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The purpose of that assignment is to better understand quadrature formulae.

This assignment has 5 tasks.

Exercise 1. Suppose we want to find the zeros of the polynomial:

P(z)=—1+2—2° 423

1.a) Write down the corresponding companion matrix

1.b) Remember that you can create matrices in Python using array, so for
instance the code

M = array([[1.,2.],[3.,4.11)

1 2
3 4|
Use the function e1gvals to compute the eigenvalues of the companion

matrix of p. Check that these are indeed all the roots of the polynomial
.

would produce the matrix

Exercise 2. Suppose we choose interpolation points in the interval [0, 1]:

1 1 3
00—4 01—2 62—4
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Remember that we obtain a quadrature formula by interpolating a func-
tion f at those points, and by integrating exactly the resulting interpolation
polynomial. The resulting formula takes the form

/0 fle)dz ~ I(f) = wif(c).

2.a) Explain why that quadrature formula integrates exactly the polynomials
up to degree 2. Does it depend on the choice of c¢q, ¢, ¢o?

2.b) Using the preceding fact on the polynomials 1, z — %, and (z — %)2 to
find directly the weights wy..

2.c) Write down the Lagrange polynomials ¢y, ¢1, {5 for the interpolation
points ¢, and compute their integrals wy = fol lk(z)dx. Do you find
the same values of w;? Explain why.

2.d) Show that the quadrature formula integrates exactly polynomial of de-
gree 3, but not 4. (Hint: use the quadrature formula on the polynomials

(x = 3)* and (z — 3)!)

2.e) Show that the quadrature formula is exact for the polynomial (z — 1)°.

Does that mean that it is exact for all the polynomials of degree 57

2.f) Write the quadrature formula scaled to an arbitrary interval [a, b], in
order to approximate fab f(z)dz (when the interval [a, b] is small)

Exercise 3. We construct a quadrature formula using n points cy, . .., ¢,_1. Show
that it is impossible to integrate exactly all polynomials of degree 2n. (Hint:
use the quadrature formula on the polynomial M?, where M(z) = (z —

co) (T = cp1).)

Exercise 4. 4.a) Find two reals ¢y, ¢; in [0, 1] such that

/Ol(x—co)(x—cl)zO (1)

4.b) Compute the corresponding weights wy, w;

4.c) Show that the corresponding quadrature formula integrates exactly
polynomials of degree 2.
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4.d) Show that this is in fact true for any choice of ¢y and ¢; as long as (1)
is fulfilled. (Hint: use that 2% = (z — ¢o)(z — ¢1) + (co + ¢1)T — cocy and
the fact that a quadrature formula with two points will always integrate
exactly polynomials of degree up to one)

Exercise 5. Suppose that we choose an odd number of interpolation points ¢
for k =0,...,2n. Suppose further that the points are symmetrically placed
around %, i.e., that

Cnek + Cnagp =1 for k=0,...,n.
5.a) Show that the weights are symmetric around 1/2, i.e., that

Wy_f = Wik for kE=0,...,n.

5.b) Show that the quadrature formula integrates exactly polynomials of
degree up to 2n + 1.



