a large slope w; 41 0n the right. As ¢ — 0, we have



Erosion Profile by a Global Model for Granular Flow 27

w1 — Fo00. Therefore, in the algorithm the hyper-kinks are treated as
kinks.

The first and the last nodal point. Let z(, xy denote the two end nodal
points. Their traveling speeds are determined by the types of singularity
they are connected to. Take xy for example, we have wy, . 1= land Fy = 1.
If it is a kink, we use

f(wN—i-%) *f(wN—%) flwy_1)

= )
U}N—‘r% wa_% lwa_%

1
2

in(t) = Fy un(t) =iy . (4.13)

If it is connected to a shock, we use

i (t) = SRl (o — v )} — 1

. an(t) = i 4.14
PP n(t) =N (4.14)

For xq, it is treated in a completely similar way. If x¢ is a kink, then

flwy)

1
2

i (t) = o . (4.15)

If it is connected to a shock, we use

() = Ryt =R 20l ) (4.16)

Note that in both cases, ©o(t) > 0.

Collapsing of nodal points. The nodal points z; are governed by a set
of ODEs as in (4.7), (4.10), (4.13) or (4.14). As ¢ increases, say at t = t*,
two neighboring points z; < x;+1 might approach each other and reach the
same point, such that x;(t*) = x;41(t*). There are several situations.

If x; and x;11 were both kinks before t < t*, the collapsing can happen
in two situations.

— If w;y 1 remain bounded as ¢t — t*, no shock will form between x; and
Ziy1. Then u;(t*) = u;41(t*), and the two kinks will merge into one
single kink. We will remove one nodal point, and the new nodal point
will then travel with the kink speed (4.7).

—If Wiy 1 blows up as t — ¢*, then [z;, 2;41] forms a shock. We will keep
both nodal points, and they will travel with the shock speed, as in (4.10).

The collapsing could also happen when nearby nodal points merge into
a shock. If [z;, z;41] is a shock, then x;_; could approach z; from the left,
or x;49 could approach z;,1 from the right. If this happens, we will remove
the one nodal point, and re-arrange the numbering. The remaining nodal
point will travel with the shock speed (4.10).

Kink changes type. It could happen that a kink changes from convex to
concave and vice-versa. In this case, the algorithm remains the same, and
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the nodal point travels with kink speed. Later, we will establish the a priori
bound that controls the size of concave kinks.

Treatment of the rarefaction fronts on the right of a shock. Let
x; = x;+1 be a shock. It could happen that at ¢ the admissible condition
(2.15) fails, and we have

fl(wi+1+%)Fi+1 —Zig1 > €. (4.17)

This will be treated in the same way as for the initial non-admissible shocks.
We will insert one or more additional nodal points x;, 11, - - - between x;1,
and x;42 such that x; = ;41 = -+ = ;41 < X492, and we insert the slopes
between nodes in the same way.

With this treatment, we guarantee that, at the right side of a shock,

fl(wi+1+%)Fi+1 —Tiy1 <€, (4.18)

for all ¢.

5. A priori bounds for the approximate solutions

In this section, we proof a priori estimates for the approximate solutions,
requiring the additional assumption (1.21) for f. These estimates will be
needed later on to achieve convergence of the approximate solutions, and
the existence of solutions for the Cauchy problem.

For convenience we list here the properties (W7)— (Wy) that are satisfied
by the discrete initial data:

infw®(0,2) > ko, TV{U(0,-)} < o0,

T\QC/{CE(Oa )} < 00, .1‘1(0) € ly= [a,b] . (51)

Let [z;,2;11] be a non-shock interval and define the quantities
biry () = |flwy ()] @ (®) = w(0) . 00 = sty (1), (5.2)

where the supreme is taken over all i where [x;,z;11] is not a shock. We
also define

(1) = (w3 (1), o(t) = sup ¢it),  (5.3)

for all 7 where z; is not connected to a shock.
By the construction of the initial approximate data, we have

#(0) < 2e, P(0) <e. (5.4)

We have the next Lemma for the a priori estimates of the approximate
solutions.
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Lemma 7. Assume that [ satisfies (A) and (1.21). Let u® be the approxi-
mate solution generated by our algorithm, with initial data u®(0,x) satisfies
the properties (5.1) and (5.4). Then, we have the following.

(D1). For any time t < T, we have x — u®(t,z) € W;
(D2). The approzimate solution remains accurate for any t < T, namely

o(t) < Ck, P(t) < Ce. (5.5)

(D3). For any t,7 < T, we have the discrete L' continuity in time for several
quantities:

[us(t,) = u (7, ) lps < Clt =7, (5.6)

1/ (us (8, ) = f(uz(r, )l < Clt =71, (5.7)

[E= (5w () = F= (5w (7)) [l < Clt =] (5.8)

In all the estimates, the generic constants C, C1,Cy depend on kg, the prop-
erties of f, the initial total variations of U and {, but not on €, t, T or the
points x,y.

The rest of this section is devoted to the proof of this Lemma.

5.1. Property (D1)

We first show that all the properties for W hold for any later time ¢t < T

(W1). Lower bound on w®. We first derive the evolution equation for the
discrete slope Wiy 1. For all Wiy 1 < 00, i.e., [z, 2;41] is not in a shock, we
have . . . .

Uil — Ui Ti4l — Ty

3 . (5.9)
Ti+1 — T4 TR -

wi-{-% (t)=

Using the slope on the left for w;41 and the slope on the right for w,, we
have

Uip1 = —Fiyq - f(wi-&-%) + T 1, U= —Fp f(wi+%) +Tiw;y 1
Put these back into (5.9), we get

Fig1 — F;

Tit1 — X4 ’ f(wz+%) = f2(wi+%)Fi+% s (510)

Uy = —
where F;, 1 is some flux value between F; and Fj;;. We conclude that
;1 1(t) =0 for all i, and the lower bound on w® (%, z) follows.

(W2). Bound on the compact support. Let I(t) = [zo(t), zn(t)] be the
interval for all the nodal points at t. Since all the characteristic speeds are
positive, we have @y > 0, therefore z¢(t) > a for all ¢. For the last point
N, since Fiy = 1, by the lower bound on the slope we have &n < f'(ko),
so zn(t) < b+ f'(ko)t which is bounded for finite ¢.
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By (4.13)-(4.16), we have 4y = &¢ and un = &, we have

’LLN(t) — U()(t) <C, Vt € [O,T] . (511)

(W3). BV bound on U¢. First we observe that no new local max or min
of U; can form in the algorithm. This is due to the fact that w = 1 is the
equilibrium which separates the domains w < 1 and w > 1 into invariant
regions. As a result, U’ = 0 is an equilibrium for U, and U’ does not change
sign in time ¢ on any interval [z;(t), 2;11(t)].

We now check how the initial local max/min values evolve in time. We
discuss several cases.

Case 1. If z; is not in a shock. In this case, the rate of change for
U; follows the ODE

) F,
Ui=1u; —a; = m ((wi—é = Df(wip1) = (wiys — 1)f(wi—%)) :
(5.12)

Case 1la. Assume that U; is a local maximum. This happens where w
crosses 1 in a rarefaction fan. By construction, since the slope w = 1 is
always selected for some interval in such a rarefaction fan, we must have
another neighbor point, say U;y1, such that U; = U;4q, so Wiy 1 = 1 and
f(wi+%) = 0. Then, by (5.12) we have U; = U;4; = 0, and the local
maximum does not change its value.

Case 1b. Assume U; is a local minimum, i.e., U; < U;_7 and U; < U;41,
SO w;_1 <1< wy 1 Since convex kinks are admissible, we do not have
any restriction on the slopes w;; 1, w;_1. By (5.12) we have

b= pi (g -0 P )

L)

By the properties of f (i.e., f(1) =0, f/ > 0and f” < 0), we have that (see

Fig. 5(I))
HOZJ@) 5y, w<i<a,
W —w
where the equal sign holds only if w = 1 or w = 1. We conclude now that
U; > 0, and the local minimum will increase its value.
Case 2. If [z;, ;1] is in a shock. Here we need to check two situations:
when U, ;1 is a local maximum, and when U; is a local minimum.

Case 2a. If U; 4, is a local maximum, then we must have w; ;1 < 1.If

(w—1)

Wiyy4 1 =1, then f(w;y,,1) =0 and so Uit1 = 0. Now consider Wity41 <
1 and f(w;;q141) <0. We have

Uit1 = = f(wigrp 1) Fivr + (Wi 1 — D&
= Fip (—f(wi+1+%) + (Wig111 — 1)f/(wi+1+%))

(1= wiapy) (P Wi y) P = @it ) (5.13)
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I 11 111
M ; (1) (110)

—

Fig. 5. Properties of the function f.

By the concavity of f, we have (see Fig. 5, (II))
—f(w) + (w—1)f"(w) <0, w<l.

The first term in (5.13) negative. The second term is bounded by (4.18),
and we have

Ui+1 < (17w1+1+%)€<5. (514)

By (4.18), the size of the shock (u;4+1—u;) in this case must be sufficiently
large. In fact, we must have

e"]O(“H—l*“i) _ 1 , _ O , 1 —
——— > fl(wiy14 ) e> f'(1) —e,

Ui41 — Uy
which implies
2 !/ 2 !
wi > (f'(1) =m0 —e) > o3 (f'(2) =mo) , (5.15)
0 0

for e sufficiently small such that ¢ < f/(1) — f’(2). By (5.11), the total
number Ny of such shocks is bounded

ﬁj UN — Uo

2 f'(2) =mo
Case 2b. If U; is a local minimum, then we have w;_1 < 1 and

f(wi_%) < 0. By (4.10) and (4.11) we get

N, < (5.16)

00) = Fi (=l y) + (y - =2 e 2wl ),

Ui+1 — Uj

Since any slope is admissible on the left, by the admissibility condition
(2.13) with w =1 on the left of the shock, the following holds

1 —exp{—no (wiy1 —w)} _ £
Uit1 — Uy o
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Since w;_1 <1, then

Uilt) = F (—f(wi_y) + (w,_y = DF (1))
By properties of f, we have (see Fig. 5(11I))
(w—1)f'(1) = f(w), w<1.
We conclude that Uz > 0, and the local minimum value is increasing.

In summary, the total variation of U® could only increase in Case 2a,
which occurs only at bounded number of times. Then, it holds

d
%TV{Us(t)} < N,e.
We conclude that
TV{U®(t)} <TV{U*®(0)} + Nite, (5.17)

which remains bounded for ¢t < T'.
By Lemma 4 and (5.17), we immediately have

0< Fy <Ff(z;w(t) <C, TV{F(;u(t)}<C. (5.18)
Here the values of C, Fy depend on TV{U¢(0)}.

(W4). BV bound for x +— (. The discrete function ¢¢(¢, z) = {(w®(t, x))
is uniformly bounded and piecewise constant. Its evolution in time before
blowup follows

C.(wwé(t)) = C/(U’H%)U'JH% = C/(wiJr%)fQ(wiJr%)FiJr
For any ¢ where w;, 1, w;_1 are finite, by using (3.15)-(3.16) we have
[Cwiry) = Llwisy)
= ¢ W) S Wi ) iy = ¢ (wiy) Sy P
< CUlIF* e [Clwigy) = Cwi_y)

If [xi, #i41] is a shock so w; 1 = 400, then we have

(5.19)

1
2

+ Oy

Fi.1—F

2

<0

— )

d d
oty = G0 + 5 [ Croo) = iy

since ¢(w; 1 ) is non-decreasing (because w; 1 s non-decreasing and ( is a
monotone increasing function). Summing over all cases, we conclude, using
Cs, Cy for the constants,

%TV{CE} < Oy + C4TV{CY, (5.21)

By a standard comparison argument, TV{(®} can grow exponentially, but
remain bounded for finite time,

TV{(®(t)} < exp{Cut} (TV{(E(O} + gj) . (5.22)
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5.2. Property (D2): Accuracy of the approzimation

We recall the definitions (5.2) for ¢). We first observe that during in-
teraction ¥ does not change, Now consider a time ¢ with no interactions.
Consider a non-shock interval [z;, z;41]. We have

Vipy = sign(wy 1 — 1) f (Wi 1)1 (i1 — 25) + ‘f(wwr%)
= —f/(wigy) - [Flwi )| - B = )+ [ i)

= ’f(wi—&-%) (g1 — f/(wi+%)Fi+1) + ‘f(wu-%) (f,(wi+%)Fi — ;). (5.23)

(L1 — &)

(Zipr — @)

Note that f'(w;, 1)F; and f'(w; 1) Fi+1 are characteristic speeds at @;, x4
from within the interval. The two terms in (5.23) could be positive only if
the nodal points x; and z;4; are in a rarefaction fan, with concave kinks,
where (4.5) must hold. If the slope w; 1 is bounded, say w;, 1 <5, so no
blowup occurs, then we can use the estimates (by Lemma 2)

flwip 1) F =@ < Fi(f/(wig1) = f'(wi_1)) < CF,

2

Tiy1 — f(wip 1) Fipr < Fa (f'(wigr41) — f(wig 1)) < CFad,

where the constant C'is as in Lemma 2, and it depends on TV{U¢(0)}. We
have, for all 4

Yipr < Chi9, C1 = 20| F® ||~ 'Kongliésﬁ(w) :

(5.24)

If blowup occurs, then we need more detailed analysis. Now consider
w1 very large, say Wiyl > 5. We have

I = f(wi+%) (93@+1 - f/(wi+%)Fi+1>

= f(wi+%) (f(wiHJr%) - f(wi+%) - f/(wi+§)> ~Fiyq.

Wit14d — Witd

Since w; 1 > w4 1,50 w1 would blowup first. Applying (3.9) in Lemma
3, with w = Wy 1 and w = Wiy 141, We get the following estimate for I,

L <CFipq (C(ww%) - C(wi-i-l—i-%)) =CFip10i41 < Ca¢. (5.25)

Here the constant C' is as in (3.8) in Lemma 3, and Cy = C||F¢||p~. For
the second term in (5.23), we observe

Iy = f(w;y1) (f/(wi+%)Fi - xl)

= f(wi+%) (f/(wH;) -
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Since W;_1 > Wiy 1, SO W1 would blow up first. We can apply (3.8) in
Lemma 3, with @ = w;, 1 and w = w;_1, and get

i—30

I, < CF; (C(wi-l—%) - C(W—%)) = CFi¢; < C3¢. (5.26)

Here the constant C' is as in (3.9) and C5 = C||F¢||p~. Combining (5.24),
(5.25) and (5.26), choosing some constant C' = max{C}, C2+C3}, we obtain

For the evolution of ¢, we recall the definitions in (5.3), and notice that ¢
measures the maximum size of non-admissible (concave) kinks. We observe
that during interaction ¢ is decreasing. Indeed, two nearby concave kinks
can not approach each other. Therefore, a concave kink could only interact
with either a convex kink or a shock, where it would be cancelled, causing
a decreasing effect on ¢.

Since ( is an increasing function, we will have ¢ > 0 only in a rarefaction
wave with concave kinks. Let’s consider a concave kink at x;(t), with slope
00 > w;_1(t) > w; 1 (t). By using (3.15)-(3.16), we have

<15i = é(wi+§> - é(wz;%)
= C/(wi+é)f2(wi+%)Fi+% - C/(wi—%)fQ(wi—
< Ch||[F||ee (C(wH»%) - C(wzfé)) + Cy FZ-+% - F_
< Cs¢+ Cyt). (5.28)
Here we used

< |Fio1 — Fj| + |F; — Fiq|

Fi-i-%_Fi

1
4
and

|Fip1 — F| < F;

1= exp{~tipy }| SR, |Fi - Fial S 9Fi,

and the constants C5, Cy depend on C1,Cs in (3.15)-(3.16) and || F||r.
Taking supreme over 4 in (5.27) and (5.28), we get

V< Ch, < Cayp+ Cug

Using a standard comparison argument, we conclude that, if ¢/(0), ¢(0) < 2e
for some ¢ sufficiently small, then

o(t) < Ce, () < Ce, (5.29)

where C' does not depend on e.
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5.8. Property (D3): Discrete L Continuity in time.

Here we discuss the L' continuity in time for u¢, f'(w®) and the flux F*.

For w°: Since u° remains unchanged outside the bounded interval I(t) =
[zo(t), zn(t)], and uw® is BV on I(t), it suffices to show that uf is abso-
lutely integrable in z. To understand how u® changes in time for fixed x,
we consider a point (¢,z) and x € [z;,2;41). We have

ut () = uit) + (2 — zi(t)) - wyy

(t).

1
2
Then
uy =U; + (x —o:i)u')i_,_% — Bwy 1
. Fiyn—F;

= (_Fif(wi-ﬁ—%) + xiwi-ﬁ-%) —(z— l‘i)m
Fiy1— Fi)
Tiy1 — Ty

f(wi—i-%) — Tw;g 1
= —f(wiy1) (Fz + (v — ;)

Therefore
uy = —f(uz)F*<, (5.30)

where F* is a linear interpolation of the discrete flux F*¢ through nodal
points.
= Fig —F

Fe@wf(0) = Fit (o o) 2w e @ i) (631)

We see that uj is absolutely integrable because Fe is uniformly bounded

and f(ug) is absolutely integrable (because u® € W so we can use (3.10) in
Lemma 4).

For f'(w®): Since f' = f’(1) outside I(¢), and f’ is BV, it suffices to show
that < '(wiJr%(t)) is uniformly bounded. Using the decay property (3.4),
we have

d
%f’(wwé(t)) = f//(wi+%)wi+l = f/,(wi+%)f2(wi+%)Fi+

2

1 < 0.
2

For F*: Since the flux F¢ is non-local, the continuity in time is not so
trivial. Let (¢,2) be a point such that z € [z;,2;41) for some ¢ and write
u® = uf(t,x). By using u® as the integration variable, we can express the
flux as

o0

Fe(uf;wf) = exp/ g(u(t,s))ds

uE
N
= €xp g(wi+%)(ui+1 —uf) + Z g(wj+%)(uj+1 - uj)
Jitl
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So, by summation-by-parts, we have

F = F - { g/ (i (wign — ) + 9w ) (i — uf) }

N

+F - Z (gl(wj+%)wj+%(uj+l —u;) + g(wj+%)(i‘j+l - “J))
J>it1
=Ri+ Ro+ R3

where R1, Rs, R3 are the corresponding 3 terms

Ry = F* 'gl(wi+%)f2(wi+%)Fi+%(ui+1 —u®) — F* 'g(wi-&-%)u? )
N
Ry = F e 3 (0w ) f2 (w3 Frag (1 — ) |
j>i+1
N
Ry = F*©- Z uj(g(wjy1) —glw;_1)).
j>i+1
Now we discuss all 3 terms. For R, we have that
: / 2 . / fQ(w)
lim ¢'(w)f*(w) = lim (wf'(w) — f(w)) 2 < 00, (5.32)

w—r 00 w—r 00

thanks to Lemma 1. Furthermore, F© and g(w;, 1 ) are uniformly bounded,
and u§ is computed in (5.30) and is absolutely integrable. Therefore, Ry is
absolutely integrable.

For Ry, because of (5.32) and that u® is BV on the bounded interval
[a(t),b(t)], so Ry is bounded.

For Rs, there are various cases. If z; is a kink, from (4.9) we see 4; is
bounded. Since z — g(ug) is BV (by Lemma 4), then the sum over all kinks
is bounded. If x; is on the left of a shock so that w1 = +00, then we use
(4.11) for u,;. We have

ui(g(wi—%) —10)

ok (1 - eXp{_nO[u]i}wi_; B f(%-l)) (g(wi_g) _ 770)

[u}z 2 2

_F ((1 — exp{—mo[u];}

[u];

— )+ (= 9(wy) ) (S

BV, then the sum of | — g(w;_1)| over the left point of shocks is bounded.
Furthermore, we have

By Lemma 1, f(w;_1) —now;_y is uniformly bounded. Also, since g(ug) is

Mo

Z ’ 1— exp[i]—ino[U]i} . < Z %ng[u]i < %né(uz\/ — ;).

%

where the summation is taking over all shocks. Therefore, the sum over all
left point of the shocks in R3 is bounded. Finally, if z; is on the right of a
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shock, it is completely similar. We omit the details. Summing over all cases,
we conclude that Rg is uniformly bounded.

In conclusion, for any ¢t < T, the derivative Ff is absolutely integrable
in x, proving the L! continuity in time for F©.

This completes the proof of Lemma 7.

5.4. Well-posedness of the algorithm

The well-posedness of the algorithm follows from the following facts.

1. For any given ¢, the total number of nodal points z; remains bounded
for all time. Indeed, we have the following.

— At every interaction nodal points can only merge, causing a decrease
in the number of nodal points.

— The total nodal points could increase when we insert an additional
nodal point at the right of a shock when the admissible condition
(2.15) fails. Due to the fact that all slopes w;, 1 increases in time,
and U¢ and (¢ have bounded variations, the largest possible number
of inserted nodal points are bounded, of order O(1/¢).

2. Then, total number of interactions are bounded for ¢ < T'. Indeed, at
any interaction waves merge. At the right side of a shock, if additional
nodes are added at t, due to the continuity of the global flux and shock
strength, the total number of time this node enters and leaves the shock
is bounded. Thus, total number of interactions are bounded for t < T'.

3. The traveling speed of a kink, determined by (4.7) is uniformly bounded
for all time ¢ < T'. Furthermore, outside times of interactions, the speed
is Lipschitz continuous in time. Therefore we have existence and unique-
ness of these ODEs for finite time.

4. For any kink at z;, the ODEs for u; as in (4.9), is uniformly bounded and
Lipschitz continuous in time. This give well-posedness of these ODEs.

5. If [x;,x;41] is a shock, then the speed &; = &;11, determined by (4.10),
is uniformly bounded and Lipschitz for finite shock size [u];. Therefore,
these ODEs are well-posed for finite time.

6. The only ODEs remained in question are the ones for w;,u;+1 where
[€i, x;41] is a shock. In this case, 4; and ;41 will be computed as in
(4.11) and (4.12). When the slope w does not blow up, these are Lipschitz
and uniformly bounded. In case of blowup, we observe that, by the a
priori lower bound on the slope, we have, for any time t,

ul(t) S uH_l(t), VZ

Therefore, if the slope blows up along a characteristic x;(t) at t = t, we
must have

t
/ ul(t)dt < 00,
0

yielding well-posedness of these ODEs.
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6. Convergence of the approximate solutions — Existence of
entropy weak solutions

In this section, we first establish the convergence of the approximate
solutions, obtaining the existence of BV weak solutions with the additional
assumption (1.21). Then, we derive the discrete entropy inequality. Through
the convergence of these inequalities we obtain the existence of entropy weak
solutions. Finally, we drop the assumption (1.21), proving the main Theorem
1.

6.1. Existence of weak solutions
From (5.30) we see that u®(¢,x) solves the differential equation
uf + f(ug) P =0, (6.1)

where ﬁa, defined in (5.31), is a linear interpolation of the discrete flux F*©
through nodal points. We write (6.1) in conservative form

u§ — FE =, e (t,x)=— F5 — f(uS)F*, (6.2)

where €° is the error term. Since all the singularities (kinks and shocks)
travel with a speed that satisfies the Rankine-Hugoniot condition, our ap-
proximate solution u® satisfies the following integral form of the equation.
For every test function ¢ € C*° with compact support, we have

T
/ / (W — Fep,) dedt = / (u (T, 1) (T, ) — u (0, 2)p(0, 2)) da
0JIR R

_/OT/IR e (t,2)p du dt (6.3)

To achieve the existence of weak solutions, we claim that we can extract
a subsequence € — 0 such that, for some limit functions u(¢, z) and F(t,z),
one has

(c1) u®(0,-) = u(0,-) and wu®(T,
(c2) u
(c3) for any given a < b,

—u(T,-) in L} (IR);

) )
us(t,r) = u(t,r) and F¢(z;ws(t)) — F(t,x) in L}

loc

([0, 7] x IR);

b
/ le®(t,z)|dx — 0, uniformly for ¢ € [0,T];

(c4) the identity
F(t,x) = exp {/;O fuz(t,y)) dy}

holds for a.e. (t,z) € [0,T] x IR.
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This will imply that u is a weak solution, with the correct flux F. Now we
will prove these claims.

(c1). As z ranges on any bounded interval [a,b], the functions u®(¢,-) are
uniformly bounded, and monotone increasing w.r.t. z. Therefore, by Helly’s
compactness theorem, there exists a subsequence €, — 0 such that the cor-
responding functions u* (0, -) and u* (T, -) converge pointwise everywhere,
hence also in L}, _(IR). This proves (cl).

(¢2). Our approximate solutions u® satisfies the followings.

— As x ranges on any fixed interval [a, b], the total variation of the maps
x +— uf(t,z) and & — F°(z;w(t)) remains bounded, uniformly w.r.t. ¢
and ¢;

— The maps t +— u®(t,-) and ¢t — F°(;;we(¢,-)) are uniformly Lipschitz
continuos from [0, T into L!([a, b]).

Using a standard compactness argument (see for example Theorem 2.4 in

[6]), we get (c2).

(¢3). For = € [z;,x;41] that is not a shock, the error is
€€ (1,2) = Flw )P (@) = flwg ) Fo(2) = flu,yy) (FE@) - F()).

Since F¢ is smooth on [x;,x;y1], the linear interpolation error F* satisfies
the standard estimate

Fe(z) — F°(z)

IN

1
5 (@ir1 = )" max | FL |

< (@1 — 202wy ) max{F7} < Ce2,
where the constant C' depends on ||F€||pe. Therefore, we have

e(ta)] < Clf(ug)] €. (6.4)

According to (3.10), the integral of the function = — |f(uS(¢,x))| remains
uniformly bounded, uniformly in ¢ € [0, T]. This proves (c3).

(c4). To show that F° converges to the correct limit, we make a variable
change, and use (¢,u) as the independent variables instead of (¢, ). This
will take several steps.

Step 1. Considering = as a function of (¢,u), our algorithm generates a
piecewise affine approximation x¢(¢,u). Thanks to the lower bound on the
slope w® > kg > 0, the map u — 2°(¢,u) is uniformly Lipschitz continuous
with Lipschitz constant 1/k¢.

Step 2. The derivative xZ (¢, u) is non-negative and uniformly bounded.
We claim that the map u +— 2% (t,u) is BV. Indeed, by construction z¢ =1
outside the bounded interval I,(¢). We also have max{z5} = 1/ko, and
x5, = 0 at places where u® has shocks. Define the function

H(s)=C().

S
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Then, u — H(z5(t,u)) is BV because x — ((w®(t,x)) is BV. Furthermore,
the derivative of H is

1 1 1
ERTITE ko < — <2,
i) ——soy={ 7T °
s27 s 1 1 1>2
s fA(1/s) s T

This is strictly positive and uniformly bounded. Then, the BV bound for
w+— H(xE (¢, u)) leads to the BV bound for u — x5 (t, u).

Step 3. Furthermore, x5, is uniformly Lipschitz continuous from [0, T —
L'([a,b]) because the traveling speed for z¢ is bounded. Indeed, on any
interval [u;, u;41], we have

d . d 1 1 1
- =—|—= | =——F5—w;1(t) = — fw, 1)F 1 <oo.
et dt (wiJr;(t)) w? i+3 2 i+4 ) Fits

Step 4. Combining step 2 and 3, by standard compactness argument we

have 25 — x,, in L}, .([0,7] x IR). Furthermore, this imples 2° — z for a.e.
t and all v* € IR.
Step 5. Now, define the function

1 1
G(s) = Q(E) = Sf(g)- (6.5)
Then, G(s) is Lipschitz for s € [0,1/k¢] because
G'(s) = F() = LT'() <00, = >ng

Therefore, the convergence of ¢, implies that G(z¢ (¢, u)) — g(z,(t,u)) a.e.,
and also in L, ([0, T] x IR).
Step 6. Now, define the flux F©(t,u) as

Fe(t,u)=exp {/ Gz (t,s)) ds} .
The map u — F¢(¢,u) is Lipschitz because

=|G(z;)F°| < 0, t<T.

’;iFa(t,u)

Therefore, we have that
Fe(t,u) = F(t,u) = exp/ G(zy(t,v))dv, forae. tandalluelR.
Step 7. Returning back to the original variable x, for fixed t € [0, T], we

know uf(t,z) — u(t,z) for a.e x and in L}, .. Then, the map x — F¢(¢,x)
is BV, therefore F¢(t,x) — F(t,z) for a.e. x, and F*(¢t,z) — F(t,u(t,x))
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at every point @ where u is continuous, hence a.e. and in Lj . Note the
function F(t,u(t,x)) is defined as

oo

F(t,u(t,x)) = exp/

u

9(us(t,5)) ds = exp / T s lty)) dy.

Combined with L' Lipschitz continuity in ¢, we conclude that F¢(t,z) —
F(t,z) in L}, .([0,T] x IR). This proves (c4), therefore the existence of weak
solutions.

6.2. Discrete entropy inequality — Existence of entropy weak solutions with
additional assumption (1.21).

It remains to show that, as € — 0, all the singularities in the limit
function are admissible. It suffices to show that the entropy inequality (3.34)
holds in the limit.

Define the discrete entropy and discrete entropy flux pair (P¢,Q°F*®)
where

Pe(t, x)=P(u®(t, ), w" (¢, x)), Q°(t, 2)=Q(u(t,z),w"(t,x)). (6.6)

Recall that the functions P and @ are introduced in (3.19) and (3.21). The
constants (k,l) € 2° are arbitrary, with

2°={(k,1) 1 uo(0) < k < un(T), ((ko) <1< ((+00)}

Discrete entropy inequality. Let x; be a nodal point, which is a sin-
gularity in the approximation. We use the same notations as in Lemma 6,
i.e., we use super-script — and + to denote the left and right state of the
singulairty. If z; is a convex kink or the left of a shock, by Lemma 6 the
entropy is dissipative, and (3.23) holds.

If x; is a concave kink with Wiy < w1, then it is small. When k£ < u;
and | > ((w;1), the error introduced is bounded by a quadratic term of
the wave strength. We have

(Ps,+ o Pe,—) P (Qs,+ . Qe,—) F,
>_C (g(wi,é) - C(w%))z > ¢ (g(wiié) _ C(wH%)) e, (6.7)

Here in the last inequality we used the estimate (5.29).
If z; is at the right side of a shock, then, the Lax condition is only
approximated. For u;—1 <k < wu; and I > ((w; 1), we have

(P&t — P )i — (Q¥TF;, — Q¥ Fiq)
O (Fw B~ i) 2O (Flwy)F— i) e
~CF; (f(wiry) =m)e = = C(C(+o0) = Clwipy)) e (63)

Y

Y]
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Here we used the condition (4.18), the property (3.6) and the uniform esti-
mate on F'.

For any approximate solution u®, w®, we have the following discrete en-
tropy inequality: for any smooth test function ¢ > 0, and any constants
(k,1) € ¢, it holds

T T
// Petﬂt-f-QeFE(Pmdwdt—i-// S(us, w®)Fe o dx dt
0Jm 0Jm

_/R (P*(T, 2)p(T, ) — P*(0,2)0(0,7)) dz > — (e1 + ) . (6.9)

We recall that S is the source term defined in (3.32). Here e; and es
are error terms. The term e; includes all errors caused by small concave
kinks and the approximated Lax condition on the right of a shock. Thanks
to (6.7) and (6.8), we have

e1 < CTe-TV{(*} < Ce. (6.10)

because (© is BV, see (5.22). Then, e; vanishes as ¢ — 0.
The term ey contains error caused by the approximation of F'¢ by the
linear interpolation F¢. We have

T o~
eQ:// ’FtFﬁ
0JIR

Convergence. Thanks to the a priori bounds on u®, w*, both the discrete
entropy ¢ and the discrete entropy flux ¢ are uniformly bounded and BV
functions on any bounded set. Therefore, as ¢ — 0, we have

Pf — P(u,w), Q° — Qu,w), in Llloc.

S, w)pdxdt. (6.11)

This implies the convergence of the first and the third terms on the left
hand side of (6.9).

The convergence of the second term follows from the fact that the map
w — § is uniformly bounded for w > kg. Consequently, the error term es
vanishes as € — 0.

In conclusion, as € — 0, the limit solution satisfies the entropy inequal-
ity (3.34), which is equivalent to the Lax entropy condition. This proves
Theorem 1 with the additional assumption (1.21).

6.3. Existence of entropy weak solutions; Proof of the main Theorem.

We now show that the additional assumption (1.21) can be dropped.

Let f be a function that satisfies the assumptions (A). We construct a
sequence of approximate function f,,, such that f, satisfies the assumptions
(A) and the additional assumption (1.21). This could be achieved by taking
(for n > 3)

fn(w>:{f(n)+no(w—n), w > n,

f(w), w<n—1,
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and connecting the two parts smoothly through the interval w € (n — 1,n)
such that f,, is C? and convex.
Clearly, as n — 400 we have

fo—= f, L= f uniformly on [rg, +00) . (6.12)

Introducing the function g,

.1
w
then, g, is uniformly bounded on [kg, 00), and

In — ¢, uniformly on [kg, +00) . (6.14)

Let w, be an entropy weak solution of (1.1) with the erosion function
fn, constructed as the limit of the piecewise affine approximations. The goal
now is to show that, in the limit as n — 400, u, converges to an entropy
weak solution for (1.1) with the erosion function f.

The proof can be carried out in a similar way as for the convergence
of the approximate solution u¢, since the sequence {u,} shares the same a
priori bounds as those for {u®}. We follow the same steps as in Section 6.1.
The properties (c1) and (¢2) follow, and here we have no error term so (c3)
also holds.

The key step is (c4), i.e, the global flux should converges to the correct
limit,

/ Ful(un)a) dy — / F(u),) dy. (6.15)

Introducing the function G,,, similar to (6.5)
. 1. . 1
gn(s):gn(;)zsf?L(g)' (6.16)
The convergence of g, in (6.14) now implies the convergence for G,

G, — G uniformly on (0,1/ko)] .

Therefore,

Gn ((ui)z (t,u)) -G (ulx(t,u)) a.e.. (6.17)

The result follows in the same way as in the rest of Section 6.1, leading to
existence of weak solutions.

Writing (P, @»F,) as the entropy pair, they satisfy the inequality (6.9)
with e; = es = 0. The convergence of this inequality follows in a same way
as that of (P®,Q°F¢). This completes the proof of Theorem 1.
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7. Concluding Remarks

In this paper we establish the global existence of BV solutions for a
non-local model describing slow erosion, also in cases where the slope of
the mountain profile blows up. However, the uniqueness and continuous
dependence of solutions remains an open problem. The main difficulty lies in
the fact that, when u is discontinuous, u,. is a distribution containing point
masses. Hence one cannot apply standard techniques to the conservation
law (2.2) describing the evolution of u,. Well posedness of the equation
(1.1) will be a matter for future investigation.
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