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Problem 1
Let R denote the field of real numbers and let
a 0 00 0 00O
b ¢ 0 b 000
R d 0 e 0 ,G,b,C,d,e,f,geR and = d 00 0
f00g f000

a) Show that R is a ring and that I is an ideal in R.
b) Show that R/I and R x R x R x R are isomorphic rings.
¢) Is R a semisimple ring? Is R/I a semisimple ring?

d) Find 3 minimal left ideals in R.

Problem 2
Let R be a ring and M an R-module. Let N and L be submodules of M.
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a) Show that N N L is a submodule of M, and give an example to show that N U L is not

always a submodule of M.

b) Assume that M is a noetherian R-module. Show that then N and M/N are noetherian

R-modules.
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Problem 3

a) Find the possible invariant factors and rational canonical forms for 6 x 6-matrices over
the real numbers R, with minimal polynomial (z? + 1)(z — 3)°.

b) Let V be a vector space of dimension 4 over the real numbers R, and let T : V — V
be a linear transformation. Let vy, v2 be elements in V such that {v;,vs, Tva, T?vs} is &
basis for V, and assume that Tv; = 2v; and T3vy = 2vy + 3Tv,. In the usual way we
view V (together with T : V — V) as an R[z}-module. Show that v; and v, generate
V as an R[z]-module, and find f,(z) and fs(z) in R(z], where f,(z)|f2(z), such that

V = Rlz]/(f(z)) ® Rlz]/(f2(z))-
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Problem 1  Let R={(038) |a,b,¢,d,e € C}'

a) Show that R is a ring under the usual addition and multiplication of matrices.

[= {(2 )]bc,dec}

Show that I is a two-sided ideal in R, and that I is nilpotent.

b) Let

¢) Show that R/I and C & C are isomorphic rings. Is R/I a semisimple ring?

d) How can the two-sided ideals in the ring R/I be described in terms of two-sided ideals
in R? Find two maximal two-sided ideals in R.

Problem 2

a) Let ¢: R — S be a homomorphism of rings. Show that any left S-module M becomes a
left R-module by defining
r-m=p(r)m

for all 7 in R and m in M.



Page 2 of 2

Recall the following: Let F be a field. Suppose A is an algebra over F'; that is, there is a map
F x A — A, written (a,r) = a-r, such that A is a vector space over F' and

a-(rr) ={(a-r)r =r(a-r)
for all ¢ in F, and all r and ' in A.
Assume that 0 3£ 14 in A, where 14 is the identity in A.

b) Show that 1: F — A given by 1(a) = & - 14, is a homomorphism of rings with Im¢ C
Z(A). Here
Z(A)={z € A| za=az for all a € A}.

Also, show that 7 is injective.

c) Suppose that A is a finite dimensional algebra over F; that is, dimp A is finite. Show
that A is both left artinian and left noetherian.

Let M be a finitely generated left A-module. Show that M is both an artinian and a
noetherian A-module.

Problem 3 Let V be a vector space over a field F' with dimpV =n <oo. LetT: V =V
be a non-zero linear transformation. Then V becomes an F[z]-module by letting

zt-v =T (v)
for all v in V and 4 > 0. It is not necessary to prove this.

a) Let Annp(y V = {g(z) € Flz] | g(z) - v = 0 for all v € V}. Show that Annp)V is an
ideal in F[z].

Let f(z) be the minimal polynomial of T. Show that Anng V = (f(z)).

b) Suppose that T is a non-zero nilpotent linear transformation; that is, T* = 0 for some
positive integer I. Show that the minimal polynomial f(z) of T is equal to ™ for some
integer m with 0 < m < n.

c) Suppose also here that T' is a non-zero nilpotent linear transformation. What is the
smallest possible dimension of the kernel of T'? And what is the largest possible dimension
of the kernel of T'7
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Problem 1 Let g be a fixed non-zero element in C, the set of complex numbers. Define
the subset R, of the ring of 4 x 4-matrices over C by

=

a) Show that R, is a ring.

an op

000
§ad)labedeC,.
c—qgba

b) For which ¢ in C is R, a commutative ring?
c) For a given element « in € define the subset
90 00
L={(4388)naec)
d ab —gb 0
of Ry Show that I, is a left ideal in R, for all o in C.

d) Show that each of the left ideals 7, is generated by one element as a left ideal. Show that
I ~ RfI,, as left R-modules.
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Problem 2 Let © be the field of rational numbers, and let a and b in Q be different
elements. Find all possible rational canonical forms for 4 x 4-matrices over @ having
(z 4 a)*(x + b)
as a minimal polynomial.
Problem 3 Let C be the field of complex numbers and C[z] the polynomial ring over C

in one variable z. Let & € C be a complex number.

a) Show that the map ¢,: Clz] — C defined by w.(f(z)) = f(a) is a surjective ring
homomorphism, and use this to show that the ideal generated by r —  is a maximal

idesl in C[z].
b) For which n > 1 is the ring
cl=] cl=]
((z—a}'}  ((z—a)®)
Clx] Clz]
{(z—a)?)  ((z—e)™)

semisimple?

Problem 4 Let R be a ring, and let M be a Noetherian left R-module. Show that
any surjective R-homomorphism f: M — M is an isomorphism. (Hint: Consider the chain
Ker f C Ker(f?) C Ker(f®) C -+ of submodules of M).
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Problem 1 Let A be the 3 x 3 matrix

1
1
-1

[t 1 &

-4 )
2

1
over C, the complex numbers.

a} Find the Smith normal form of the matrix A — zl; over the ring C{z], where C|z] is the
polynomial ring in one variable z over C and I is the 3 x 3 identity matrix.

b) Find the rational canonical form of the matrix A over C.

¢) Find the Jordan canonical form of the matrix A over C.

Problem 2 Let R and S be two rings. An abelian group M is called a S-R-bimodule if
M is a left S-module and a right R-module, such that

s{(mr) = (sm)r
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for all s in S, for all r in R and for all m in M. Let
A=(f2

where M is a S-R-bimodule different from (0). Let (;, 9) and (7, %) be two elements in A.
The set A becomes an abelian group under the binary operation, 4, given by

(777;%2) + (r’:;' .?’) = (n:,I:n' s-Es’) '
Define a binary operation, -, on A by letting
(?1:.12 ) (;1’ s?’) = (mr}:-sm’ s?s") .
a) Show that A is a ring with 1, when addition, +, and multiplication, -, is defined as above.
b) Find
(i} an idempotent element different from 0 and 1 in A,

(i) a nilpotent element different from 0 i A.

c) Let I={(283) | me M} Show that I isa twosided ideal in A. Show that A/] ~ R& S
as rings.

Problem 3  Let k be a field. The map ¢: k[z]/(2?) — k given by
o(f(z)+ (%)) = f(0)
is a homomorphism of rings. Let R =k and S = k[z]/(z?).
a) Let M be a left R-module. Show that M becomes a left S-module by defining
s-m=p(s)m

for all s in S and for all m in M.

b) Let M = k* = {(a,b) | a,b € k}. Then is M a left k-module by letting
afa,b) = (aa, ab)
and a right k-module by letting
(a,b)a = (aq, ba)

for all o in &k and for all (a,b) in M. With these module structures M becomes a k-
k-bimodule (Do not need to show this). By a) we have that the left k-module M is

a left S-module by letting (f(z) + (z%)) - m = ¢(f(z) + (z?))m. Show that M is a
S-R-bimodule, when R = k and S = k[z]/(z?).
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c) Now let A= (£ 2), where M is as in b), and A is a ring as given in Problem 2. Show
that A is an algebra over k. What is dim, A? Decide if A is

(i) a left artinian ring,
(i) a left noetherian ring,

(iii) a semisimple ring.

d) Let J be the left ideal {{ (ou) sea(e?)) | @0 € k}. Consider the left A-module X = A/J.
Show that f: X — X given by

FO+JT) =X ((0?0) 1+?,,2)) +J

is a A-homomorphism. Find the image Im f of f. Show that X = Imf & Y for a
submodule ¥ of X.
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Problem 1

Let F' be a field , R the matrix ring

F 0
R=| F F

F F

0 0 0
I={ F 0 0
F F 0

a) Show that I is an ideal in R, and that I is nilpotent. Is R a semisimple ring?

o o
—

and

b) Show that the factor ring R/[ is a semisimple ring.

c) Find 2 different minimal left ideals in R which are isomorphic as R-modules.
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d) Find all the ideals in R which contain the ideal I.

Problem 2

Let Z be the ring of integers, and let R be the ring ( % % )

a} Find all idempotent elements in R, and describe the left ideals of the form Re for an
idempotent element ¢ in R.

b) Let I be the left ideal ( % 8 ) Find an infinite number of left ideals J in R such that
R=IaJ

Problem 3
a) Show that the ring of integers Z is noetherian, and not artinian.
b) Give a proof of the fact that if A is a noetherian module over a ring R, then M is a
finitely generated R-module.
Problem 4

a) Denote by R the real numbers. Find the Smith normal form over R[z] for the matrix

~-3—-z 2 0
1 - 1
1 -3 -2-z

Let V=R®* and let T =T, : V — V be the linear transformation given by the matrix

-3 2 0
A= I 0 1 | with respect to the standard basis for V = R3. Describe the
1 -3 -2

R[z]-module V (defined using T : V' — V) in terms of cyclic R[z]-modules.

b) Let A be a 7 x 7 matrix over R, with characteristic polynomial
c(z) = —(z — 1)*(z — 2)*(2? + 1) and with minimal polynomial m(z) of degree 5. Find
all the possibilities for the invariant factors for A4, (that is, for 7 — A), and in each case,
the associated rational canonical form for A.



