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Problem 1 Let g be a fixed non-zero element in C, the set of complex numbers. Define
the subset R, of the ring of 4 x 4-matrices over C by

e

a) Show that R, is a ring.
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b} For which ¢ in C is R, a commutative ring?
c) For a given element & in C define the subset
00 00
I.= {(:bg 8 8) |b,d€C}
d ab—gb0
of Ry Show that I, is a left ideal in R, for all  in C.

d) Show that each of the left ideals I, is generated by one element as a left ideal. Show that
I, ~ R[I,, as left R-modules.
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Problem 2 Let @ be the field of rational numbers, and let a and & in @ be different
elements. Find all possible rational canonical forms for 4 x 4-matrices over € having

(z +a)*(z +b)

as a minimal polynomial.

Problem 3 Let C be the field of complex numbers and C[z] the polynomial ring over C
in one variable . Let & € C be a complex number.

a) Show that the map ¢,: Clz} — € defined by w.(f(z)) = f(a) is a surjective ring
homomorphism, and use this to show that the ideal generated by r — « is a maximal
ideal in C[z].

b) For which n > 1 is the ring
cl=] cld
((z—a)?) ((z—e)™)
Clz) clz)
((z—c)™)  ((m—2)™)

semisimple?

Problem 4 Let R be a ring, and let M be a Noetherian left R-module. Show that
any surjective R-homomorphism f: M — M is an isomorphism. (Hint: Consider the chain
Ker f C Ker(f?) C Ker{f3) C --- of submodules of M).



