EXERCISES

21.08.

Exercise 1. e Describe which morphisms in Set are monomorphisms, epi-
morphisms, split monomorphisms, and split epimorphisms.

e Describe which morphisms in Top are monomorphisms and which mor-
phism are epimorphisms. Find an example of a morphism that is both a
monomorphism and an epimorphism, but not an isomorphism.

e Show that in the category Ring, the inclusion Z— Q is both a monomor-
phism and an epimorphism.

Exercise 2. Which of the following functors are full? faithful? dense?
e the natural inclusion Ab— Gp;
e forgetting the topology Top — Set;
e the Hom-functor Homap(Z/(2),—): Ab— Set.

a b
Exercise 3. Let X be the poset given by the Hasse diagram \0/ that isa > 0

and b > 0 with a and b incomparable.
e Determine all objects F' € preshg., X such that F (i) € {0, {x}} Vi € X.
e Which of the presheaves determined above are isomorphic to a presheaf of
the form Home,, (—, ) for some i € X?

28.08.

Exercise 4. Recall that for a group G, we denote by G°P the opposite group, that
is the group with the same elements as GG, but multiplication given by g-op h = h-g.

e Show that this construction defines a (covariant!) functor Gp — Gp.
e Any group G is isomorphic to its opposite group: An isomorphism is given
by g g~ '. Investigate if this defines a natural isomorphism idgp — —°P.

Exercise 5. Let G be a non-trivial group. We can consider the category ¢ having
only one object %, with Home,, (x,*) = G, and composition of morphisms given by
group multiplication. (Convince yourself that this is a category.)

Consider the following two functors F = Home,, (x, —) and H: €z — Set given
by H(x) = G and H(g) = 1g.

Show that the functors F and H agree on all (i.e. the one) objects, but are not
naturally isomorphic.

Exercise 6. Let X = {a,b,c} with the preorder given a < a, a < b, a < ¢, b < a,
b<b b<c c<c (Soaand b violate anti-symmetry). Let Y = {1,2} with the
natural poset structure (i.e. 1 < 2). Show that the poset categories ¢(x <) and
©(v,<) are equivalent.

More generally, given an arbitrary preordered set X, find a poset Y such that
the cateories € x <) and €(y, <) are equivalent.

0.1. 04.09.

Exercise 7. Find left adjoints to the functors

e forget: Ring — Rng, the forgetful functor from rings with multiplicative
unit to rings without multiplicative unit.
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e forget: Ring, — Ring, where Ring, is the category of “pointed rings”,
that is pairs (R,r) of a Ring R and an element r, and morphisms being
ring homomorphisms which send the distinguished element of the first ring
to the distinguished element of the second ring.

Find the unit and counit maps for both the above adjunctions.
Exercise 8. In the category Ab
e Show that the pullback of

is given by
LI[M ={(m)eLeM|aQ) = B(m)}
N

(with the obvious maps to L and M).
e Show that the pushout of

B
L

M

o
N

is given by

MI]N =M e N/{(BE), ~a(0) | £ € L},
L

Exercise 9. Let X be any poset, and F' a Set-valued presheaf on X. Show

e that the limit lim F' exists;
e that the colimit %ﬂF exists.

HinT: Construct them explicitly, starting with product and coproduct, respectively.
10.09.

Exercise 10. Let A be an abelian group, S and T two subgroups.
e Show that the pullback of

S

{ incl.
A

incl.

is given by SNT.
e Show that the pushout of

proj.

A
tproj.

AJT

A/S
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is given by A/(S+T).

Exercise 11. In the category Ab, consider a pullback square

LTIy M Ly
L,k
M ’ N

Show that KerB = Ker 8 and Ker & = Ker a.
HiINT: Recall the explicit description of the pullback in Exercise 8.

Exercise 12. Let < be a pre-abelian category, and X be a finite poset. Show that
any F' € presh_, X has a limit and a colimit.

Exercise 13. Let o7 be a pre-abelian category. Show that the following are equiv-
alent:

e o/ is abelian;
e every monomorphism is a kernel of some morphism, and every epimorphism
is a cokernel of some morphism.

HiNT: First show that if a monomorphism is a kernel of some morphism, then it is
in fact a kernel of its cokernel.

18.09.

Exercise 14. Consider an additive category.

e In the situation of the biproduct diagram

Lx Ly
SN TN
X XoY Y
\_/ \/
X Ty

with idx =7mx otx,idy =7y oty, and idxgy = txomx +ty omy: Show
that my is a cokernel of ¢x.
e Let f: X —Y be a split monomorphism, and assume f has a cokernel.

Show that there is an isomorphism ¢: Y — X @ Cok f making the triangle

f
X Y
. =¥
X @ Cok f
commutative.
Exercise 15. e Consider the poset
w
/N
X = { }7

a b
N S
0
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and the morphism of Ab-valued presheaves on it

(Here “2” is short for “the map given by multiplication by 2”.) Check
that this is a morphism. Calculate the kernel, image, and cokernel of this
morphism.

e Convince yourself that in general, for an abelian category </ and a poset
X, the presheaf category presh, X is abelian again.

Exercise 16 (3 x 3 Lemma). Consider the following diagram with exact rows and
columns.

0 0 0
A B C
0 A B’ o 0
O A// B// C/l O
0 0 0

Show that A, B, and C also form a short exact sequence fitting into the above
diagram.

Exercise 17 (Salamander lemma). Consider the following diagram in ModR,
where 78 = 0 and v = 0.

A
Ja
B i C ! D 0 E
Je
F

Show that the sequence

Ker~y Ker ey Kerd NKere Ker§ F

Img Ima+Impg Im~a Im~y Im ey

is exact.
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25.09.

Exercise 18. Let X be a poset, and F a field. By Exercise 15 the category
presh,,,qr X is abelian.
For i € X, we consider the special presheaves P; and I; given by

P(j) Fifj<i d 1,(j) koifj>i
i = an i = .
J 0 otherwise J 0 otherwise

Patn I:
Verify directly: P; is projective and I; is injective in the category presh,, qr X.

PatH II:
Consider inclusion ¢: {i} > X. Show that the induced functor

" preshy gy X —> presh, qr{i} = modF

has a left adjoint L and a right adjoint R.
Check that
e * is exact;
e P, = LF and I, = RIF;
e [ is both projective and injective in mod F.

Conclude that P; is projective and I; is injective.

INDEPENDENT OF PATH: For X = {a > 0 < b}: Find a projective object P and an
epimorphism P —> I in presh g5 X.

Exercise 19. Show that
Z[(n) @z Z/(m) = Z/(ged(n, m)).
HINT: Recall that (ged(m,n)) = (m,n).

Exercise 20. Let o/ be an abelian category, and A an object in /. Convince
yourself that Hom (A, —) defines a functor &/ — Mod R, where R = End(A).
Now assume that for any object X € &7, the R-module Hom, (A, X) is finitely
generated. Show (without using Freyd-Mitchell), that Homg (A, —): & — mod R
has a left adjoint.
HiINTS:

e Show that Hom, (A, —) induces an equivalence between the subcategories
{A" |n e N} C & and {R" | n € N} C mod R.
e Show that Hom (A, X) is finitely presented as R-module.

16.10.

Exercise 21. Let A° € C(«/) be a complex such that H(A®) = 0 for all negative
i. Show that there is a complex B® such that B’ = 0 for all negative ¢, and a
quasi-isomorphism A® — B*.

HINT: You can take B = A’ for all positive i. What is a good choice for B°?

Exercise 22. Let f*: A®* — B*® be a morphism of complexes. Show that B®* —> Cone(f*)
is a weak cokernel of f* in the homotopy category K ().
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f.
That is, the composition A* — B®* —> Cone(f*) is zero, and for any ¢g*: B*— C*
such that ¢g® o f* = 0 in K(«7) there is a (not necessarily unique) factorization

f.
A® B* Cone(f*)
\ ¢
C.
Exercise 23. Calculate
e Exty(Z/(a),Z/(b)) for alle a,b,n € N;
o Bxtiien  f1<2y(l2, 1) for all n € N;
o Extpeen - x(lw, Fo) for all n € N, where X is the poset from Exercise 15.

Exercise 24. Let o/ be an abelian category with enough injectives. We consider
the category of morphisms in o7,

mor (/) = presh, {1 < 2}.
e Convince yourself that Ker defines a left exact functor mor(e/) — <.
e Find out what the right derived functors R" Ker are.

HINT: First consider the case that the morphism in question is an epimorphism.
Then generalize to arbitrary morphisms using a short exact sequence in mor (%)
where the other two objects are epimorphisms.

23.10.

Exercise 25. Let R as below, and S be the R-module which is F as F-vector space,
with all variables acting as 0. Calculate all Ext; (S, S) for n > 0.

e R=TF[X];
o R=TF[X]/(X?);
b R:]F[X,Y],

e R=F[X,Y]/(XY).
Exercise 26. Find short exact sequences representing all elements of YExt ay,(Z/(4), Z/4).
Exercise 27. Let o be an abelian category. Let A®* € C(&/). Show that A®* =0

in K(&) if and only if A® is isomorphic to a complex of the form
(&;8) B ltoB® (LB) B’e B! @ B'e B? (Lg)
HiNT: For the “only if” direction, consider the short exact sequences
0—>B"(A*) — A" — B" 1 (4*) —0.
Exercise 28 (A short spectral sequence). Consider a double complex X** with
X™™ =0 unless m,n € {—1,0} — that is essentially a commutative square

—1,—1
—1,-1 b 0,—1
X 5 X"
d;l,—l dg‘—l
J q-L0 {
X-10 b X700

We consider the kernels and cokernels of the horizontal maps, and denote by
k: Kerd}:l’*1H Kerd;l’0 and c: Cokdﬁlﬁl% Cokdﬂl’0 the kernel and cok-
ernel morphism, respectively.
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Show that
o H 2(Tot(X**)) = Kerk;
e There is a short exact sequence Cok k> H~1(Tot(X**)) —> Kerc;
e HO(Tot(X**)) = Coke.

30.10.

Exercise 29. Let R = F[X,Y]/(XY) for some field F, and M = R/(X). Calculate
Extk(M, M) for all n € N.

Exercise 30. Let R = F[X,Y]/(XY) for some field F. Consider the double com-
plex X** given by

m,n __ m,m __ gmmn __
X™n =R, d""=d™" =

X ifm+neven
Y ifm+nodd

Show that all rows and all columns of X**® are exact, but its total complex is not
exact.

Exercise 31. Let R be a ring, and X** a double complex of R-modules. assume
that X" = 0 whenever n > 0. (That is X** is concentrated on the upper half
plane.) Show that if all rows of X ** are exact then so is its total complex.

Exercise 32. Let o/ be an abelian category with enough projectives. Consider
two short exact sequences C>>F —> B and B>—> FE —> A.

Assume that Ext?,(A,C) = 0.

Show that there is an object X completing the following diagram as indicated
by the dashed arrows.

C F B
| ]
v
c»----- > X ------ »> F
y J
A A

(That is, in the resulting diagram all squares commute and all rows and columns
are short exact sequences.)

06.11.

Exercise 33. Let &7 be an abelian category with enough projectives. Show that
gldim &/ < 2 if and only if any morphism between projectives has a projective
kernel.

Exercise 34. Let & ba an abelian category with enough projectives. Show that
gl.dim presh {1 < 2} = gl.dim &/ + 1.

Exercise 35. Let .7 be a triangulated category, and X —Y —Z — X[1] a dis-

tinguished triangle. Assume the map Z— X|[1] is 0. Show that the (rest of the)
triangle then is a split short exact sequence.

Exercise 36. Let 7 be a triangulated category. Assume that .7 is in addition
abelian. Show that 7 is semisimple.
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13.11.

Exercise 37. Let o/ be an abelian category. Show that any complex is isomorphic
to its homology in K (&) if and only if <7 is semisimple.
(Here the homology of a complex X* is considered as the complex

T HTL(X ) HO(X ) S H (X))

f
Exercise 38. Let 7 be a triangulated category, and C— F— B—>(CJ1] and

BﬁEﬁAiB[l] two distinguished triangles. Assume the composition f[1] o

g: A— (2] vanishes. Show that there is an object X and morphisms as indicated
by the dashed arrows below, such that the diagram commutes and the new row and
new column are distinguished triangles too.

C F B C[y
@
s P - X 77777777 N SR > C[1
]
F*[l] B[1]

(Compare to Exercise 32.)

Exercise 39. Let .7 be a triangulated category, and % be a triangulated subcat-
egory. (That is a full subcategory closed under [1] and [—1], and such that the cone
of any morphism in the subcategory is in % again.)

Let .7 be the collection of all morphisms in .7, whose cone lies in % .

Show that (up to set theoretical issues) one can define a triangulated category
717 making all morphisms in .# invertible in the same way as we defined the
derived category in the lectures.



