Chebyshev-polynomials

The Chebyshev-polynomials are defined by

T, (x) = cos [narccos z] ze[-1,1], n=0,1,2,...

They satisfy the following recursion formula (see Problem set 4)

=1, Ti(z)==x
T (z) = 22T -1 (z) — Th—2(x), n=2.3,...

The Chebyshev-polynomials have the following properties:

IT(x)] <1 and T,(&) = (~1)", Z; =cos (MT) , 1=0,1,...,n. (1)
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Tn(z;) =0, for x; = cos < z2+ > , 1=0,1,...,n—1 (2)
n
To(z) =2"""a" + (3)
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where P, = {p € P, p(z) ="+ an_12" +---+ag}.
Theorem (min/maz property): The polynomials T}, (z) satisfy
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= T, (z)| < , forall geP,.
xg[l_a;fl]‘ (0)| < max la(r)l, forall g

Proof: Assume that ¢ € P,, satisfy

1
pax @) < oy
Let r = T, — ¢, such that r € P,,_;. This means
r(z;) <0 for ¢ odd, r(z;) >0 forieven, i=0,1,...,n,
and r must have at least one root in each of the intervals (&;,Z4+1), ¢ = 0,1,-+- ;n — 1.

However, the polynomial r is of degree n — 1 and has at least n zeros. This shows that the
assumption is wrong.

0

Combined with Theorem 1 p.156 in C&K this leads to

Corrolary: If p(z) € P, where the interpolation nodes are the zeros of Ty, 1(z), we have
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_ < - (n+1) o —1.11.
wglgfl]!f(x) p(z)] < 2n(n+1)!mg[g§u!f (@), fe€ [—1,1]



