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(Evans, problem 3 p. 306): Let Q = (—1,1)? C R? and

1—z1, z€Qr:={x|x >0,|x2| <1}
14z, z€Qs:={z|x1 <0,|z2| < —21}
1—x9, z€Qy:={x|x2>0,|z1] < 22}
1+ mze, z€Qy:={x|ze <O0,|z1| < —22}

fz) =
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We are to show that f € WHP(Q) for p € [1, 00]. First note that f(z) <1 for z € Q
so that || f]|g.0.00 <1 < 0o and ||f[lg.op < MQ)YP = 41/P < oo for p € [1,00). Hence

f € LP(Q) for p € [1,00], and it remains to verify the same for its weak derivatives.
Take any ¢ € C°(Q), then

/Q< 00 (1)) /f Oyl Z 1) ()

_Z/ (0, f(a )da:_/Q(1Q3(x)—1Ql(:c))¢(x) dz.

Note the lack of boundary integrals over 0Q); in the above, as these cancel out due to
the continuity of f along the boundaries of @);. Thus 1g, — 1¢, is a weak derivative
of f with respect to x1, and similarly we find that 1g, — 1g, is a weak derivative
with respect to z3. As indicator functions of sets in @ belong to LP(Q) for p € [1, o]
we have our result.

First, we assume that 1, Qs C R? are open and bounded sets, and ® : ©; — Qs and
—1: 0y — Q are invertible C™-transforms. By the regularity of ® and ®~!, and
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the compactness of Q1 and €9, we have

< | det(D®)| + | det(DD )| < A

> =

Dy s 19 e ) < 00

where A > 1. To obtain the estimate of the W1 P-norm of g, we apply the chain
rule, Minkowski’s inequality, Holder’s generalized inequality, the standard change-of
variables formula, and the upper bound | det(D®)| < :

||g||€vlp92)
= > 19 [F@ CN] e
|| <1
d d 1
B of (P~ 1(x)) 0P
= 1@ ay + 2 1D (am( ) @;.
i=1 [|5=1 z " llzegy)
d d
_ of
< | f(® ())!!Lp92 Z Z ( ) T
i=1 \ j=1 © llLe(Q2)
L |laf (@ (x))|" = || 025! ’
<@ Dy + D | g 2| 5,
i=1 ‘ Lr() \ j=1 “llLee(Qs)
d
B af(@ ' (x) "
<A@ ey + PN oo D |75
LP(Q) w ; Ox; LP(Qs)
gmax{l,de‘I’*lH oo} Z 0% f( )||LP(QQ)
: o<1
CP
_CPZ/ ‘aa x))‘p dx
la|<1
—or Yy / 07 F(y)IP | det(D®)| dy
la|<1
<cpz/ 07 ()P Ady
| |<1

< CIAf oy

Thus, by taking the p-root on both sides of the inequality, we get

l9llwro(s) < CIAPI1f lwinan) (2)
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We do the same in the opposite direction, with the upper bound |det(D®~1)| < \:

HfH’;Vlml)
= > 1% 9 @D %)
o<1
d dg(D(y)) 0%; ’
g(®
= 9@ + 2122 =5,
i=1||j=1 ! N o)
d
99(2(y)) 0®;
< lg(@))II}
Lr(Q) ; Zl yi ayl LP(Q1)
P d 8
<l e N I b
Ay Le() \ j=1 dy;i Loo(94)
. || og(@)) ||”
< 9@ oy + PN2M1 D | =5 =
i—1 Yi LP ()
< max{1, @@}, } > 109D T,
7 la|<1
=P Z/ 10%g(®(y))|P dy
|| <1
_cpz/ 10°(x)[? | det(DD1)| dx
|| <1
<CPZ/ 10%g(x)|P \ dx
|a <1
<Cp)‘H9HW1p Q2)

Thus, by taking the p-root on both sides of the inequality, we get
£ lwrr(r) < CoAYPllglwrray) (3)

The last step is to combine inequality and . By setting ¢ = AY/P max{C1, Cs},
we obtain the final estimate:

1
M fllwrr @y < llglwir@s) < cllfllwrr@ (4)
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Let u € WP(Q) such that Q = QN B(xo,r) and Q2 € CL. Since |det(D®)| = 1, we
get |det(D®1)| = 1. If v(y) = u(® (y)) for all y € ®(2), and y = ®(x), then

191 oy = /. [ oy

= [ 1@ )7 det(D®)  ay

- [|u<x>rpdx

=l 5,

By using the chain rule and assuming that |a| = 1 and Q C R?, we get

100117, o Iaa )" dy
Lr(@(@)

/ |aa y)IP| det(D®)]| dy

p
. Zaauab‘l(y))a“@;l(y) dy
< [oru@ yp Zaa dy

< |0% || pa [[[0%@ P HLoo

= ull by 27 o

Similarly, in the opposite direction, we get
o, ||P — &3 p
0%l 0y = [ a0l dx

- / 0% ()] det(DD )] dx
o()
L(Q 280‘ 0°®;(x)| dx
/’804 ’p Zaa

< [O%P | 1 [[[0% @ HLoo

dx

= oIy 121 roc.s

We have demonstrated that the W¥P-norm of v is bounded by u, which belongs to

WkP_ Thus, v € W*P, and we have shown that

HUHLp(q)@)) = HUHLp(Q)
1000y oy < 107 ool

10%ull o gy < 1@ lwrce [0l
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(Evans, problem 7 p. 306): Given 1 < p < oo, a subset Q C R? which is open
and bounded, and a C' vector field v along 0 such that - n > 1 where n is the
normal vector pointing outward from §2. We are to apply the divergence theorem to
Jaq |FIP(v - n)dS to derive the trace inequality

/ |fIPdS < C/ (IVFIP + | £IP) dax.
oN Q

Here we assume for simplicity f € C1(2) and if this were not the case we could have
done an approximation argument. We go to work and obtain

P P ‘n diV.:thm. ) P -
/m!f as /m(!f! 1) nds /Qv (IfP7) d
_ /Q (VIFP) -+ | FP(V ) da = /Q DU (V7)Y )] de

by assumption

d
< /Q PLAPIN A+ P S 100,75 00,00 | do

j=1

d d
< /Q PFITAS oo + 117 S 10e,75ll000 | do

Jj=1 Jj=1

e d 1 =Ly Loge) 4 182 7ille0colf7]
N Q P 1§JaSXd 7112,0,00 P D lgjagxd x;V71192,0,00 €x

< . s p p
< d i {0 105, yllnnce} [ (9174177 do

which is what we wanted.
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