MARS&105
Spring 2019

Norwegian University of Science Solutions to exercise set 11

and Technology
Department of Mathematical Sciences

Let C be the constant from the Poincare inequality. Then we get
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Taking the p’th root we see that C' = ( + Cp> :

(Evans, problem 8 p. 308): We are to show that there are in general no trace
operator for LP-functions (1 < p < o0), i.e. a bounded linear operator 1" : LP(Q2) —
LP(09Q) such that T'f = f!m for f € LP(Q)NC(Q). Tt is enough to find one example
such that this cannot hold, so let us consider = B(0,1) C R? and define

fa(r,0) = (L =n(1=r) )7,

where by g7 we mean the positive part of a function g. It is clear that 0 < f, <1
and f, € C(Q). It is straightforward to show that anHLp (90) = 2m, while further
calculations yield
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Together this gives
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i.e. there can be no constant C' such that || fullzr@a0) < Cllfullzr(q) for all n, and so
T cannot be bounded if it exists.

(Evans, problem 4 p. 306): We are given f € WP((0,1)) for p € [1,00), and are

to show that
1 1/p
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As f € WHP((0,1)) we know that its weak derivative f’ is defined a.e. and belongs to
LP((0,1)). Let us then define g(z) = [ f/(x) dz which is well defined as LP((0,1)) C
Ll((O, 1)), and even absolutely Contlnuous as it is defined as an integral from 0 to
x of a integrable function. From the first fundamental theorem of calculus we have
that ¢'(z) = f'(x) a.e., and then for any ¢ € C2°((0,1)) we have
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showing that the weak derivatives of f and ¢ are equal a.e. and then the functions
themselves a.e. differ by at most a constant. Then for =,y where f is defined we have
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which is what we wanted.

a) By Greens first identity and zero boundary terms because of compact support
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For the last term we have
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where V2 f is the Hessian matrix of f. Hence
[wse == [ safvip - -2 [ A9 @HT S
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At this point we want to use Holders inequality. We need to make the exponents
for |V f| on both sides of the equation match.

[JVﬂpsc<[JVﬂﬁli([ﬂﬂﬁV%ﬁ)?

Notice that p > 2 is required. Dividing and applying Cauchy Schwartz inequal-

ity gives
fror<e () ()’

Taking the p’th root gives the desired estimate.
b) First we claim that if f € W22(Q) N W01’2(Q) then there are

fm € C3(Q), fm — f inW??
9m €CZ gm — g inwh2,
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The claims follows since 9 is C2. The first claim is a consequence of theorem
8 since C>°(2) € C%(Q). The second claim follows by theorem 21, the second
trace theorem.

We use Greens identity on Vf,, - Vg, in a way so that the boundary terms
gives zero contribution (g, € C°(2))

Vim Vgm == [ gnlfm <C | gulIV:fml <C( [ lgml* : V2 :
Q 0 ; ) i

= Clf1I21[V* £l

as k — co. The left hand side converges to [, [V f]*:
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< /Q 1V o (Vi — V) + VI (Vfon — V)
< IV funl |2l [V gm — T Fll2 4 1V 121V fon — V fl]2 — 0.

In total we have
/Q VI < OISV F

Taking the square root gives the desired estimate.

The same calculations as in a) gives
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We use Holders inequality and match the exponents of |V f| and recalling p > 1:
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This gives

Taking the square root gives the estimate.
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