ON STOCHASTIC CONSERVATION LAWS
AND MALLIAVIN CALCULUS

K. H. KARLSEN AND E. B. STORRUSTEN

ABSTRACT. For stochastic conservation laws driven by a semilinear noise term,
we propose a generalization of the Kruzkov entropy condition by allowing the
Kruzkov constants to be Malliavin differentiable random variables. Existence
and uniqueness results are provided. Our approach sheds some new light on the
stochastic entropy conditions put forth by Feng and Nualart [I7] and Bauzet,
Vallet, and Wittbold [3], and in our view simplifies some of the proofs.
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Stochastic partial differential equations (stochastic PDEs) arise in many fields,

such as biology, physics, engineering, and economics, in which random phenomena
play a crucial role. Complex systems always contain some element of uncertainty.
Uncertainty may arise in the system parameters, initial and boundary conditions,
and external forcing processes. Moreover, in many situations there is incomplete or
partial understanding of the governing physical laws, and many models are therefore
best formulated using stochastic PDEs.

Recently there has been an interest in studying the effect of stochastic forcing on

nonlinear conservation laws [3] 4] [9] T4} 2T], 20} 17, 86} [35], with particular emphasis

on existence and uniqueness questions (well-posedness). Deterministic conservation

laws possess discontinuous (shock) solutions, and a weak formulation coupled with
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an appropriate entropy condition is required to ensure the well-posedness [23] [26].
The question of well-posedness gets somewhat more difficult by adding a stochastic
source term, due to the interaction between noise and nonlinearity.

In a different direction, we also mention the recent works [24] 25] by Lions,
Perthame, and Souganidis on conservation laws with (rough) stochastic fluxes.

To be more precise, we are interested in stochastic conservation laws driven by
Gaussian noise of the following form:

du(t,z) +V - f(u(t,z))dt = /Za(x,u(t, x), 2)W(dt,dz), (t,z) € Ilr,

u(0, ) = u’(z), x € RY,

(1.1)

where I = (0, T) x R%, T > 0 is some fixed final time, u® = u°(z,w) is a given .F-
measurable random function, and the unknown u = u(t, z,w) is a random (scalar)
function. The flux function

(Ay) f:R — R? is assumed to be Lipschitz and C*(R).

Concerning the source term, we let Z C R"™ for some n > 1 and W be a space-
time Gaussian white noise martingale random measure with respect to the filtration
{F}ocier BI. Its covariance measure is given by dt ® du, where dt denotes
Lebesgue measure on [0,7] and p is some deterministic o-finite Borel measure on
Z, that is, for measurable sets A, B C Z

E[W(t,A)W(t,B)] = tu(AN B).
The noise coefficient o : R x R x Z — R is a measurable function satisfying

lo(z,u, 2) —o(x,v,2)| < |u—v| M(2),

2 s.t.
(A) IM € L*(Z) st {|a(x7u’z)| < M(2)(1+ |ul),

for all (z,2) € R% x Z. Note that W induces a cylindrical Wiener process (with
identity covariance operator) on L?(Z) = L?(Z, % (Z), i) which we also denote by
W 30, § 7.1.2]. Let G(u) : L*(Z) — L*(R%, ¢) be defined by

(1.2) Glu)h(z) = / oz, u(@), () du(2).

z
By (4,), G is a Lipschitz map from L*(R?,¢) into % (L?*(Z), L*(R%, ¢)) with
1GllLip < [IM|l12(7), Where L(L2(Z), L*(R%, ¢)) denotes the space of Hilbert-
Schmidt operators from L?(Z) into L?(R%, ¢), cf. Section [2| In this setting, (T.1)
may be written as
du+V - f(u)dt = G(u)dW (t),

where the right-hand side is interpreted with respect to the cylindrical Wiener
process [14]. In what follows, we will in general stick to the o notation. We refer
to [13] for a comparison of the stochastic integrals. The Malliavin calculus used

later is developed with respect to the isonormal Gaussian process W : H — L?(Q)
defined by

(1.3) W(h):/OT/Zh(s,z)W(ds,dz):/OTh(s)dW(s),

where H denotes the space L?([0,T] x Z, % ([0,T)) ® & (Z) ,dt @ du). Concerning
the notation and basic theory of Malliavin calculus we refer to [27].

When the noise term in is additive (o is independent of u), Kim [21] used
Kruzkov’s entropy condition and proved the well-posedness of entropy solutions,
see also Vallet and Wittbold [36]. When the noise term is additive, a change of
variable turns into a conservation law with random flux function and well-
known “deterministic” techniques apply.
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When the noise is multiplicative (i.e., o depends on u), a simple adaptation
of Kruzkov’s techniques fails to capture a specific “noise-noise” interaction term
correlating two entropy solutions, and as a consequence they do not lead to the L!-
contraction principle. This issue was resolved by Feng and Nualart [I7], introducing
an additional condition capturing the missing noise-noise interaction. These authors
employ the Kruzkov entropy condition (on Itd form)

O |u— |+ 0x [sign (u — ¢) (f(u) = f(c))]

(1.4) 1., )
< 5 sign (u—c)o(u)*+o(u) W, Ve e R,

which is understood in the distributional sense (and via an approximation of sign (-)).
Here, for the sake of simplicity, we take W to be an ordinary Brownian motion (Z is
a point) and d = 1. The above family of inequalities, indexed over the “Kruzkov”
constants ¢, is in [I7] augmented with an additional condition related to certain
substitution formulas [27] § 3.2.4], which enables the authors to recover the above
mentioned interaction term and thus provide, for the first time, a general uniqueness
result for stochastic conservation laws.

The additional condition proposed in [I7] is rather technical and difficult to
comprehend at first glance. Furthermore, the existence proof (passing to the limit in
a sequence vanishing viscosity approximations) becomes increasingly difficult, with
several added arguments revolving around fractional Sobolev spaces, estimates of
the moments of increments, modulus of continuity of It6 processes, and the Garcia-
Rodemich-Rumsey lemma.

Recently, Bauzet, Vallet, and Wittbold [3] provided a framework that uses the
Kruzkov entropy inequalities but bypasses the Feng-Nualart condition. Rather
than comparing two entropy solutions directly, their uniqueness result compares
the entropy solution against the vanishing viscosity solution, which is generated
as the weak limit (as captured by the Young measure) of a sequence of solutions
to stochastic parabolic equations with vanishing viscosity parameter. Although
with this approach the existence proof becomes simple, many technical difficulties
are added to the uniqueness proof. At this point, let us mention that Debussche
and Vovelle [T4] have provided an alternative well-posedness theory based on a
kinetic formulation. The kinetic formulation avoids some of the difficulties alluded
to above, thanks to the so-called entropy defect measure.

The purpose of our work is to propose a slight modification of the Kruzkov
entropy condition that will shed some new light on [I7], and also [3]. To this
end, we recall that a uniqueness proof for entropy solutions is based on a technique
known as “doubling of variables”. Suppose that v is another entropy solution of
with initial condition v°. The key idea is to consider v as a function of a
different set of variables, say v = v(s,y), and then for each fixed (s,y) € IIr, take
¢ = v(s,y) in the entropy condition for w. In the case that u and v are stochastic
fields, v(s,y) is no longer a constant, but rather a random variable. Hence it seems
natural to utilize an entropy condition in which the Kruzkov parameters c in
are random variables rather than constants.

Let us do an informal derivation of an entropy condition based on this idea. As
above, we let W be an ordinary Brownian motion and d = 1. For each fixed ¢ > 0,
suppose u° is a sufficiently regular solution of the stochastic parabolic equation

0t + 0, f (u°) = o (uf) W + ed?us,

where the time derivative is understood in the sense of distributions. We apply
the anticipating 1t6 formula (Theorem [6.7)) to |u® — V|, with V' being an arbitrary
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Malliavin differentiable random variable. Taking expectations, we obtain
E 0y |[u® = V] + 0x(sign (u” = V) (f(u”) = f£(V)))]
+ E [sign’ (u® = V) o(u) D, V] — %E [sign’ (u® — V) 0% (uf)]
= eE [sign (u® — V) 92u°] ,
where D,V is the Malliavin derivative of V" at t. As
eE [sign (u® — V) Ou°] < eE [02 |u* — V],
it follows that
E [0, [u® = V] + Ox(sign (u* = V) (f(u®) = f(V)))]
+ E [sign’ (v = V) o(u) D V] — %E [sign’ (u® — V) 0% (u7)]
<eE[d2|u —V]].
Suppose u® — u in a suitable sense as € | 0. Then the limit u ought to satisfy
E [0 [u = V] + Ox(sign (u — V) (f(u) = f(V)))]
(15) + E [sign’ (u — V) o(u)DV] — %E [sign’ (u — V) 0*(u)] <0,

which is the entropy condition that we propose should replace (|1.4]).

At least informally, it is easy to see why this entropy condition implies the L'
contraction principle. Let u = u(t,x) and v = v(s, y) be two solutions satisfying the
entropy condition . Suppose u, v are both Malliavin differentiable and spatially
regular. The entropy condition for u yields

E [0 [u— v] + 0x(sign (u — v) (f(u) — f(v)))]
+ B [sign! (u—v) o(w)Dyo] — S [sign’ (u— v)o*(w)] <0
Similarly, the entropy condition of v yields
E[0s [v — u| + Oy(sign (v — u) (f(v) — f(u)))]
1 E [sign’ (v — u) o(v) Dyu] — %E [sign’ (v — ) 02(1)] < 0.

Suppose that ¢ > s. Then D;v(s) = 0 as v is adapted (to the underlying filtration).
Adding the last two equations we obtain

E (0 4 05) [u — v| + (92 + 9y) (sign (u — v) (f(u) — f(v)))]
4 E [sign’ (u — v) 0(v) Dyt — %E [sign’ (u — v) (02(u) + 0%(v))] < 0.
Completing the square yields
(1.6) E[(0r +0s) [u—v| + (02 + 9y)(sign (u — v) (f(u) — f(v)))]
1 E [sign’ (u — v) 0(v)(Dsu — o())] — %E [sign’ (u — v) (o(w) — 0 (v))*] < 0.

=0

Next we write

Dysu(t) = o(u(t)) = (Dsu(t) — o(u(s))) + (o(u(s)) — a(u(t))),
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and attempt to send ¢ | s. The second term tends to zero almost everywhere.
Formally, for fixed s, we observe that Dsu(t) satisfies the initial value problem

{ dw + 9, (f'(w)w) dt = (o' (w)w) AW (1), (t > s),

(L.7) w(s) = o(u(s)).

And so, concluding that
Dsu(t) — o(u(s)), astls,

amounts to showing that the solution to (1.7)) satisfies the initial condition (in some
weak sense). Given this result, the L' contraction property follows from (1.6) in a
standard way:

LB [llu(t) ~ v(0)l ] <0

The above argument is hampered by an obstacle; namely, that the Malliavin
differentiability of an entropy solution seems hard to establish. This can be seen
related to the discontinuous coefficient f’(u) in the stochastic continuity equation
(1.7), making it difficult to establish the existence of a (properly defined) weak
solution. In the deterministic context, continuity (and related transport) equations
with low-regularity coefficients have been an active area of research in recent years,
see for example [II, 5] 6] (and also [18] for a particular stochastic setting). Continuity
equations arise in many applications, such as fluid mechanics. They also appear
naturally when one linearizes a nonlinear conservation law u; + f(u), = 0 into
we+ (f'(uw)w), = 0, see references in [I1 B [6]. The present work show that stochastic
continuity equations arise naturally as well, through linearisation (by the Malliavin
derivative) of stochastic conservation laws driven by semilinear noise. However, the
study of such equations is beyond the present paper and is left for future work.

As alluded to above, to make the L' contraction argument rigorous we would
need to know that at least one of the two entropy solutions being compared, is
Malliavin differentiable. To avoid this nontrivial issue, we shall employ a more
indirect approach, motivated by [3], comparing one entropy solution against the
solution of the viscous problem linked to the other entropy solution, relying on
weak compactness in the space of Young measures for the viscous approximation.
The Malliavin differentiability of the viscous solution is then established and its
Malliavin derivative is shown to satisfy a linear stochastic parabolic equation, with
an initial condition fulfilled in the weak sense. Given these results, the proof of the
L' contraction property follows as outlined above.

Finally, we mention that the approach developed herein appears useful in the
study of error estimates for numerical approximations of stochastic conservation
laws, whenever the approximation is Malliavin differentiable. It seems to us that
this Malliavin differentiability is indeed often available. Furthermore, the approach
may be extended so as to cover strongly degenerate parabolic equations with Lévy
noise, cf. [, [34]. Tt also constitutes a starting point for developing a well-posedness
theory for stochastic conservation laws with random, possibly anticipating initial
data. Note however that this seems to depend on the Malliavin differentiability of
the entropy solution (Lemma is no longer applicable).

The remaining part of the paper is organized as follows: We present the solution
framework and gather some preliminary results in Section[2] Well-posedness results
for the viscous approximations are provided in Section[3] Furthermore, we establish
the Malliavin differentiability of these approximations and show that the Malliavin
derivative can be cast as the solution of a linear stochastic parabolic equation. The
question of (weak) satisfaction of the initial condition is addressed. Sections [4| and

(1.8)
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supply detailed proofs for the existence and uniqueness of Young measure-valued
entropy solutions. Finally, some basic results are collected in Section [6]

2. ENTROPY SOLUTIONS

Under the assumption o(z,0,z) = 0, the ordinary LP spaces (2 < p < o0)
constitute a natural choice for (|1.1). Without this assumption, it turns out that a
certain class of weighted LP spaces are better suited. For non-negative ¢ we define

il = ([l oty az)

The relevant weights, denoted by 0N, consist of non-zero ¢ € C'(R%) N L' (R?) for
which there is a constant Cy such that |V¢(z)| < Cyp(x). The weighted LP-space
associated with ¢ is denoted by LP(R?, ¢).

To see that 9 is non-empty, consider ¢y (z) = (14 |z|*)~N for N € N. Then we
claim that ¢ € M for all N > d. To this end, observe that

Von(z) = —2N— (),
1+ |z

so |Von(z)] < 2N¢n(x). Furthermore

0 1 N
y on(x)de = /0 /83(07T) (1—&-7“2> dS(r)dr < da(d)w/2.

Another function belonging to 9 is ¢y () = exp(—Ay/1 + |z|*) for A > 0 [38].

The fact that ¢ € L'(R?) yields LI(R?, ¢) € LP(R%, ¢) for all 1 < p < q. Indeed,
with 7 = ¢/p and s = q/(q — p), observe that r~' 4+ s~1 = 1. Take h = |u(t)|" ¢*/"
and g = ¢'/* and apply Holder’s inequality to [ |hg| dz. This yields

ey [ s ([ werowa)” ([ o)

. 1/p—1
or equivalently [Jul, 5 < [[ull,, ||¢||L/172Rd)/%

We shall also make use of the weighted L°°-norm
Ihll e -2 = sup {|h(z)| ¢~ (2)},  heCRY).
z€R4

Note that any compactly supported h € C(R?) is bounded in this norm, for ¢ € 9.
The norm is convenient due to the inequality [|ull, , < [[ull, 4 |7l 4-1-

Denote by & the the set of non-negative convex functions in C?(R) with S(0) = 0,
S” bounded, and S” compactly supported. Suppose @ : R? — R? satisfies

nQu,c) = S"(u—c)f'(u)  (u,c€R),

where S € &. Then we call (S(- —¢),Q(-,¢)) an entropy/entropy-fluz pair (indexed
over ¢ € R). For short, we say that (S,Q) is in & if S is in &. For (5,Q) € &,
0 € C([0,T) x RY), and V € D2, we define the functional

Ent[(S,Q), ¢, V](u) := FE [ y S(u®(z) — V)(0, z) da:}
+FE [/ S(u—V)op+Qu, V) Vo dwdt}
IIr

B [ / /H T /Z S (u = V)or (@, u, 2) Dy Vo du(z) dxdt]

+ %E U/HT/ZS”(U —V)o(z,u, 2)> 0 du(z) d:cdt] ,
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where D, .V is the Malliavin derivative of V' at (¢,2) € [0,T] x Z. We denote by
D2 the space of Malliavin differentiable random variables in L?(£2) with Malliavin
derivative in L?(Q; L%([0,T] x Z)) 27, p. 27].

We claim that Ent is well-defined whenever V € D%2 u € L2([0, T|x; L2(R4, ¢)),

19O llog -1+ 195 ()| o =1 » IV (D)l g 61 are bounded on [0, T]

(any ¢ € C°([0,T) x R?) meets these criteria). To this end, observe that the first
three terms are bounded due to the Lipschitz condition on S. Indeed,

22) Q. V)| = \ / "S- V)o(z) de

< ||S||Lip ||fHLip lu—VI,

and so
(2.3)

‘E [/ - Qu,V) - V@dmdt} ‘ < ||S||Lip ||f||LipE [//HT(M + V) V| dudt

T
< ISl I iy [ [1Ol,6] V0Ol ot + EDVIIT0) iy
which is finite. The terms involving o is most easily seen to be well defined as

a concequence of the fact that the Hilbert Schmidt norm of G(u) (cf. (1.2)) is
bounded. To simplify the notation, we let HS = % (L?(Z); L?(R%, ¢)). Due to

assumption and Remark
G = [ | [ Puta). 210l dutz) do

<2Mlf [+ futa)ote) de

Boundedness of the last term follows as

24 ’E U /HT /ZSH(“ —V)o(w,u,2)*pdu(z) dxdt] ‘
/OT o)l e s G () 2 dt] |

By (2.1), the sub-multiplicativity of the Hilbert Schmidt norm, and the Holder
inequality, it follows that

‘E [//HT/ZS”(u —V)o(z,u,z)D; Ve du(z) dwdt”
I8 B[] Nl | [ otr2Di Ve

T
(2.5) < 15"l 16l ity B /0 [Pt lloo g1 ”G(u(t))DtV||2,¢dt‘|

<18 B

10) dwdt}

L1(R9)

1/2
<18" oo 16111520y B

T 1/2
/0 oI 1 G () s dt]

X DV 2012 (j0,1)x 2)) < O©-

Remark 2.1. Let A be an integral operator with kernel a = a(z, z). In the above
calculations, we applied the relation

4l = [, [ e 0 duo)de
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To see why this holds, recall that ||A||?{S = tr (A*A). Now

(@ an):) = [ atw.) ( [ ate.m) du(Z’)) 6(w)da.
R4 z
Hence, A*A is an integral operator with kernel k € L?(Z?) defined by

k(z,2") = /]Rd a(z, z)a(z, 2" )¢(x) dx,

tr(A*A):/Zkzzdu /]Rd/ (z,2)¢(x) du(z)dx.

Let &7 denote the predictable o-algebra on [0, 7] x € with respect to {%#;} [10,
§ 2.2]. In general we are working with eqiuvalence classes of functions with respect
to the measure dt ® dP. The equivalence class u is said to be predictable if it has
a version % that is &-measurable. In some of the arguments, to avoid picking
versions, we consider the completion of &2 with respect to dt ® dP, denoted by £2*.
We recall that any jointly measurable and adapted process is &?*-measurable, see
[10, Theorem 3.7].

and so

Definition 2.1 (Entropy solution). An entropy solution u = (¢, z;w) of (|1.1))
with initial condition u® € L?(Q, %, P; L*(R%, ¢)) is a function satisfying:
(i) u is a predictable process in L2([0,7] x Q; L?(R%, ¢)).
(i) For any random variable V' € D2 any entropy/entropy-flux pair (S, Q) in
&, and all nonnegative test functions ¢ € C°([0,T) x R%),

Ent[(S,Q), ¢, V](u) > 0.
Here L2([0,T] x Q; L?(R%, ¢)) is the Lebesgue-Bochner space, see Section

Remark 2.2 (Weak solutions). By Theorem and the proof of Theorem the
(e 1 0) limit of the viscous approximation is an entropy solution in the sense
of Definition It follows that any entropy solution is a weak solution. Informally
this is a consequence of the integration by parts formula for Malliavin derivatives.
To illustrate this, let d = 1, W be an ordinary Brownian motion, and suppose that
u is a Malliavin differentiable and spatially regular entropy solution. We want to
outline an informal argument showing that w is a (strong) solution of . Let

() u for u > 0, 4 s (u) 1 for u > 0,
u)y = an sign, (u) =
- 0 else, &+ 0 else,

so that (u)/, = sign, (u). The entropy inequality yields
E [0y(u = V)4 + 0 (sign, (u—V) (f(u) = f(V)))]
+ E [sign’, (u— V) o(u)D V] — %E [sign/, (u—V)o?(u)] <O0.
Note that
o(u) DV — *U *(u) = —o(u)(o(u) — D;V) + UQ(U)
By (L.7) and the chain rule, Dt81gnJr (u—V) =sign, (u—
[@(u = V) + Du(signy (u=V) (f(w) = f(V)))]

— E [Dysign, (u—V)o(u)] + %E [sign’, (u—V)o?(u)] <0

1
2
V) (o(u)—D,V). Hence,

The integration by parts formula of Malliavin calculus yields

E [Dysign, (u—V)o(u)] = E [sign, (u—V)o(u)d,W],
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and so
B (0w~ V) + Ou(sign (uw— V) (F(u) — F(V))]
< E [sign, (u—V)o(uw)o,W].
Suppose there is a Malliavin differentiable random variable V satisfying

u—V >0 forweA,
u—V <0 else,

for any A € .Zp. Then
Ou+ 0y f (u) < o(u)oW.

The opposite inequlity follows by considering (-)~.

Let us fix some notation. For n = 1,2, ..., we will denote by J" a non-negative,
smooth function satisfying

supp(J™) C B(0,1), J"(x)dr =1, and J"(z) = J"(—x),
R7
for all x € R™. For any r > 0 we let J'(x
JF(z) = J.(x—r) and note that supp(J,;") C (0,
from the context, we will write J = J".
According to Theorem and Theorem if u® € LP(Q; LP(R?, ¢)), then the
entropy solution belongs to LP(Q x [0,T]; LP(R%,¢)) for any 2 < p < co. As a
consequence of the entropy inequality we obtain the following:

) = =J"(%). For n =1 we let
2r). As the value of n is understood

Proposition 2.1. Let 2 < p < oo and suppose u® € LP(), %y, P; LP(RY, ¢)). If
u € LP([0,T] x Q, LP(R%, ¢)) is an entropy solution of (1.1)), then

e85 SUp {E [||u(t)||g A} < .

0<t<T ’
Proof. Let

t
ws(t,x) = (1 —/ Js(o—7) da> o(x).
0
Let
RP +pRP~Y(u—R) foru>R,
Sr(u) =< |ul” for —-R < u < R,
RP —pRP~Yu+ R) foru<—R.
Strictly speaking, Sg is not in &, but this can be amended by a simple mollification
step (which we ignore). Note that Sg — |-|” pointwise. Furthermore
Sr| <pluf™" and  |SE(u)| < plp—1) [uf" .

Under these assumptions it is straightforward to supply estimates of the type (2.3))
and (2.4). Hence we may apply the dominated convergence theorem to compute
the limit lims o Ent[(Sg, Qr), ¥s,0](w) > 0. This yields

B[ [ sntutrot)de] < B[ [ sut@note) ]

Rd

+ E {/T Qr(u,0) ~V¢>dxdt}
0o Jre

+%E [/O /Rd/ZS}é(u)U(:r,u,z)zqﬁdu(z) d:cdt],

for almost all 7 € [0,7]. Again, by the dominated convergence theorem, we may
send R — oco. The result follows. O
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It is enough to consider smooth random variables in Definition [2.1] i.e., random
variables of the form
V=fW(h),...,W(hy))

where f € C°(R™), W is the isonormal Gaussian process defined by (1.3)), and
hi,...,h, arein H = L?([0,T] x Z), see |27, p. 25]. We denote the space of smooth
random variables by S.

Lemma 2.2. Suppose (A7) and (A,)) are satisfied. Fizu € L*([0,T] x Q; L2(R%)),
an entropy/entropy-flux pair (S,Q) € &, and v € C°([0,T) x R?). Then

V — Ent[(S, Q), ¢, V](u)
is continuous on DV2 (in the strong topology).

Remark 2.3. Tt is not necessary that S” is compactly supported in the upcoming
proof (boundedness and continuity are enough).

Proof. Suppose that V,, — V in D*? as n — oo, and write
Ent[(S,Q), ¢, V|(u) — Ent[(S, Q), ¢, Va](u)

- URd(S(uO(z) — V) = S(O(z) — V;,))(0, z) dz]

+E //HT(S(u C V)= S(u— V) dxdt}

+E ://HT(Q(U,V) —Qu, V) - V@dzdt}

+FE //HT /Z(S"(u —Vo)Dy Vi — S"(u—V)Dy . V)o(x,u, 2)p du(z) dwdt]

+ %E [// / (8" (u—V) — 8" (u—V,))o(x,u,2)*pdu(z) dxdt]
Iir JZ
=T+Ta+Ts+Ts+Ts.

We need to show that lim,, o, 7;(n) =0 for 1 <i < 5.
First, note that V,, — V in L?*(Q). Next,

[T < ISlip E IV = Val] H@(O)HLl(R) :

Similarly,
T2l < [Sllip BNV = Vall 196 1 11 -

It follows as V,, — V in L?(2) that 71,75 — 0 as n — oo.
Concerning 73, we first observe that for any (,&,0 € R,

Q¢ ) — (G, 0)] =

¢ ¢
/ (s — O)Of () dz — / S'(=— 0)0f(2) d=
3 0

< /:(S’(z )= §'(2— 0))0f (=) dz| + /: S'(=— 0)0f(2) dz| .
Hence,
T3 < F {//HT /VU(S’(Z V)= 82— V,)0f(2)dz||Vy| dxdt}
VE //HT /an (2 = V.)Of (2) dz| V| dedt

— 751 4 7;)2_
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We want to handle 73 using the dominated convergence theorem. The uniform
bound is obtained as in (2.3]). Since
|S'(z =€) — S (z—0)] < |||l [ — 0] for all z € R,
it follows that

¢
0(6) = /E (8'(z— ) — S'(z — )0/ (=) d

is continuous at £ and satisfies () = 0. Suppose that { Vn(j)} is a subsequence
converging a.e. to V. By the dominated convergence theorem,

Jim 75 (n(j))

—E[// lim
Iy 3=

By the above, any subsequence of {7'31(11)}n>1 possesses a subsequence converging
to 0, and so lim,, . 75 (n) = 0. Consider 73?. Since

T3 < 1Sl 1l B IVa = VIVl 1 11,

it follows that lim,, ., 75> = 0.
Concerning the Ty-term, we first split it as follows:

T.=FE {//HT / S"(u—Vp) (Dt Ve, — Dy V) (2, u, 2)p du(2) dxdt}

IVl dxdt] =0.

/ (8'(2 = V) = §'(2 = Viu;))0f (2) dz

+FE {// / S (u — —S8"(u—V))D . Vo(z,u,z)pdu(z) dwdt}
IIp
=Tl +T¢.
By (2.5), lim,, o 7,/ = 0. Owing to (2.5)), the dominated convergence theorem
2.4

implies lim,, ;o 7,2 = 0. Finally, by (2.4) and the dominated convergence theorem,
also lim,, o 75 = 0. [l

For the proof of existence of solutions, it is convenient to introduce a weaker
notion of entropy solution based on Young measures (see, e.g., [3 15, 16, 28]).
Instead of representing the solution as an element in Y (IIr x Q;R) we use the
notion of entropy process proposed in [I6] or equivalently the strong measure-valued
solution proposed in [28]. Any probability measure v on the real line may be
represented by a measurable function u : [0,1] — RU {oo} such that v is the image
of the Lebesgue measure £ on [0,1] by w. In fact we may take (See [37, § 2.2.2])

(2.6) u(a) =inf{€ €R : v((—o0,&]) > a}.

A Young measure v € Y (Il x ;R) is thus represented by a (higher dimensional)
function w : II7 x [0,1] x Q@ — R where u satisfies v 4, (B) = L(u(t, z,,w) " (B))
for any measurable B C R. The extension to Young measure-valued solutions is
thus obtained through the embedding defined by

(2.7) D(u)(t, z, a,w) = u(t, z,w).
Given a functional F' we define the extension
1
V() @)= | Flu(a))da.
0

so that Y (F)o® = F. For 1 < p < oo we let

1 1/p
lllp,ge1 = (/0 /Rd lu(z, a)|” ¢(x) da da) ,
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The associated space is denoted by LP(R? x [0,1], ¢).

Definition 2.2 (Young measure-valued entropy solution). A Young measure-valued
entropy solution u = u(t,z, ;w) of , with initial condition u° belonging to
L3(Q, Fo, P; L2(R%, ¢)), is a function satisfying:
(i) w is a predictable process in L2([0,T] x €; L2(R? x [0, 1], ¢)).
(i) For any random variable V' € D2 any entropy/entropy-flux pair (S, Q) in
&, and all nonnegative test functions p € C°([0,T) x R%),

(2.8) Y (Ent[(S, Q). ¢, V) (u) = 0.

The next result is concerned with the essential continuity of the solutions at
t = 0. A similar argument can be found in [7].

Lemma 2.3 (Initial condition). Suppose and are satisfied, and that
u® belongs to L?(QY, Fo, P; L2(RY,¢)). Let u be a Young measure-valued entropy
solution of in the sense of Definition . Let S : R — [0,00) be Lipschitz
continuous and satisfy S(0) = 0. For any ¢ € C>°(R?),

Tro = FE // S(u(t,z, ) —u®(z))(2) (1) dad:cdt] — 0 as 0.
I J[0,1]

Remark 2.4. The proof does not depend on the differentiability of J,fg . Hence the
above limit may be replaced by

im 1 ! 0 _
i T/o /Rd 0.1] Su(t,z, ) —u (x))¢($)dadxdt] 0.

740

Proof. Let S € C*°(R) with bounded derivatives. Take

o(t,xz,y) =& ()Y (x)J-(z —y) where &, (t) =1— /o JTJE (s)ds.

Then let V = u%(y) in (2.8) and integrate in y. This implies
(2.9)

= u T, —UO i AT — a axr
r=p| [ f[ ] S0n0) - @)ene - odad dtdy]

O .
/Rd //HT 0,1] Qu(t, z,a),u’(y)) - Vapda dmdtdy]

w8 | [ [ s - u)elo. o) drdy

/Rd //HT /[071]/ZS”(“(1571”’04) —Uo(y))g(ff,u,Z)%ci#(z)dadxdtd;;}

=T +T*+T°
Let us first observe that

= U X, 7UO — u T, 7'1140 x
r=en| [ ] ] sttna) - i) - S(ie.n0 - i)
X p(x)Jp(z — y)J,5 () de dxdtdy} =Ty + 1"

<E

1
B
T3

We want to take the limit 7o | 0. First observe that we have the bound

<180 B [ [ 100 - w0 w002 o - pasa| =
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which is independent of ry. Similarly, ‘7'2’ < R. Note that &, —+ 0 a.e. as g | 0, so
due to assumptions (A/[) and (A,]), one may conclude by the dominated convergence
theorem and estimates similar to those in ([2.3)) and (2.4]) that

lim 7' = lim 7° = 0.

7040 7040

Thus, it follows by (2.9)) that
lim 7, < 2R.
TO‘LO

Since r > 0 was arbitrary, and lim, o R = 0, we have arrived at lim,, o 7, < 0. The
desired result follows, since we can approximate any Lipschitz function uniformly
by smooth functions with bounded derivatives. O

3. THE VISCOUS APPROXIMATION

For each fixed € > 0, we denote by u® the solution of the regularized problem
(3.1) du® +V - f(u®)dt = / o(z,u®, z)W(dt,dz) + eAuvtdt, (t,x) € Iy,
3.1 z

uf(0,2) = u’(2), z € RY

As in the deterministic case, the idea is to let ¢ — 0 and obtain a solution to the
stochastic conservation law (|1.1)). The entropy condition is meant to single out this
limit as the only proper (weak) solution; the entropy solution. To show that this
limit exists, a type of compactness argument is needed [3] [1'7, [9].

The existence of a unique solution to (3.1) may be found several places [3, [17].
In particular, the semi-group approach presented in [30} ch. 9] may be applied. The
functional setting of [30] is that of a Hilbert space, and so the natural choice here

is L2(R%, ¢) where ¢ € M. Due to the new functional setting, we have chosen to
include proofs for some of the results relating to (3.1)).

3.1. A priori estimates and well-posedness. Let S. be the semi-group gener-
ated by the heat kernel. That is S (t)u = ®(t) x u where

1 |
O (t,x) := (Gent)i2 exp (451?) .

Let F(u) =V - f(u) and G be defined by (L.2). In this setting the key conditions
[0, p. 142] for well posedness of (3.1)) is given by:

(F) D(F) is dense in L*(R%, $) and there is a function a : (0,00) — (0, 00)
satisfying fOT a(t)dt < oo for all T < oo such that, for all ¢ > 0 and
u,v € D(F),

(O F @)l 2y < 0l8) (1 + Nl 2y )
1S () (F(w) = F))lL2a,) < alt) u =0l 2 (ra g) -

(G) D(G) is dense in L?(R? ¢) and there is a function b : (0,00) — (0,00)
satisfying fOT b2(t)dt < oo for all T < oo such that, for all + > 0 and
u,v € D(G),

15 ()G (W)l 2, L2 (2): L2 (R 0)) < () (1 + ||UHL2(Rd,¢)) ,
[[5e(t)(G(u) — G(U))||$2(L2(Z);L2(Rd,¢)) < 0(t) [Ju — UHL?(]Rd,qb) :
Suppose u’ € L2(Q, %y, P; L*(R%, ¢)). Under assumptions (F) and (G) we may

conclude by [30, Theorem 9.15, Theorem 9.29] that there exists a unique predictable
process u° : [0, T] x  — L?(R¢, ¢) such that
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(3.2) sup E [Hus(t)n;qﬁ} < .
0<t<T

(ii) Forall0 <t <T
(3.3)

wita) = [ elto =)y
[ ] Vet = s =) 10 (5.9)) ds

/ / /R = s,x = y)o(y, u(s,y), 2) dy W (ds, dz).

(iii) u® is a weak solution of (3.]), i.e., for any test function ¢ € C2°(R%) and
any pair of times to,t with 0 <tqg <t < T,

(3.4) / ()apdw—/ (to godx—/to Rdf (s)) - Vedxds

// / oz, uf(s,x), 2)pW(ds,dz) d:z:—&—s// u®Ap dxds,
d R4

dP-almost surley.
To see that conditions (F) and (G) are satisfied we prove the following estimate:

Lemma 3.1. Let ¢ € 9 and 1 < p < oco. Suppose Cyvidet < 1. Let v €
WHP(RY ¢; RY) and u € LP(RY, ¢). Whenever Cyy/4et < 1,

() [9c(8) 5l < ol g
.. K2.d
(i) [26) %7 vl 5 < 2L ol

da(d
where K1,4 = ca—1 ,rd(p) ;K24 = Cd d(n), and

ca = /0 CI1+ )% exp(C — C2)dC.

The volume of the unit ball in R is denoted by a(d).

Before we give a proof let us see why (F) and (G) follows. Recall that we may
assume f(0) = 0 without any loss of generality. By Lemma and (A
52 d

1S F ()2 a,g) = 19(t) * V- Wl 2gagy < 75 1 s 1
————

a(t)
It remains to observe that fOT % dt = 2/T < oco. The second part of (F) follows
similarly. Let us consider (G). First observe that

s.0Ghw) = [ ([ @l = vty us) 2y} 0 dute)
Recall that HS = % (L%(Z); L?>(R%, ¢)). By Lemma 3.1/ and

061 = [ [ ([ ottr ot ) o dints
= [ 1905 o0, 2 du(2)

2
< ’iid HM||L2(Z) (H(z)HLl(Rd) + ||“H2,¢)2~
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This yields the first part of condition (G). The second part follows similarly, in view
of the Lipschitz assumption on o.

Proof of Lemma[3.d. Consider (). By Proposition

00w ull o < ( [ 190010+ wpolle)) do ) Ll

le@l

wpe(r) = %r <1 + C;br) exp (er) .

We apply polar coordinates to compute ||®(t)||. This yields

el = [ N / o [ 01+ (1) 450
do(d) [>

C r2
_ d—1 Cgp T
B (4E7Tt)d/2/0 " exp( D " 451?)
X (exp (—C¢T> + %T (1 + CQST)) dr.
p p p
To simplify, we note that
2
exp (—qur> + %r (1 + Cd)r) < (1 + (C’d)r>>
p p p p
Let ¢ = r/v/4et. Provided Cyv/4et < 1, it follows that
%r = %\/451{ <.
p p

where

Inserting this we obtain

el < %55 [ et (e~ ¢2) dc

Estimate follows along the same lines. Integration by parts yields

/ B (t,x — )V - v(y) dy = / Vad.(t,x —y) - u(y) dy.

Rd

Hence,
[@.(t)*x V- 0| < |VO(H)] % |v].
By Proposition [6.4]

19200 % 0l < ([ 19000 (0 ) ) ol -

Ive@l

Let 7 = |z|. Then

Ivew) - [ h / o TR )1+ 10, 0) ) .

W(r)

Now,

2nx ||
B (t,2) = -t —exp |~ ),
Ve.(t,7) (4met)d/2+1 P ( 45t>
and so

- da(d) r d C¢ T2 C¢ C¢ C¢
\IJ(T) = W (Td) exp (pT — Tgt exp —?7’ + ?7" 1 =+ ?T .
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Let ¢(r) = r/v4et and suppose Cyv/4et < 1. Then

d 2
o0 T C¢ 7’2 Oqg
/0 (@) exp <p’"_4st> (H (pr>) ar
< VI / T M1+ O exp(C — ¢ dC.
0

This concludes the proof of the lemma. O

The following two estimates constitute the reason why Lemma is the key
to the well-posedness of (3.1). As we will see, the relevant properties of u® follow
rather easily with these estimates at hand.

Lemma 3.2. Let 1 < p < o0 and ¢ € N. Suppose v € C([0, T]; WHP(RE, ¢; RY)).

Set
Tt x) = /0 /]Rd O (t— s,z —y)(V-v(s,y))dyds.

Then, for any 1 < q < oo,

IT IO 0 a0y < K5.q ( f) / \/T 170 (R, 455
where Ko g = cd’iad—%) and cq 1s defined in Lemma .

Proof. By Minkowski’s integral inequality [31, p.271] and Lemma [3.1]

17T 1<>p¢_(/ [@-(t — 8) % (V- 0(s,9))]], ds )

q
‘ K2,d ”
\/f Pp.o :
If ¢ = 1 we are done, so we may assume 1 < ¢ < oco. Let r satisfy 1 = r=! 4 ¢!
and take

1 1/r 1 1-1/r
h(s) := <M> and g¢(s) := <5(t—s)> [v(s)l,.6 -

By Holder’s inequality, [|hg|7:(0.q) < 1911 Ta(0.9) 1717 (0.4)> 20nd O

TN (ray < (B2, 1Bl 0,4)) / \/7 1070 (mat ey ds-
A simple computation yields
/r q—1
¢ 1 ! t
h||%, = / ——ds =|24/- .
1A (10,0 < VA= e
The result follows. O

Lemma 3.3. Let 2 <p < oo and ¢ € N. Suppose v: Q2 x [0,T] x Z x R* — R is
a predictable process satisfying

[v(s,x, z)| < K(s,2)M(z),
for M € L%(Z) and a process K € L?([0,T]; LP(2; LP(R9, ¢))). Define

v](t,x)z/ot/Z/Rd B(t — 5,3 — y)u(s, y, 2) dyW (dz, ds).
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Then
1/2

1/p ¢ 2/p
B[ITeeg,) " < rmaaldtl ([ B (1K) as)

where ¢y, s the constant appearing in the Burkholder-Davis-Gundy inequality and
K1,d = cd_liad—(g), with cq defined in Lemma .

Remark 3.1. To prove this result we use the Burkholder-Davis-Gundy inequality
for R valued processes. Using Banach space valued versions [12] [33], one can derive
more general estimates.

Proof. First note that

M(t,x) = /Ot /Z /Rd O (1 — s,z —y)v(s,y, z) dyW(dz,ds)

is a martingale on [0, 7], and so by the Burkholder-Davis-Gundy inequality [22],

(/Ot/z|<1>5(t —8)*v(s, - 2) (@) du(z) ds)p/j )

Upon integrating in space and applying Minkowski’s inequality, it follows that

/]Rd (/Ot /Z |®(t — ) *v(s, -, 2)(z)]? dM(Z)ds)p/z s dx] 2/p

<o [ [ (8] [ 18- ot 21001 0 dem, dn(2)ds.
By Lemma 5]

> come, [ [ B P 17 () d
TN < &8 [ B[l 2] duz)ds

By assumption,

t 2/p t 2/p
| L e lteig,]” aue s <101, [ B [15o1E,]"" o

E{|TWI(t2)f"] < ¢ E

ITTI@)Il 6 < /7B

O

For a Banach space E' we denote by X3, r the space of pathwise continuous
predictable processes u : [0,T] x Q@ — E normed by

1/q
(3.5) lullg g, = ( sup e 7B [IM@II%]) :
t€[0,T7]
The existence of a solution to (3.1]) is obtained by the Banach fixed-point theorem,
applied to the operator

S(u)ta) = [ eltr = ) (s)dy
- / vmq)s(t — 5T = y) ’ f(u(s,y)) dyds
0 JR4

+f t [ [ ot s2 = potuuto.). ) dywids. iz

on the space X 9 12(ra ¢y, With 3 € R sufficiently large. It follows that the sequence
{un},,»; defined inductively by up = 0 and up41 = S(u,) converges to u® in
Xﬁ’Q’LZ_(Rd,d)) as n — oo. By Lemmas and we are free to use the space
X p,1r(Re,g) for any 2 < p < oo in the fixed-point argument [17].
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We can use Lemmas and to deduce a continuous dependence result. To
do this, we need a measure of the distance between the coefficients. For the flux
function f, the Lipschitz norm is a reasonable choice. Concerning the noise function
o, we introduce the norm |[|o|[;, = M|l 27, where

M,(z) = sup {supmw} + sup {Sup lo(z,u,2) — o2, v, 2)] } .

zeRE L ueER 1+ |U" zeRd | u#v |’LL - U|
Note that for any o satisfying (4], we have o]y, < oo

Proposition 3.4 (Continuous dependence). Let 2 < p < oo and ¢ € N. Let f1, fo
satisfy (@ and 01,09 satisfy . Suppose ul,uy € LP(Q, Fo, P; Lp(Rd,¢)).
Let u§ and uj denote the weak solutions of the corresponding problems (3.1)) with
f=fi,o=o0i, and u® =Y, for i =1,2. Then, for 3 > 0 sufficiently large there
exists a constant C = C(B,¢e,T, f1,01) such that

[Jui — U§||5,p,Lp(Rd,¢) < C(E {H% - U2||p ¢] +Ifi = f2||Llp [|u 1||,3,p,Lp(Rd,¢)

o1 = sy (16051 sy + 16315 203 )
where the norm |||, .o (ga g 15 defined in (3.5)).
Proof. By (33),

(ko) = ui(tn) = [ eltr =)o) — o) dy
—/ Vobe(t— 5,2 — ) - (f1(u5(5,9)) — folu§(s,9))) dyds

v / / (= 5,2 = ) (o1(p, w6 5,),2) — 02(0, 45 (5,1), ) dy W (ds, d2)
=Ti+Ta+Ts
By Lemma [3.1]
E(IT0I5,,) <15 (8 = uS]? ]
where k1 g is defined in Lemma Hence
(3.6) ||7-1||5,p,Lp(]Rd’¢) < ki1,qF [Hu? - Ug”g’(ﬁ} v
Consider 7. Note that

B[ AW ) - RN, <If ~ folly 2[5 @1E,]

1/p
12l B [ (s) — i) ]
By Lemma 3.2
AT RGN

éné’,d< ) 1= Falls, / ﬁ B [lw(s)I ] ds
t

+m§,d<4 ) 12125, / ﬁ B [|lui(s) = us(s)[? ] ds
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Multiplying by e~#* and taking the supremum yields

B7) N Tallgprr@ag) < 981l = Falluip 14515 p, Lo ma 0)
+0p.1 || fallpsp lug — w3l

B,p,LP (R%,¢)

; 1-1/p b —Blt—s) 1/p
0,1 = Ka,4 sup 4\/> —ds .
' " telo,T) € 0o \e(t—s)

Consider T3. First, observe that
|O-1(y?u§az) - 02(y7ugaz)| < M<71 (Z) |u§ - U’S' + MUI_U2(Z)(1 + |uﬂ>

where

Due to a simple extension of Lemma [3.3]

1/2
E 7’ t p 1/I) < 1/17 tE 5 € p 2/[) d
1T o] < et Pmalionli ([ B (It~ usolg] ™ as

t 2/p 1/2

+efrnallon = oalhy, ([ £ [0+ g, as)

Multiplication by e #*/P and then taking the supremum yields

(3:8) I Tsllgp,rrrapy < 9p2 ol 1ui = usllp 1o (e g)
+ 08,2 o1 = o2l (DNl L1 may + uill g p, o (ra,0))>

t 1/2
dp2 = czl/pnl,d sup (/ e~ P2t=s)/p ds) < czl,/p1 |2
tef0,7] \Jo 2

Here we used that ||1Hﬂ’p’Lp(Rd’¢) = ||¢HL1(Rd)' Combine (3.6, (3.7), and (3.8)), and
note that dg; — 0 as 8 — oo for ¢ = 1,2. This concludes the proof. O

where

In order to apply Itd’s formula to the process ¢ — u®(t, z) we need to know that
the weak (mild) solution u® of (3.1)) is in fact a strong solution. The following result
provides the existence of weak derivatives.

Proposition 3.5. Fiz ¢ € N and a multiindex «. Make the following assumptions:

(i) The flur-function f belongs to C!°I(R; R?) with all bounded derivatives.
(ii) For each fized z € Z, (z,u) — o(x,u,z) belongs to C!*I(R? x R) and for
each 0 < ( < a and 0 < n < |a| there exists M¢ , € L*(Z) such that

00 (x,u,z) < Mcn(2), 1<n<]qf,
o, u,z) < Mco(2)(1+ |ul).

(iii) The initial function u® satisfies for all ¢ < a,
0P
E“|8<u Hp@} < 00 (2 <p< o).

Let u® be the weak solution of (3.1). For any ¢ < «, there exists a predictable
process

(t, z,w) — OSus(t,z,w) in LP([0,T] x ; LP(R%, ¢))
such that for all p € C*(Il7),

/ Susp dadt = (—1)1¢! // uf S dadt, dP-almost surely.
HT 1_IT

To prove Proposition [3.5] we apply
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Lemma 3.6. Let 0 € C®°(R? x R) and suppose u € C¥(R?). For any multiindex
a, let 9y =[], Ogk. Then

7]

o u@) = Y Cady 0 oz, ul Hm

(Sayem(()
Here 7(¢) denote all partitions of (, i.e., all multiindices v = {vi}i>1 such that
S° 4% = (. Furthermore, |7y| denotes the number of terms in the partition 7.

Remark 3.2. Whenever ( # 0 we assume that the terms 7% in the partition 7
satisfies v # 0. If = 0 we let v = 4! = 0 and by convention let |y| = 0.

Proof. One may prove by induction and the chain-rule that
Opo(x,u(@)) = [(0: + 9y)* o (y, u(2)] =y .y -
By the binomial theorem,
o _
(- +0y)a(y,u(z) = Y | )05~ 0oy, u(2)).
¢
(Lo
Thanks to [19, Propositions 1 and 2], it follows that
ol = > Mlo(y,u ())HW (2),
yem(Q)
where M, is a constant. The result follows by combining the above identities. [

Proof of Proposition|3.5 We divide the proof into two steps.
Step 1 (uniform estzmates on {u"}, ). For all ( < o, suppose

(3.9) sup E {H(‘)C " )Hp } <C¢p (2<p< o).
0<s<T p:@
We claim that there exists a constant C' > 0, independent of 8 and n, and a number
dg > 0 such that
a, n+1 @, n
(3.10) H8 u Hﬁ,p,LP(Rd,qj)) < C+0p 0% |‘B,p7L1’(Rd,¢) ’

where 65 < 1 for some 3> 0, and [|-[|5 , 1n(ga g is defined in (3.5). Given (3.10),
it follows that

1054 g5, o (ra gy < C D 35 <

pors 1-46g

and we are done.
To establish ([3.10]), observe that the weak derivative satisfies

0oLt ) — /R .t — )05 (y) dy

- / Ve (t — 5, — y) - 0% F(u"(5,)) dyds

/ / /R — 5,2 —y)dyo(y,u"(s,y), z) dy W (ds, dz)

=:Ti(t,z) + Ta(t, ) + T3(t, ).

To justify this, multiply by a test function and apply the Fubini theorem [39] p.297].
By the triangle inequality we may estimate each term separately.
Consider 7;. By Lemma

BT, < #h B [lo™]2,].



REMARKS ON STOCHASTIC CONSERVATION LAWS 21

where 11,4 is defined in Lemma By assumption (iii) it follows that there exists
a constant C' such that

(3.11) 1T1llg p,Lr (e, g) < C-

Consider 7. By Lemma

ITel 1o g0 = S0 €E [EAGIA

g, (2yfT) [ B [j07 )
K — u (s
- € tEOT Vel t— P9

<whg|2y/ = - Tie_ﬁ(tﬂ) ds | [0 f(u™(s))II5
K ] u"(s (R 5Y -
= hoyg - 0 (L —s) B,p,LP(R%,¢)

By Lemma the triangle inequality, and the generalized Holder’s inequality,

p 11l/p
E[|\aaf<un<s>>||§,¢}”pg > cellols| B ﬂmiun(s)
yem(a) i=1 b
< 3 cualpos] I |l ]

where ¢; = |a|p/ |vi|- By assumption there exists a constant C, independent of n,
such that

[ i q
E H&” u"(s)
L qi ¢

<c

for all terms where 7 < a. Since Ca,o =1, there is another constant C' such that

le% n p ) l/p / @, M p l/p
B [lo°r )L, < o4 171 B [l s)z,]
for all n > 1. Multiply by e=#*/? and take the supremum to obtain

||aaf(un)||g,p,Lp(Rd,¢) <C+ ||f/Hoo ||aaun||5,p,Lp(Rd,¢) :

It follows that

171 \F ([ )
2 P Scd 24/ —
(3.12) PR e 0 V=9

x (c 1 o 10 )

Consider 73. By Lemma

Talt,2) ZZ%///W (t=s,2-y)

(Sayen(Q)

[7]

X 811_46‘27‘0( H@” s,y) | dyWi(ds,dz)

= T3 (t,x) + Ty (t,2),
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where T3 contains the term with ¢ = 0. By Lemma assumption (ii), and the
generalised Holder inequality,

1/p
E[Hﬁl(t)Hiz’(Rd)} = Z Z C%Ozc}o/p”ldHMa—C,IW\HB(Z)

0<¢<La~en(C)
t |’Y|
| [ 1L o

where ¢; = |¢|p/|7vi|. The term T3 is estimated similarly by applying the second
case of assumption (ii). It follows from (3.9)) that there exists a constant C' such
that

p 1/p 1/p ! a, n p 2/p v
B (1T, " < 0 dfrmalMosla, ([ B0 lg,] " as)

2/q 1/
} ds ,
)

L% (R4

Multiplying by (e‘ﬂt)l/ P and taking the supremum yields

(3.13)
1Tsll p. 1o (.)€ + &/ allMosll 2z,

t 2/p
X sup </ e 2Bt=s)/p (=Bsp |0%u™(s)|? ds>
te0,7] \Jo ( [ p’qu

p o, N
S C+ C;/pﬂl,d ||M011||L2(Z) A / % Ha u Hﬁ,p,Lp(Rd,¢) .

Combining (3.11)), (3.12), and (3.13) we obtain inequality (3.10)), where

T 1-1/p T -B(t-s) 1/p
5 = 2./ = /
B ’4:27d c \/ti— ||f ||oo

+ C;,/p/ﬁ,d Mol 2 ()

1/2

»

28"

It is clear that dg — 0 as 8 — oo and so (3.10) follows. By induction, estimate
(3-9) holds for all ¢ < a.

Step 2 (convergence of u™). Fix ¢ < . We apply Theorem to the familiy
{3<u"}n>1 on the space

(X, o, p) = (Qx Iy, 2@ % (R ,dP @ dt ® ¢(z)dx).

By means of (3.9),

sup {E U/HT 0%u" (1, 2)|” o(x) dxdt} } < .

Hence, {8<u"}n>1 has a Young measure limit v¢ € ) (Q x II7). Next, define
OSus (t, z,w) = fR dygw)w. By definition, the limit has a & @ 4 (Rd) measurable

version. Furthermore, %u® € LP(Q x [0,T]; LP(R9, $)), cf. proof of Theorem .
and Lemma - Let us show that 9¢uc is the weak derivative of u¢. To this end,

observe that
// u(t, )% dadt = (—1)I¢! // O°u™(t, ) ddt,
HT 1_IT
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for any ¢ € C®(R). By Lemma ii) and Theorem there is a subsequence
{n(j)};>, such that for any A € .7,

lim FE []IA/ 8<u”(j)godxdt} =F [// /ap(t,x)]lA(w) s, (€) dxdt}
j—oo Iy nr JR w

=F []IA/ ut dmdt] .
IIr

As u"™ — u® in X g 12(ra, g, it follows that

lim E []IA // u”@ﬂﬂdmdt} =F []IA // ueacgodxdt] .
n— o0 o M

The conclude the proof. O

3.2. Malliavin differentiability. In this subsection we will establish the Malli-
avin differentiability of the viscous approximation. Furthermore, we observe that
the Malliavin derivative satisfies a linear parabolic equation. This equation is
then applied to show that D, ,u°(t,z) — o(z,u®(r,x),%) as t | r in a weak sense
(Lemma ; a property which is crucial in the proof of uniqueness.

Proposition 3.7 (Malliavin derivative of viscous approximation). Suppose @
and (A,) are satisfied. Fiz ¢ € N and u® € L?(Q, Fo, P; L*(RY, ¢)). Let u® be the
solution of (3.1)). Then u® belongs to DV2(L2([0,T]; L*(R%, ¢))) and

(3.14) 053 SUp [|u” () lp.2 12 (me,g)) < 00

Furthermore, for dr @ dp-a.a. (r, z), the L*(R%, ¢)-valued process {Dyuf(t)},, is
a predictable weak solution of
(3.15)

dw + V - (f'(uf)w) dt = fZ Oao(z,us, 2 Y wW(dt,dz") + eAwdt, telrT,
w(r,x, z) = o(x,u®(r,z), 2),

while D, ,u®(t) =0 if r > t. Furthermore
(3.16) esssup{ sup EI”DruE(t)||i2(Z;L2(Rd7¢))} < 00.
’I‘E[O:T] tE[O’T]

Remark 3.3. Let w, ,(t,z) = D, ,u®(t,z), t > r. Estimate (3.16) may be seen as a
consequence of the Gronwall-type estimate

B [z O)lF2ga | < (14 Ce7) B[l ()32 g

for t > r. From the perspective of a uniqueness result (see Lemma [3.8)), it is of
interest to know whether one can derive such estimates independent of e.

Proof. We divide the proof into two steps.
Step 1 (uniform bounds). Consider the Picard approximation {u"}, ., of u®.
We want to prove that B

(3.17) sup [[u"()llpr2(p2ga,py) < €, foralln > 1.
0<t<T
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By [27), Proposition 1.2.4, Proposition 1.3.8, Proposition 1.2.8],
(3.18)

D, u™ (¢, x)

= [ outt = r = ot ). 2) dy
R
t
[ [ Vet sw ) £ (5D (5 9) s
r JRd

t
[ ] @t == )00 510 20Dy ) dy W (s )
r JZ JR4
ST T T
for all r € (0,t]. Whenever r > ¢, D,u"*1(t) = 0 since u"*! is adapted, see
[27, Corollary 1.2.1]. Hence, given (3.17), we conclude that {D, .u"},.  is a mild
solution of (3.15) for almost all (r, z) € (0,¢] x Z. Next, we apply [30, Theorem 9.15]

to infer that the mild solution is also a weak solution.
Let us prove (3.17). Recall that

2 2 2
lulBrz 22 gy) = E [l 6] + B [IDU® 316 0280.6)]

where H denotes the space L?([0,7] x Z). To obtain a uniform bound we want to
establish the existence of a constant C' such that

(3.19) | Du < C+6pl|Du"l5 0 pore(ra,g) Where dg <1,

m ||,8,2,H®L2(]Rd,¢)

for some 8 > 0. Under these assumptions it follows that

n—1 C
k
paarrmy < CY 05 5 5’
k=0

and (3.17)) follows. To establish (3.19)) we proceed by (3.18) to estimate each term

separately.

Consider 77". By Lemma and assumption (A4,])),

|Wrw¢nﬁqzmm¢@y:XJWAt—M*acm"wxa@@du@)

2 n
<KL g IM172 ) (1 L1 ay + 11w (7). 4)°,
for each 0 < r < t. It follows that
(3.20)

[Du"|

7" Hg,z,H@L?(Rd,qﬁ)
(3.21)
1/2

t
< ralMle (s B | [ 1ol + "0l 2ar] ) <.

Let us consider 75*. By Lemma [3.2]

2

n 2
T80 Ol o = |

Z

dp(z)
2,¢

t—r [* 1
< 212 NI \/ / / D, u"(s)||> . du(z) ds.
>~ 2,d ||f ||oo c . \/&m P || ) ( )||2,¢ :u’( )

/ Vo (t —s)x f(u"(s)) D, .u"(s)ds
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Multiplication by e~#* and integration in r yields

_ n 2
e E (1T 0 me0]

I s
< 2[%2 d Hf || / E |:HDU (S)||H®L2(Rd,¢):| ds.

It follows that

1/2
e—B(T
(322) 173 lp2.m002@i0) < F2.allf o <\/ /\/7_8 )

X [|[Du” (s )||5,2,H®L2(]Rd,¢)'
Consider T3*. Due to (4],
1020 (z, 4, 2") Dy 2u” (5, y)| < M(2) | Dy zu” (5, y)] -
By Lemma

2
E {HE"(?% t)||L2<z;L2<Rd,¢>)}

t
< 02/1%,(1 ||M||i2(2)/ E [HD'f’un(s)Hi?(Z;LQ(Rd’@))} ds.

Integrate in 7 and multiply by e=#* to obtain
_ n 2
P 1T (o2 @)

t
2 —B(t—s),—Bs " 2
< cor? g IIMHLz(z)/0 e E [ D (5) 31 p2cae. 0| 4

Hence

" 1/2 1
(323) ||75 ||B,2,H®L2(Rd,¢) S 02/ Kl,d ||M||L2(Z) ﬁ (Rd7¢) :

Combining (3.20), (3.22), and (3.23) yields (3.19)) with

B(T—s) 1/2
6ﬁ—ﬁ2,d||f’|oo<\/ / T ) +c§/2m,d||MHL2<Z)%,
—8

where k3 g is the constant from Lemma while ¢ and k1,4 are the constants
from Lemma Note that dg | 0 as B — oo. Leaving out the integration in r
throughout Step 1, we deduce the estimate

C

(3.24) HDrU"||5,2,L2(Z)®L2(Rd,¢) < m

Step 2 (convergence). Let E denote the space L?([0,T]; L?(R¢, $)) and recall
that H = L*(Z x [0,T]). Consider {u,},~, as a sequence in D?(E). By
and the Hilbert space valued version of [27, Lemma 1.2.3] (see [8, Lemma 5.2]), it
follows that u belongs to D*?(E) and that Du"™ — Duf in L*(Q; H ® E), i.e., for
any h € H,p € E,and V € L?(Q),

E[(Du",h®¢)yop V] = E[(Du®,h® ©) yop V] -
It follows that the map
(t,w) — Duf(t,w) € L*(H ® L*(R%, ¢))

is #*-measurable. Note that Lemmaextends to cover this case so that (¢,w) —
D, ,uf(t,w) is P*-measurable dr ® dy almost all (r, z) € [0,T] x Z.

For each fixed ¢t € [0,T], we can conclude by as above that u®(t) €
DY2(L2(RY, ¢)), where Du™(t) — Duf(t) along some subsequence. Besides, this
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limit agrees dt-almost everywhere with the evaluation of the limit taken in D*2(E).
This follows by definition for smooth Hilbert space valued random variables and
may be extended to the general case by approximation. The weak lower semi-

continuity of the norm yields (3.14). Similarly, we may apply (3.24) and the
Banach-Alaoglu theorem to extract a weakly convergent subsequence in the space

L=([0,TT]; X3 2, 12(z)0L2(R4,¢))- This yields the bound .

As above, uf(t,z) € D'? for dt ® dx-almost all (¢,7), and for such (¢,z) we
have D, ,us(t,z) = Duf(t,x,r, z) for du ® dr almost all (r, z) where Du®(t,x,r, z)
denotes the evaluation of the limit taken in D*2(E). Taking the Malliavin derivative
of (as above on u™*1) it follows that ¢ — D,. ,u®(t) is a mild solution of
for dr ® du almost all (r,z). To conclude that it is a weak solution we can easily
verify conditions (F) and (G), with F(w,t) =V - (f'(u(t))w) and

/5‘20 x,ut(t,x), 2)w(x)h(z) dp(z).
O

The next result concerns the limit of D, ,u®(t,z) as t | r. In view of Lemma
this is a question about the satisfaction of the initial condition for ([3.15]).

Lemma 3.8. Let ¢ € C°(R?) be non-negative. In the setting of Proposition
for W e L2(Q x Z; L*(R%, ¢)), set

/ / / (D (t,2) = o (w,u (r,2), 2)) T (¢ = r) W dtdadp(z)
Zx1lr

Then there exists a constant C' independent of ro such that

1/2
(3.25) oo ()] < CE [I19]322,1 )

and lim, o Ty, (¥) = 0 for dr-almost all v € [0,T].

Proof. Note that T, = T, — 7,2, and consider each term separately. By Holder’s
inequality,

|75l =
<esssupEU /]R W D, x)¢(x)du(z)dx]

tel0,T

E [/ /Rd U(x, z) Dy u(t, x)d(x) d,u(z)dx] JE(t—r)dt

) 1/2 - 1/2
<E [||‘I’||L2(Z;L2(Rd,¢))] etSES[sl;I]D E [HDTU (t)HLQ(Z;LQ(]Rd,(b)} :

Furthermore, due to ,

- E[ /Z /R W o (r,2), 2)0() da:du(z)}

2 1/2 5 1/2
< HM||L2(Z) E [||W||L2(Z;L2(Rd,¢))} E [”1 + |UE(T)|||L2(R4,¢)} :

The uniform bound follows by and (3.2). Note that U — 7, (V) is
a linear functional on L?(Q2 x Z; L}(R%, ¢)), for each ro > 0. By the family
{7}0}T0>0 is uniformly continuous. Hence, by approximation, it suffices to prove
the lemma for ¥ smooth in z with bounded derivatives. Let

(,O(t,l‘, Z) = \I’(x’ Z)Qs(x)gro,r(t)v 57'0,7'(t) =1- /0 J;[L) (U - T) do.
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By Proposition [3.7]
0 =/ o(z,u®(r,z), 2)p(r, z, z) da
R4
T
+ / D, u(t,z)0pp(t, x, z) dzdt
r R4
T
+ / I (u®(t,x)) D, uf (t, x) - Veo(t, x, z) dedt
r R4
T
+ &‘/ D, u(t,z)Ap(t, x, z) dedt
r R4
T
+/ / oo (z,us(t, ), 2" ) D, us (t, x)p(t, z, 2) deW (d2', dt),
r Z JR
dr ® du ® dP-almost all (r, z,w). Note that

Oowp(t,x,z) = —V(z,2)p(x) .t (t — 7).

Taking expectations and integrating in z we obtain

Tro (V) = E

T
/Z/ iy f (s (t, 2) Dy v (t, ) - V(TG (2, 7) dﬁﬂdtdu(Z)]

+eF

T
/ / Dyt (£, ) A(T6)E, (8, 7) dwdtdu(@] .
Z Jr R4

Aslimg, o &, () = 0 for all t > 7, it follows by the dominated convergence theorem
that lim»,\ou] 7;0 (\I/) =0. [l

4. EXISTENCE OF ENTROPY SOLUTIONS

We will now prove the existence entropy solutions, as defined in Section

Theorem 4.1. Fiz ¢ € N and 2 < p < 0o. Suppose u® € LP(Q, Fy, P; LP(R?, ¢)),
and @ and hold. There exists a Young measure-valued entropy solution u of
(T1)) in the sense of Definition|2.3. Moreover, u € LP(Q x [0, T]; LP(R? x [0, 1], ¢)).

The bounds in Proposition 3.5 blow up as € | 0. Below we establish bounds that
are independent of the regularization parameter ¢ > 0.

Lemma 4.2 (Uniform bounds). Suppose @ and (A,) hold, and u® belongs to
LP(Q, Fo, P; LP(R?, ¢)) for some even number p > 2 and ¢ € N. Then there exists
a constant C, depending on u°, f,o,p, T and ¢ but not on €, such that

(4.1) E [Hug(t)HZ@} <c,  telo,T).

Proof. Assume that u°, f, o satisfy the assumptions of Proposition for |a| < 2.
The general result follows by approximation, in view of Proposition [3.4] Let us for
the moment also assume ¢ € 91N C*°, so that there is a constant Cy o satisfying
|A¢| < Cy2¢. By Proposition uf is a strong solution of . Hence we may
apply Ito’s formula to the function S(u) = |ul”, cf. Step 2 in the upcoming proof
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of Theorem After multplying by ¢ and integrating the result in x

w156 = 14°[15 4
“(s,z)) —eAu(s,x)) ¢(x) dxds

b [ [ s (s (9 £

t
o [ ] Wl s
0 Z JR4A

# 3o [ [ e [ 020 )0t dutehads.
sign (z) 0f(z) dz and note that by (A,

< ||f||Lip Jul?.

Yo(x) deW (ds, dz)

“(s,z)) o(z,u(s,z), 2

Let gq(u) = pfou \z|p_1
W) = \ [ vlel s ) 052
0

(4.2)
It follows that q(u®(t))¢ € L*(Q; LY (R%;RY)) for 0 <t < T
By the chain rule and integration by parts
t
Toim [ plus,)l ™ sign (u(5,2)) V- f(u (5,2) (o) dads
0 JRd
t
=[] 0t (s.2) - Vu(s.2)0() dads
/ / Vo(x)dxds.
Rd
By (4.2) and the fact that ¢ € N,
t
1< Colfllusy | (G s
Again by the chain rule and integration by parts
Yo (x) dxds

“(s,x)) Au(s,x

T2 ::5/0 /de|u5(3,x)|p* sign (u
=—ep(p— 1)/0 /Rd [ (s, 2) P72 |[Vus (s, 2)| ¢(z) deds
(s,2)) Vus(s,x) - V() dxds

t
75/ / pluf (s, z)[P " sign (uf (s, z
0 Jra

=—¢ep(p— 1)/0 /Rd |uE(s,gc)|p72 |Vu€(s,x)\2 o(z) dzds

¢
+5// |u® (s, z)|" Ap(x) dzds.
0o JRe

Using the assumption on ¢,

t
T3] < Cyae / s ()I2., ds

Finally, by assumption ,

1 K _

g0 =1) [ [ w0l [ ot s.0),2)0@) du)deds
R4

< 00— DIy [ [ 000 (0 o) 0l0) s

< plp 1>|M||L2(Z>(/ e )2 de/ o ()1 s
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After taking expectations and summarizing our findings, we arrive at
t
P 2 -2
E Il ®)I2,4] < B [[W]12,] + 2o = 1) 1M1, / B [Jluf ()75, ] ds
Ca

t
+(Collf g +<Coa+ 9o = D IMacsy) [ B[] s

Cy

and hence, appealing to Gronwall’s inequality,
E [||u€(t)ug7¢] < Cy (14 Cyte).

Observe that the result holds for p if it also holds for p—2, as long as u° belongs to
LP(; LP(R9, ¢)). For this reason, (4.1)) follows by induction. In view of Lemma
it takes an easy approximation argument to extend to the case ¢ € . O

Remark 4.1. In the forgoing proof, it is certainly possible to apply the Burkholder-
Davis-Gundy inequality, resulting in the improvement

E| sup ||[us(®)|® <,
O§t£T|| ()HLp(Rd,d,) =

for some constant C' independent of €.

Proof of Theorem[].1 We divide the proof into two main steps.
Step 1 (convergence). We apply Theorem to the viscous approximation
{u®}.-( on the measure space

(X, o, p) = (Qx Iy, 2@ % (RY),dP @ dt ® ¢(z)dx).

By Lemma [£.2]
sup {E U/HT | (£, )] o(z) dmdt} } < 00,

so we may take ((£) = &2. Tt follows that there exists a Young measure v = Vt 2w
such that for any Carathéodory function ¢ = ¥ (u,t, z,w) satisfying

d(u(), ) = ¥(:) in LN(Q x II7),

we have
1
P(t, x,w) :/w(f,t,x,w) Ave 5,0 (€) :/ Y(u(t,z, a,w), t,z,w) da.
R 0

Here u(t,z,-,w) is defined through (2.6), i.e.,
u(t,z,a,w) =inf {£ € R : vy 4, ((—00,&]) > a}.
We want to show that the limit u is measurable, i.e. that it has a version @ such
that for any 5 € R,
Bs = {(t,z,,w) s i(t, 7, 0,w) > B} € P @ B (R?) @ B([0,1]).
Note that

At 2, 0w) 2 B & nf {pro0((-00,8]) > o} 2 B vrou((—00,B]) <o

By definition of the Young measure we pick a version (not relabeled) such that,
the mapping (¢, z,w) — V4 4. ((—00,6]) is Z @ B (Rd)—measurable. Furthermore,
if it was finitely valued it would be clear that Bgs is in the product topology, i.e.,
Bg € F @ B (Ilr) @ #([0,1]). Hence, the result follows upon approximation by
simple functions [I1, Example 5.3.1].
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Let us show that v € LP([0,T] x Q; LP(R? x [0,1], ¢)). That, is

(4.3) E [//HT /01 lu(t, z,a)|” ¢(z) dadzdt| < oo.

Let ¢ € C°(R) be supported in (—1,1) and satisfy 0 < ¢ < 1,¢(0) = 1. Take
Yr(u) = Y(u/R). It follows that limpr_ 100 ¥r(u) = 1 for each u € R. Moreover,
take Sgr(u) = |u|” ¥gr(u), and note that Sg(u) 1 |u|” for all u € R. Since Sg is
compactly supported it follows that {Sgr(u®)},. is uniformly integrable on X. By
Theorem there is a subsequence ¢; | 0 such that

E { / /H T /0 S (ult, 2, 0))é(a) dadxdt}

~ lim E { / [ Sutu(,2)0(a) dxdt}

Jj—o0
<limsup E [// |u® (t, z)|” () dzdt} < C (by Lemmal[d.2),
el0 IIr

for some constant C' independent of R. The claim follows upon letting R — oo,
applying the monotone convergence theorem.

Step 2 (entropy condition). Let us for the moment assume that f, o, u® satisfy the
assumptions of Propositionfor all multiindices || < 2. Fix an entropy/entropy-
flux pair (S, Q) in &, a nonnegative test function ¢ € C°([0,T) xR), and a random
variable V' € §. We want to apply the anticipating It6 formula (Theorem , for
fixed z € RY, to X; = uf(t,x) and F(X,V,t) = S(X — V)o(t, ).

By Proposition uf is a strong solution of .

t

uf (t, ) = u’(x) +/ eAu(s,x) — V- f(u®(s,x))ds
0
¢
—|—/ / o(x,u(s,x),z2)W(ds,dz), dx & dP-almost surely.
0 Jz

To this end, consider the weak form (3.4, integrate by parts (cf. Proposition [3.5),
and use a (separating) countable subset {¢,,},~, C C=°(R?) of test functions. The
anticipating It6 formula yields, after taking expectations and integrating in =z,

0=F UM S(u® — V)p(0) dx]

+FE /T S(uf(t) — V)op(t) dedt
/o Jre
-F / | V- f(uf(#)S (us(t) — V)p(t) dwdt}

0o JRrd
i T
+ FE _5/0 /Rd Auf () (S (u(t) — V)p(t)) dxdt]

[T
- F -/0 /]Rd/ZS (u®(t) — V)o(t)o(z,us(t), z) D,V du(z) d:z:dt]

1
)
+2

T
/ / / s”<u€<t>—v>¢<t>o<x,u5<t>,z)2du(z)dzdt],
0 Rd JZ
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where D, .V is the Malliavin derivative of V' at (¢,z). By the chain rule and
integration by parts, it follows from (4.4)) that

E

T
/ S(uf (t,2) — V)Oo(t,2) + Q(uf (£,2), V) - Vip(t, ) dwdt]
0 Rd
P (us,) 2 (us,")

+ B , S(ul(x) — V)p(0,z) dz

R4

> E

T
/ / S (us(t, x) — V)/ o(x,u(t,x),2) Dy .V du(z)e(t, x) dxdt]
0o Jrd z

3 (us,-)

/ S"(uf (t,x) — V)/ o2 (z,us (t,x), z) du(2)p(t, x) dxdt]
0 Jrd z

w4(us).)

/ " SwEt ) — V) A a) da:dt] .
0 R4

1
—ZE
2

—ck

At this point we may apply Proposition to relax the assumptions on f, o, u" to
the ones listed in Theorem [41] leaving the details to the reader.
Obviously,

lim E
elJ0

T
6/0 /]Rd S(ut(t,x) — V)Ap(t, ) dxdt] =0.

For the remaining terms, it suffices by Step 1 and the upcoming Theorem [6.10]
to show that {t;(u®, )¢~} __ is uniformly integrable (i = 1,2,3,4).
Regarding 17, by Lemma ii), we must show that

e>0

(4.6) sup F {//H |1/11(u5(t,x),t,x)¢71(x)|2¢)(:v) dxdt] < 00.
As Sisin & and p € C°(Ily),

1 (uf(t,2), t,2)6 7 (2)| = |S(u®(t,2) — V)rp(t, 2) 6™ ()

< 2| SIIEip 1060 () llo g1 ([0 (1 2)[* + [V]*).

So (4.6)) follows by Lemma The term involving 1, follows along the same lines.
Consider the term involving the Malliavin derivative, namely 3. As above,
{s(ue, -)¢‘1}6>0 is uniformly integrable provided

‘ 2

e>0

sup F [//H ’wg(ua(t,x),t,m)qﬁ_l(mMQ(b(x) dxdt| < 0.
By (4,),

2
2 2
< ||M||L2(Z) ||DtV||L2(Z) (1 +[us(t,2)])*.

/U(x,ue(t,x),z)Dt’ZVdu(z)
z

Recall that V' is uniformly bounded and also that supp (S”) C (—R, R) for some
R < co. Hence,

S"(uf = V) +[u]) < 18" 1+ R+ [IVlo)-
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Consequently,

{//HTW?’ (t,z),t,x)p |¢ dxdt]

2 2 2
<S5 1M 22y AR+ V) lllS g1 £

T
/0 1DV I[72 2, dt] 101l L1 (e -
Consider the ¥4-term. By (A4,))
S (uf — V)/ o (w0, 2) dpu(2) < (19" oo M 72z (1+ R+ [V]0)*
z

Hence

E [//HT [a(us(t,2),t, 2)6~ ()| d() dmdt]

2 4 2
S US" 15 1M 122y (1 + R+ V) lll e -1 //H ¢(z) dadt.
T
Summarizing, upon sending ¢ | 0 along a subsequence, it follows that

Y (Ent[(S, @), ¢, V]) (u) =20,

where v is the process defined in Step 1. Finally, the result follows for general
V € D2 by the density of S € D*? and Lemma [2.2} 0

5. UNIQUENESS OF ENTROPY SOLUTIONS

To prove the uniqueness of Young measure-valued entropy solutions, we need an
additional assumption on o: there exists M € L?(Z) and x > 0 such that

(Ag1) oz, u, 2) — oy, u, 2)] < M(2) e —y|""2 (1 + Jul),

for z,y € R? and u € R. Actually, it suffices that the criterion is satisfied locally,
i.e., for each compact K C R? x R? there exists M = My such that is
satisfied for all (z,y) € K.

Theorem 5.1. Fir ¢ € M, and suppose u° € L3*(Q, P, Fy; L>(RY, ¢)). Under
assumptions | , (As), and ( - there exists but one Young measure-valued
entropy solutzon to (1.1] D in the sense of Deﬁmtwnm Moreover, this solution is
an entropy solution in the sense of Definition

The proof is found at the end of this section. As discussed in the introduction,
due to the lack of Malliavin differentiability at the hyperbolic level, the uniqueness
argument will invoke the viscous approximations and their limit taken in the weak
sense of Young measures.

Retracing the proof of Theorem 5.1 making some small modifications, we obtain
the following spatial regularity result:

Proposition 5.2 (Spatial regularity). Fiz ¢ € N, and suppose u® belongs to
L*(Q, P, Zo; L>(R%, ¢)). Under assumptions (A/]), , and (A1) the entropy
solution u to (1.1) satisfies

// lult, z + 2) — ult, — 2)| o) ] ()dxdz]

R4 xR
// |u z+z)—ul a:—z‘qb z) dxdz

R4 xR

<CFE + O(r"),
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where the constant C' depends only on Cl, ||fHLip ,T, and k is the exponent from
assumption (A 1)).

See [14], @] for similar results, and how to turn this result into a fractional BV
estimate. The proof of Proposition [5.2] is found at the very end of the section.

The next lemma contains the “entropy condition” at the parabolic level, which
will be utilized later in the uniqueness proof.

Lemma 5.3. For each fized € > 0, let u® be the solution of (3.1). Suppose V €
L%(Q) is Fs-measurable for some s € (0,T), and 0 < ¢ € C=([0,T) x R%) with
supp () C (s5,T) x R%. Then

E [/ : S(u® = V)orp +Qus,V) - Vo dmdtda}
> —%E { / /H T /Z S"(uf — Vo (z, uf, 2)2(t, ) dpa(2) dxdtda}

B { / [ st - v)ast) dxdt} ,

for any entropy/entropy-fluz pair (S, Q) in &.
Proof. Consider (4.5). Note that for any V € S, that is .%;-measurable,

E { / /H ) /Z S (U () — Vo, uf (), 2) Dy Viplt) du(2) dxdt] ~0,

thanks to [27] Proposition 1.2.8]. The general result follows by approximation as
in Lemma O

The following “doubling of variables” lemma is at the heart of the matter. To
some extent it may be instructive to compare its proof with the rather involved
computations in [I7, Lemma 3.2] and [3], Section 4.1].

Lemma 5.4. Suppose , hold. Fix ¢ € N, and let {u®}_., be a sequence
of viscous approzimations with initial condition u® € L?(Q, %y, P; L*(RY, ¢)). Let
v be a Young measure-valued entropy solution in the sense of Definition [2.1] with
initial condition v° € L%(Q, Fo, P; L*(RY, ¢)).
For any 0 < vy < %T take to € [0,T — 2v] and define
t
Eyo(t) =1 —/0 JF (s —to) ds.

Let 1) € C(RY) be non-negative and define

s = 500 (S52) 0 (52 05— 9

Let Ss be a function satisfying

S5(0) = 2/00 Js(2) dz, Ss(0) = 0.
Furthermore, define
Qs(u,c) = / S5(z — ) f'(2) dz,

and note that the pair (S5, Qs) belongs to &.
Then

(5.1) L>R+F+Ti+T2+Ts,
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where

Lok U/n [ 550 () = w(t@)e(t, 2, 0,) dyda:dt} ,

JII[, [, st —wre. o dﬁdX] ,

////H Q) g Qulr )T dﬁdX] ,

////n /[01/5 v W’Z)0<wsuiz)>2sodu<z>dﬂdxl,
////n /[01/5 v - sﬂf0(%@&872))o<y7vvz>wdu(z>dﬂdX],
I st - U)AwdﬁdX] ,

where dX = dxdtdyds.

R=-F

F=-F

= ”E

T3 = —eF

Remark 5.1. In [I7, Section 4.6] the authors prove existence of a strong entropy
solution. The additional condition attached to the notion of strong solution stems
from the difficulties in sending ¢ | 0 before r¢ | 0. In our setting, the existence of
a strong entropy solution amounts to showing that we can send r¢ J 0 and € | 0
simultaneously in such a way that lim( /)| (0,s) 72 = 0. This requires a careful study
of how the continuity properties of depends on ¢, cf. Lemma We do not
proceed along this path in this paper, instead we let rq | 0 before € | 0 as in [3].

Proof. Recall that supp(Jt) C (0,2r), so J(t — s) is zero whenever s > t.
Applying Lemma [5.3| with V = v(s, y, 3) and mtegratmg in y, s, B, we obtain

E ////n?T o Ss(uf — 0)dp + Qs(us, v) - VsodﬂXm
////H2 /0 1]/ S5 (u® —v)o(z “E’Z)QQOCZH(Z)dBdX]
////H% oy S VA dﬁdX] ,

Similarly, in the entropy inequality for v = v(s,y,3) we take V = u®(t,x) and
integrate in t, x, resulting in

E / / / /H , 5500 = 0000+ Qslo) - Vi dﬁdX]

+FE {//HT /Rd S5(vo(y) —u(t,x))p(t, z,0,y) dydxdt}
e szuedy,v,wdu@)wd)(]
i /M [, 5800 st o crasax]

The result follows by adding (5.2)) and . O

(5.2) > 7—E

—ck

> F

—7E
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Proposition 5.5 (Kato inequality). Fixz ¢ € 91. Suppose @, , and
hold. Letu be the Young measure-valued limit of the viscous approzimations {u®}__
with initial condition u® € L?(Q, %y, P; L>(R%, ¢)), constructed in Theorem. Let
v be a Young measure-valued entropy solution in the sense of Definition [2.1] with
initial condition v° € L?(Q, %o, P; L*(RY,¢)). Then, for almost all to € (0,T) and
any non-negative ¢ € C2(R?),

B[, [ wtorr.0) =it 5) ) dett]
<p| [ i) - @] o) o
e[ [T ][] trmo) = otea )

< (fult,z,)) — F(u(t, 2, B))) - V(e )dﬂdadﬂcdt]-

(5.4)

Proof. Starting off from , we send 7o and € to zero (in that order). Next, we
send (d,7) to (0,0) simultaneously. In view of Limits [3| and |4} we let &(r) = r1*7
with 0 < n < 2k — 1. Finally, we send v | 0. We arrive at the Kato inequality
thanks to the upcoming Limits O

Remark 5.2. Later we will make repeated use of two elementary identities. Set

6@ =g [ o(50) 5 () o

Then note that & = 9 x J,.. Indeed, making the change of variable z = (x + y)/2,
it follows that (z —y)/2 = # — z and dy = 2%dz. Next, consider the change of

variables
_fzt+y T—Y\
v = (T30 55 = @)

By the change of variables formula

// o) didz = [ / 9(®(z,)) [det(0%(x,y)) | dvdy,

for any measurable function g(-,-). A computation yields |det(0®(z,y))| = 1/24.
It follows that

1 x4y T —y

— h - dxd

24 //Rdx]Rd (x,y)z/z( 2 )J ( 2 > o
9(®(z,y))

_ //RdXRd h(E + 2,5 — 2)(&)J,(2) didz,

9(%,2)

for any measurable function h(-,-). Most of the time we drop the tilde and write x
instead of Z.

Limit 1. With L defined in Lemma

L= [//RW S5(00(z — 2) — w0z + 2))b() I (2) d:cdz} .

If 6 = §(r) is a nondecreasing function satisfying d(r) J 0 as r | 0, then

A
ol L= B[]
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b
/ S5(2) dz
a
Hence, due to Remark [5.2]

Lo | [, st -atang (57 0 (S5 aeir|
<E U/HT (@) — u (b, 2)| T (8) (o % J,) () dmdt} .

Arguing as in Lemma for the viscous approximation, it follows that

L= B [;d [ st = (“jy> g (”C - y) dzdy}

—F U/RR S5(00(z — 2) — w0z + 2))ib() I (2) dxdz] .

This proves the first limit. The second limit follows by the dominated convergence
theorem and Lemma [6.11 O

Proof. Note that

(5.5) 195(b) — Ss(a)| = <lb—al.

Remark 5.3. To establish Limits [2] and [3| we need to send ¢ | 0 in terms of the form

//// wE(t, 1, w), by, By w )2d¢<x+y>Jr<m2y) dBdydadt | |

HT xR x 0 1]

dng,r

where W is continuous in the first variable. Essentially we proceed as in the proof of
T heorem but now the underlying measure space is Iz x R% x [0, 1] x © instead
of Il x Q. By Lemma [4.2] and Remark

sup< E //// s (t, )| dng.»
e>0 II7 xR94x[0,1]
T
= sup {E / [lu (1) } < 0.
e>0 0

By Theorem there exists v € Y (Il x R x [0,1] x Q) such that whenever
W(uf, ) — ¥ along some subsequence in L' (TI7 x R? x [0,1] x Q, dny., ® dP),

> gy, dt

1
@:/\Ij(gatvmayvﬂvw)dyt,m,w(f):/ \I/(u(t,:v,a,w),t,:c,y,ﬂ,w)da
R 0

where u is defined through (2.6). The fact that v, 4 4 84 = V42,0 comes out since
the limit is independent of y, 8 when ¥ is independent of y, 5. For measurability
considerations, see Step 1 in proof of Theorem

Limit 2. With R defined in Lemma [5.4]

//// Ss(v(te,x—2,5)— (to,x+z,a))w(z)Jr(z)dadﬂdxdz],

R4 xR x[0,1]2

lim R=F
7,€,7040

for dt-a.a. to € [0,T]. If 6 = §(r) is a nondecreasing function satisfying d(r) | 0 as
r } 0, then

im R=E / // [o(to, 2, B) — ulte, 2, )| (x) dadpdz |,
v,(8,7),&,m040 R [0,1]2
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for dt-a.a. tg € [0, 7).

Proof. Since

@+ 00tz s.0) =~z (F2) 0 (S52) 2 - - ),

ol [0, L (5 ()

X JE(t—to) .t (t—s)dp dX] :

it follows that

Thanks to
[Ss(v —u®)] < ol + [u],

we can apply the dominated convergence theorem and Lemma [6.2] resulting in

S(v(t,y, B) —u(t,2))J5 (t — to) (o) o2
/] (2*)

IIr xR4x[0,1]

IimR=F
’I“()\L()

(us,:)

2d¢ (x ks y) J, (I 5 y) dﬂdydxdt] .

By Lemma i), {¥.(u,-)} is uniformly integrable, and so, cf. Theorem
we can extract a weakly convergent subsequence. By Remark and

lim R=F // / // o(t,y, B) — u(t, z, ) (t — to)
£,70l0 Iy JRd [0,1]2
1 T+y -y
X 2d¢( 5 ) Iy ( 5 ) dozdb’dydxdt]
// / // v(t,z —z,0) —u(t,x + z,a))
Ir JRr J J[0,1]2
X JX(t —to)y(x)J(2) dadﬂdzdxdt}
Note that
|Ss(a—0) — Ss(c—d)| < |b—d|+ |a— ], a,b,c,d € R.

Applying this inequality and Lemma [6.2] we can send v | 0 to obtain the first
inequality. To send (4, r) | (0,0) we apply the dominated convergence theorem and
Lemma yielding

//HT //[0,1]2 o(t, z, B) = u(t, z,a)| ¥ (x)JF (t —to) dadf dzdt | .

To send ~ | 0 we apply Lemma[6.2] This provides the second limit. O

lim R=F

r,&,7040
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Limit 3. With I defined in Lemma

I

R x R4 x [0,1]2

(5.6) lim Fj =

v,€,704.0

X (f(ultz + 2,)) = f(o(t, — 2, 8)) - Vib(x)J,(2) dadBdadzdt

+ O ((5 + 6) )
r
If 6 : [0,00) — [0, 00) satisfy lim,_,qo ( ) — 0, then

(5.7) lim F = —E[/ / // sign (u(t, z,a) — v(t, x, 8))
v,7,€,7040 Rd [0,1]2

% (f(ult,z, ) — F(u(t z.B))) - V() dadﬁdmdt]

Proof. Using integration by parts,

QAU?W::%@f*vKﬂf)*f@D‘:/uSﬂZ*UXf@)*f@DdZ
and
Qs(v,u®) = S5(v —u®)(f(v) — f(u)) — / S5 (z —u)(f(2) — f(uf)) dz.

Due to the symmetry of Sy,

////H [ S =) 10) - S0) - (9 + vywml
L ( | s Z’U)(f(Z)f(v))dz> .wdm]
i /H /[ ([ st -1 - s az) ~Vy<pdﬁdX]

F=-F

=-F

+F

+ FE
= —F1 + Fy + F3,
where dX = dxdtdyds as in Lemma Note that
(5.8) / S§(z — ) = fv))dz| < | fllLsp 0, u,v € R.

To see this, recall that S§ (o) = 2Js5(c). By (4],
/ S5 (z = v)(f(2) = f(v)) dz| < 2]|f]|;, sign (u — v)/ Js(z —v) |z — vl dz,

and letting £ = |z — v| /4,

u 5 u—v| 5
sign(u—v)/ Js(z —v) |z — 0] dz:5/() J(g)gdggi

In view of (5.8)), it is clear that

B < iy [[[[ | 19201 dx.
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A computation shows ||V@||L1(H2T) < C(1 +r71), for some constant C' depending
only on J, T,1. Consequently,

1
By <O fllpp 0 (1 + 7,) :

The same type of estimate applies to F3.
Let us consider Fj. Observe that

Ve + Vel ,5,) = 55V (23Y)
( y)P
For § > 0, define

Fs(a,b) := S5(a = b)(f(a) = f(b),  a,bER,

and note that (¢,b) — F5(u®(t,x),b) obeys the hypotheses of Lemma By the
dominated convergence theorem and Lemma

//HT /R o f(s(u5<t7x),v(t,y,6))-C(“y) &1 (1)

\Ij(uE’.)

2d¢ (x +y> Jr (m ; y) dﬁdydﬂcdt}7

where ((z) = ¢~ '(z)Ve(z). The uniform integrability of {¥(uf,-)} ., follows
thanks to Lemma ii). Indeed, |(| < Cy and |Fs(u®, v)| < [|f|l;, [u — 0], so

)mo ().

limFy = F
T’U\LO

|9 (u, ) < 2C3 (1155, (0] + o)
By Theorem [6.10] and Remark [5.3]

-F //HT /]Rd / [0,1]2 fa(u(t z Ot), ’U(t, Y, ﬁ))
vw (z + y) J. (332y> &0 (t) dadﬁdydazdt] ,

along a subsequence. Sending ~ | 0, applying Remark yields (5.6).

Next we want to prove (5.7). To send r | 0 we apply Lemma It is easily
verified that condition (i) and (iii) are satisfied with F5 = F5. Consider condition
(ii). Since S§5(—0c) = —S5(0) for all o € R, it follows that

Fs(a,b) = Fs(a,c) = S5(b— a)(f(b) — f(a)) — S5(c — a)(f(c) — f(a))

/a (S)(z — a)(f(2) — f(a))) dz

/S z—a)(f(z) — dz—|—/ S5(z —a)f'(2)dz,

for a,b,c € R. By ,
(Fala,b) — Faa,0)] < ] / "S- ) () - fla)dz| + / ")z —a)f!(2) dz

SHf”Lip26 S‘lfl‘Lip|b7C|

lim F1
£,r04.0
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This and the symmetry of Fs, i.e., Fs(a,b) = Fs(b,a) for a,b € R, yields condition
(ii). Hence, by Lemma [6.1]

lim // // sign (u(t,z, ) — v(t,x
Sl A= ] )= o(t,,5))

X (flut,z,a)) = f(u(t,z,5))) - Vip(2)&y.40 (1) dBdadadt |
At long last, Limit follows by sending ~ | 0. O

Limit 4. Suppose assumptions (A, 1|) and (A, hold. With 7; defined in Lemma

r2fi+1
T1=0 5 +4).

Proof. By assumption (A, 1| and .,

oy v, 2) — o, u%, )| < M(2) ly — 2l (1+ ) + M(2) Jo — e

////n /[O 1 / S5 (v =) (o(y, v, 2) = U(w,ua,z))%du(z)dﬂd)(]
////HT 0.1 85 (v =) [v - u[* pdp dX]

Since J,.(*5%) = 0 whenever |z — y| > 2r,

and thus

|71 *fE

IN

2
Mz z) B

=T+ T2

" 9 T2n+1
Ti <4 Mxllzzz) 1 lloc —5—E

[ s WWX] |
Moreover, as
E (L | ])PpdX | < TE[HHu&(t)n;M} dt,
2, 0

there is a constant C' > 0, independent of rg, ¢, 6,7, r, such that 7} < Cr2~+i5-1
Regarding the second term 772, observe that

S§(v—u) Jo —u* = Ts(v —u) Jo — w < 2T . §

2
Hence, 77 < 62 ||/l o 1M Iz () 21l 1 iz)- -

Let us consider the term involving the Malliavin derivative.
Limit 5. With T3 defined in Lemma

lim 75 = 0.
Toio
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Proof. Let us split T as follows:

////ﬂ /[01/5 v—uf ))(Ds,zus(t,m)—a(:c,us(s,m),z)>

o(y,v,2)p du(Z)dﬁXm

o ], f (-t

X Dg ut(t, z)o(y,v, z)p du(z)dﬁdX]

////H2 /0 1]/ S§ (v —u® ))<a(x,u5(s,x),z) - U(I,us(t,x),z))

o(y,v,z)p du(z)dBdX]

////n /01]/<S v —us(s,x)) — S5 (v —us(t,x))

x o(x,us, z)o(y,v,z)p dp(z)dﬁdX]

=L+ +T+T5.
Consider T!. We want to apply Lemma for fixed (s,y, 8) with
\I/s,y Q(LC Z) = SH(U - 'LLE(S,if))O'(y,’U,Z),

o) = 50 (52) 5 (52).
], [ 7

By means of Lemmau lim, 0 Tro (¥s,y.8) = 0 dsdydf-a.e., and so lim,, 10 73 =0
by the dominated convergence theorem. To this end, in view of - there exists
a constant C', not depending on ¢, such that

Toa(Way ) < C2F [ | Weste ol o) ds du<z>]

Then

< sy [/ 0y, 0,2)[2 (% Jy) () d ()}
< 2SI M2 ) B [(1+ o) (% T ()]

Due to the compact support of ¢ x J,., we see that |7, (U5, 5)| is dominated by an
integrable function.
Let us consider 752. Note that

15 (0 — u (£, 2)) — S (v — u(s,2))]
< max {2157 e 157 sy [0 (8, 2) = u (s, 2)]

4
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By Holder’s inequality,

T2 <E ////Hg /[071]/Z‘1’2(8,t7x) |U(y7v7z)|2(pdﬂ(2)dﬁdX] 1/2
r ////Hz /[O 1]/2|Ds’zus(t’x)|2‘pd/‘(z)dﬁdx] 1/2
=: F}| X F5. T

By the uniform boundedness of ¥ we can apply the dominated convergence theorem
and Lemma to conclude that lim,, o F1 = 0. It remains to show that |F5| < C,
with C' independent of r¢g > 0. We deduce easily

Fy = / / |D u® ||L2 ZiL2(RY, s, ))} Too (t = 8)&y 1 (t)dsdt

< / sup {B (1D (0 aczines ey ]} 5

tel0,T

and so |Fy| is uniformly bounded by (3.16).
Consider 73°. By Hélder’s inequality and ,

////“T /[0711 /z oy, v, 2)[* wdu(z)dﬁdX] )
xEl /// [uf (s, ) — u (t,2)|* (v % J,) (@) J; (t_s)dxdtdsrm

Rex[0,T)2

T3] < 185110 1M || 22y E

By the dominated convergence theorem and Lemma [6.2] m lim,, 0 75> = 0.
The term 73! is treated in the same manner as 77, resulting in lim,, ;o 75! = 0. O

Limit 6. With T3 defined in Lemma [5.4]
T3 = O(e).
Proof. Note that
|95 (u” = v) Agep| < (|u®] + |v]) [Agp].-
Using this inequality, it follows from Lemma [£.2] that

E /// . Ss(u® —v)AypdBdX

for some constant C' > 0 independent of € and rg. O

Having established Proposition the proof of Theorem [5.1] follows easily.

Proof of Theorem[5.1} In the setting of Proposition suppose u? = 10, Let

{¢r}R>q be asin Lemma and take ¢ = ¢g in (5.4). Exploiting that ¢ belongs
to M, sending R — oo yields

to
0(to) < Cy [ llse / n(t)dt,

where

// lu(t, z, ) — v(t,x, B)| d(x) dﬂdadxl.

R4x[0,1]2

An application of Gronwall’s inequality gives n(tg) = 0 for dt-a.a. ty € [0, T]. Hence,
any Young measure-valued entropy solution of ((1.1]) (in the sense of Definition
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with initial value «°, coincides with the one obtained in Theorem Furthermore,
u(t,z, o) = a(t,z) == [u(t,z,a)do for dtdedadP-a.a. (t,z,a,w). It follows that @
is a an entropy solution (in the sense of definition . O

Proof of Proposition[5.2 Let {¢r}r>1 be as in Lemma and start off from
Lemma with ¥ = ¢r and v° = u’. We then compute the limits ro | 0, € | 0,
and « | 0 (in that order). Recall that by Theorem v = u with u = lim o u®.
Furthermore, u is a solution according to Deﬁnitio& Due to Limits we
arrive at the inequality

(5.9)
E / Ss(u’(z — 2) —u®(z + 2))or(2)J,(2) dxdz]
R xR9
>FE / Ss(u(to, z — 2) — ulto,x + 2))Ppr(x)J-(2) dxdz]
R xR4
+FE /00 / Ss(u(t,r + 2) —u(t,z — 2))
R x R4

x (flu(t,z +2)) — f(u(t,x — 2))) - Vor(x)Jr(2) da:dzdt]
cos 0,

where O(+) is independent of R, cf. Limits [3| and 4] and Lemmas and
Note that

|S5(0—)7|0-H S(Sa VUGR,

and |V¢| < Cy¢. With the help of Lemma we can now send R — oo in (5.9),
obtaining

to 5 r2f€+1
1) < 10)+ ol [ 0 +0 (5454 )

where

n(t)=~E

/ lu(t,z — z) —u(t,x + 2)| p(x)J-(2) da:dz] .
R4 xR4
By Gronwall’s inequality,

5 2k+1
) < (14 o lf gy teI) (30) 4.0 (542 + ) ).

]

Prescribing 6 = r**! concludes the proof. O

6. APPENDIX
6.1. Some “doubling of variables” tools.

Lemma 6.1. Suppose u,v € Li (R?) and {Fs},., satisfy:

loc

(i) There is F : R? — R such that Fs — F pointwise as § | 0.
(ii) There exists a constant C > 0 such that

[Fs(a,b) = F5(c,d)| < C(la — |+ [b—d| + ),
for all a,b,c,d € R and all § > 0.
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(i) There is a constant C' > 0 such that
|F5(a,a)] < C(1+ |a]) for all § > 0.
Fiz ¢ € C.(RY). Suppose that § : [0,00) — [0, 00) satisfies §(r) L 0 asr | 0. Set

1 + —
T, = /]Rd y Fé(r)(u(x),v(y))?dqﬂ (m 2 y) Ir (x 2 y) Ay

- / F(u(z),v(x))y(z) dz.
Rd

Then T, — 0 asr | 0.
Proof. Due to Remark [5.2]
To= [, [ P (ute )0 = )@ do 7, ) s
95(2)
— /]Rd Fu(z),v(x)(z) dz .

9(0)

Suppose for the moment that given a number £ > 0, there exists two numbers
n=mn(e) >0 and § = () > 0 such that

(6.1) lgs(z) — g(0)| < e, whenever |z| <n and § < dp.
The change of variables z = r( yields

Tl < [ las(2) =901 3:(2) = = [ las(r0) = 90) IO .

Fix € > 0, and pick n,d as dictated by (6.1)). Let ro > 0 satisfy 7 < 7 and
d(ro) < dp. It follows by (6.1) that |7,,| < e. Hence, T, J 0 as r | 0.
Let us now prove (6.1). By assumption (ii),

l95(2) = g(0)] < C/ lu(@ + 2) = u(@)| P(z) dx + C/ [v(z = 2) —v(x)|P(z) de
R4 Rd

+ [ 1B ul@),v(@) = Flu(@), v@)] () do + O3 |9 e -

Because of assumptions (i) and (iii), we can apply the dominated convergence

theorem to conclude that

Lm » |Fs(u(z),v(x)) — F(u(x), v(z))| P(x) de = 0.

It remains to show that

(6.2) lim lu(z + z) — u(x)| Y(z)dx = 0.

z—0 R

The term involving v follows by the same argument. Pick a compact K C R? such
that (|, <; supp (¢(- +2)) C K. Fix £ > 0. By the density of continuous functions

in L'(K), we can find w € C(K) such that |w — ul| 1 gy < €. Then

/ (e + 2) — u(e)| Ble) de < 2]l e + / (e + 2) — w(z)] (x) d,
R4 R4

for any |z| < 1. Next we send z — 0. The claim (6.2 follows by the dominated
convergence theorem and the arbitrariness of ¢ > 0. O
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Lemma 6.2. Let v € LP([0,T]), 1 < p < co. Moreover, Let F: [0,T] x R = R be
measurable in the first variable and Lipschitz in the second variable,

|F(s,a) — F(s,b)| < Cla—b|, Ya,b € R,Vs € [0,T],
for some constant C > 0. Set

T 1/p
Tro(s) = (/0 |[F(s,0(t) = F(s, ()| T, (t = 5) dt) :

Then Try(s) = 0 ds-a.e. as ro | 0.

Proof. We can write v = vf + vy with vf' continuous and [|v3 | .07y < 1/n
This is possible since the continuous functions are dense in LP([0,7T]). Assuming
s € [0,T — 2rg], an application of the triangle inequality gives

1/p

T
[Tr(8)| < C (/0 [u(t) —v(s)|” T (t = ) dt)
T 1/p
<C (/0 [l (t) — o ()P T (t — s) dt)
+ (03[P % Ty ()P + V5 (s)].

Sending 79 | 0, it follows that lim, o |7 (s)| < 2|v5(s)| for ds-a.a. s € [0,T).
Since v — 0 in LP(][0,T]), it has a subsequence that converges ds-a.e., and this
concludes the proof. O

6.2. Weighted LP? spaces. First we make some elementary observations regarding
functions in 9 (see Section [2| for the definition of ).

Lemma 6.3. Suppose ¢ € N and 0 < p < oo. Then, for x,z € R?,
[617(@ + 2) = /7 ()| < wpu(|2)9" 7 (@),

where

C C
wp ¢(r) = ?qﬁr (1 + p‘bTeC”/p) ,

which is defined for all r > 0. As a consequence it follows that if ¢p(xzg) = 0 for
some xo € RY, then ¢ =0 (and by definition ¢ ¢ N).

Proof. Set g(\) = ¢*/P(x + Az). Then
g\ = %qsl/P*l(x + A2)(Vo(x + \2) - 2).

Since ¢ € N, it follows that |¢g'(N)]| < %g()\) |z|. Hence

9(A) < 9(0) + % 2] /0 g6y e
By Gronwall’s inequality,
g(A) < g(0) (1 + % |2| )\ec¢|2/\/p) '
Hence,
lg(1) — g(0)] < % || g(0) (1 + % 12| e%Z/p) .
This concludes the proof. 0

Next, we consider an adaption of Young’s inequality for convolutions.
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Proposition 6.4. Fiz ¢ € M. Suppose f € C.(RY), and g € LP(R, ¢) for some
finite p > 1. Then

1 % 9l o ) < (/ fla 1+wp,¢<|m|>>dx)g|Lp(Rd,¢>.

where wy ¢ is defined in Lemma [6.3,

Proof. First observe that
P

¢(x) dx

o(x) 1/p " P
= /Rd ( R |[f(@ =)l ((b(y)) l9(y)| & (y)dy> dz.

By Lemma iii),

(S)" <L (o) + |o0)— 00 < (1wl — .

Set

1f * 9l Tna g = f@—y)g(y)dy
Rd

(@) =1 @) A +wps(lz])), &) = g(x)| 6" (x).

Then, by Young’s inequality for convolutions,

||f*gHLP(]Rd,¢) < ||€*5||Lp(Rd) < ||<||L1(Rd) ||§||Lp(1Rd)-

Lemma 6.5. Fiz ¢ € N, and let wy, 4 be defined in Lemma[6.3. Then
(i) If ¢ € LY (R?) is nonnegative, then ¢ x ¢ € N with Cpep = C.
(ii) Let ¢ € L*(R?) have support in B(0,1). Take s5(z) = 319 (%). Then, for
any u € LP(RY, ¢),

[ullp.g = luly

posps| < Wo(0) @l pa gy el g

(iii) Let ¢ € C2(R%). Then
Al 9@ < Co [ [T0] (4 w16(51) ) o(o),
If ¢ has support in B(0,1) this yields

|A(¢*ps)(x)| < %(1 + wi,6(10))Co [Vl L1 (gay P()-
Proof. Consider (i). By Young’s inequality for convolutions,
¢l 1 (RY) = < ¢l (R) [l 1 (R4) -
Furthermore, ¢ x ¢ € C*(R?) and

V(ox o) |—\/ vm—my\s%wwxm.

C i (ii)' BY Lemma '
‘/ / |’U,(: )| (¢(1 Z) ()(x))(gé(z) dzdx
Rd JR4

<lhulgy [ wro(=Deaz) de

ullp. = 11l g
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This proves (ii). Consider(iii). Integration by parts yields

Aol =| [ Vela =) Vot ay
<Co [ IVl -l 6t0) dy
By Lemma [6.3]

L 1veta=nlstdr< ([ 1906 =l wnae - sy ) o(o)

Lemma 6.6. Let ¢ € M. Then there exists {¢r}p-, C C(RY) such that

(i) ¢r — ¢ and Vor — V¢ pointwise in R? as R — oo,
(ii) 3 a constant C independent of R > 1 such that

max {[|6xlc -1 + VRl o1 } < C:

Proof. Modulo a mollification step, we may assume ¢ € C°. Let ( € C°(R?)
satisfy 0 < ¢ <1, ¢(0) = 1. Let ¢r(z) := ¢(z)((R~'z). Then

Vor(z) = Vo(x)((R™'z) + R ¢(x) V(R x).

Hence (i) follows. Clearly, |[¢r|, 41 = sup, {lor(@) ¢~ (2)} = ||I¢|| - Further-

[Vor ()] < (Co¢(R™a) + RTHV((R™2)|) ¢(a).

Hence, |[Vérl, 41 < Cp + RV - -

6.3. A version of Ité’s formula. Here we establish the particular anticipating
It6 formula applied in the proof of Theorem

Theorem 6.7. Let
¢ ¢
X(t) :X0+/ /u(&z) W(dz,ds)—f—/ v(s)ds,
0 Jz 0

where u : [0,T] x ZxQ = R and v : [0,T] x Q@ = R are jointly measurable and
{ % }-adapted processes, satisfying
T
/ v?(s) ds} < 0.
0

(/OT/Zu2(s,z) du(z)dsﬂ <o, E

Let F :R? x [0,T] — R be twice continuously differentiable. Suppose there exists a
constant C > 0 such that for all (¢, \,t) € R? x [0,T],

63) E

LE(C A )] [0F 2 F (A )] [0FF(C A )] < C.
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Let V €S8. Then s — 01 F(X(s),V, s)u(s) is Skorohod integrable, and

F(X(t),V,t) = F(Xo,V,0)

/83 V,s)ds
+/0 /ZalF(X(s),V,s)u(.s,z)W(dz,ds)
“f COP(X(5). V. $u(s) ds

/ / o 2 (X(5),V,8)Ds . Vu(s, z) du(z)ds
—|—§/ /812F(X(s),V,s)u2(s,z) du(z)ds, dP-almost surely.
0 Jz

Proof. The proof follows [27, Theorem 3.2.2 and Proposition 1.2.5]. We give an
outline and some details where there are considerable differences. Furthermore, we
leave out the t variable F' as this is a standard modification.

Set ¢ = 2”, 0 < i <2". By Taylor’s formula,
F(X(t),V)=F(Xo,V Z nF VX () — X&)

Tl

2"—1

41 232 (X0, V(X (1) — X (E1))2,

T2

n

where X; denotes a random intermediate point between X (¢!') and X (¢, ;). As in
the proof of [27, Proposition 1.2.5],

i / /81 V)u?(s, 2) du(z)ds, in L'(Q) as n — oo.
Note that
2"-1 i
=Y 81F(X(tf),V)/ /u(s,z)W(dz,ds)
i=0 t Z
Tt
2" —1 7y
+ 3 81F(X(t?),V)/ v(s)ds .
i=0 7
Ta?
Clearly,

t
To? = / HF(X(s),V)v(s)ds, in L'(Q) asn — oo.
0
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Consider T,'*. By [27, Proposition 1.3.5], s — 91 F(X (%), V)u(s) is Skorohod
integrable on [t}, ¢} ;] and

2"-1 g
T Z/ : /alF(X(t;L),V)u(s,z)W(dz,ds)
i=0 7t z

TLL1
n
2" —1

L e P, VD,V du(z)d
+ Z L2 F(X(t7),V)Ds :Vu(s, z) du(z)ds .
i=0 Yt 2

T2
As before

t
T2 / / 8%2F(X(s), V)D; . Vu(s, z) du(z)ds, in L*(Q) as n — oo.
0 Jz

Consider T,1'b1. Let

2" —1

Cn(saz) = Z 8%72F(X(t?),V)]l[t?i?ﬂ)(s)D&ZVu(s,Z),
=0

and note that (, is Skorohod integrable on [0,¢]. We need to show the following:
(i) There exists ¢ € L?(Q; H) such that ¢, — ¢ in L*(Q; H).
(i) There exists a G € L?(2) such that for each U € S

E{/Ot/zcn(s,z)W(dz,ds)U - E[GU].

Then we may conclude by [27, Proposition 1.3.6] that ¢ is Skorohod integrable and
fg ¢(s) dW(s) = G. The result then follows. Consider (i). Let

(s, 2) = 8%»2F(X(s), V)D; .Vu(s, z).

Then
E [ / t JRZCRXCl du(z)ds} <E [H / t | Ipevats du(z)ds} ,
e H, = Wj‘lftw {yanF(X(t;?), V) - 02,F(X(s), V)F} .

Hence, (i) follows by the dominated convergence theorem. Consider (ii). The
existence of a random variable G follows by the convergence of the other terms.
This also yields the weak convergence. It remains to check that G € L*(Q). This
is a consequence of assumptions . ]

6.4. The Lebesgue-Bochner space. Let (X, <7, 1) be a o-finite measure space
and FE a Banach space. In the previous sections X = [0,7] x Q, u = dt ® dP, FE is
typically LP(R?, ¢) for some 1 < p < oo, and &7 is the predictable o-algebra 2. A
function u : X — FE is strongly p-measurable if there exists a sequence of p-simple
functions {uy},~, such that u, — u p-almost everywhere. By a u-simple function
s: X — F we mean a function of the form

N
s(Q) =Y 1a(Qur,  (€X,
k=1
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where x, € E and Ay € o satisfy p(Ag) < oo for all 1 < k < N. The Lebesgue-
Bochner space LP (X, o7, u; E) is the linear space of p-equivalence classes of strongly
measurable functions u : X — E satisfying

/ (@)1 du(€) < oo
X

A map u : X — E is weakly u-measurable if the map & — (u(§),*) has a p-
version which is &/-measurable for each ¢* in the dual space E*. By the Pettis
measurability theorem [32, Theorem 1.11], strong p-measurability is equivalent to
weak p-measurability, whenever F is separable.

For u € LY (X, o, u; LY (R%, ¢)), it is convenient to know that ¢ — u(¢)(z) has
a p-version which is @/-measurable for almost all z. In fact this is crucial to the
manipulations performed in the previous sections. The following result verifies that
this is indeed the case.

Lemma 6.8. Let (X, <7, u) be a o-finite measure space and ¢ € N. Let
U: LY X xR o/ @ B (RY) ,du® de) — LY(X, o, p; L' (RY, ¢))

be defined by ¥(u)(&) =u(E,-). Then ¥ is an isometric isomorphism.

Remark 6.1. The measure space (X x R?, o/ @ % (]Rd) ,di ® d¢) is not necessarily
complete. Strictly speaking we should rather consider its completion. What this
ensures is that every representative is measurable with respect to the complete o-
algebra. A remedy is to define L*(X x R, & @ % (R?) ,du ® d¢) by asking that
any element u has a du ® d¢-version @ which is & ® % (R?)-measurable. Now,

u(-,x) is &7 measurable, and so for d¢-almost all z, u(-,z) has a p-version which is
o/-measurable.

Proof. Let us first check that W(u) € L'(X; L'(R?, ¢)). By the Pettis measurability
theorem [32, Theorem 1.11], strong p-measurability follows due to the separability
of L'(RY, ¢) if (u) is weakly pu-measurable. That is, for any ¢ € L®(R?, ¢), the
map

e [ plaule.a)o) da.

has a p-version which is .&# measurable. This is a consequence of Fubini’s theorem
[I1, Proposition 5.2.2]. The fact that ¥ is an isometry is obvious. It remains to
prove that W is surjective. Let v € L'(X; L' (R%, ¢)). By definition there exists a
sequence {vy,}, ., of simple functions such that v, — v p-almost everywhere. Set

Np
g) = Z]lAk,n (g)fk,na un(£7x) = ’Un(f)(x)a
k=1

where Ay, € &, fon € L'(R%, ¢). Note that u, is & ® %2 (R?) measurable,
and ¥(u,) = v,. By the Lebesgue dominated convergence theorem, v, — v in
LY (X, L' (R, ¢)) [32, Proposition 1.16]. By the isometry property, {un}, > is
Cauchy, and so by completeness there exists u such that -

u, = uin LNX x RY, o7 @ 2 (RY) ,du @ dg).

Since

/”U_ H1¢>d“_ hm/”Un_ )||1¢

= Jm [ (e —u(€n)] du s doe.n) =0

it follows that ¥(u) = v. O
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6.5. Young measures. The purpose of this subsection is to provide a reference for
some results concerning Young measures and their application as generalized limits.
Let (X, 7, 1) be a o-finite measure space, and & (R) denote the set of probability
measures on R. In the previous sections X is typically Il x Q. A Young measure
from X into R is a function v : X — Z(R) such that x — v,(B) is &/-measurable
for every Borel measurable set B C R. We denote by Y (X, <7, ;i;R), or simply
Y (X;R) if the measure space is understood, the set of all Young measures from
X into R. The following theorem is proved in [29, Theorem 6.2] in the case that
X C R™ and p is the Lebesgue measure:

Theorem 6.9. Let (X, o, 1) be a o-finite measure space. Let ¢ : [0,00) — [0, 0]
be a continuous, nondecreasing function satisfying lime_,o (&) = 0o and {u"}, <,
a sequence of measurable functions such that B

sup /X ¢ du(z) < oo.

Then there exist a subsequence {u" }321 and v € Y (X, o, u; R) such that for any
Carathéodory function ¥ : R x X — R with ¢(u"(-),-) — ¢ in L' (X), we have

Bz) = /R P(E,) v (©).

The proof is based on the embedding of Y (X;R) into L3, (X, M(R)). Here
M(R) denotes the space of Radon measures on R. The crucial observation is that
(L'(X, Cy(R)))* is isometrically isomorphic to L2, (X, M(R)) also in the case that
(X, ) is an abstract o-finite measure space. It is relatively straightforward to
go through the proof and extend to this more general case [26], Theorem 2.11]. Note
however that the use of weighted LP spaces allows us to stick with the version for
finite measure spaces.

6.6. Weak compactness in L'. To apply Theorem one must first be able to
extract from {¢(-,u"(-))}, >, a weakly convergent subsequence in L!(X). The key
result is the Dunford-Pettis Theorem.
Definition 6.1. Let K C LY(X, .o/, p).
(i) K is uniformly integrable if for any € > 0 there exists ¢o(g) such that
sup/ |f] du < e, whenever ¢ > co(e).
fex Jifl>e
(ii) K has uniform tail if for any ¢ > 0 there exists E € & with u(F) < oo

such that
sup / |f] du < e.
fek Jx\E
If KC satisfies both (i) and (ii) it is said to be equiintegrable.

Remark 6.2. Note that (ii) is void when g is finite. As a consequence uniform
integrability and equiintegrability are equivalent for finite measure spaces.

Theorem 6.10 (Dunford-Pettis). Let (X, o7, ) be a o-finite measure space. A
subset K of L*(X) is relatively weakly sequentially compact if and only if it is
equiintegrable.

By the Eberlain-Smulian theorem [40], in the weak topology of a Banach space,
relative weak compactness is equivalent with relative sequentially weak compact-
ness. There are a couple of well known reformulations of uniform integrability.

Lemma 6.11. Suppose K C L*(X) is bounded. Then K is uniformly integrable if
and only if:
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(i) For any e > 0 there exists 6(¢) > 0 such that
Sup/ |f] du < e, whenever u(E) < 6(¢).
feKJE

(ii) There is an increasing function ¥ : [0,00) — [0, 00) such that U(()/{ — o0
as ¢ — 0o and

sup /X V(| f(2)]) dua(x) < oo

fex

Remark 6.3. Suppose there exists g € L'(X) such that |f| < g for all f € K. Then

Sur)/ L f] duﬁ/gdu, VE € o.
fEKJE E

Since {g} € L'(X) is uniformly integrable, it follows by Lemma i) that K is
uniformly integrable.
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