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Exercise set 12

1 Let Ω ⊂ Rd be open, k ∈ N, and γ ∈ (0, 1]. Prove that C0,γ(Ω) is a Banach space.

2 Let Ω ⊂ Rd is an open bounded set, and 0 < γ1 < γ2 < 1.

a) Prove the following interpolation inequality for Hölder spaces:

‖f‖C0,γ1 (Ω) ≤ ‖f‖
1− γ1

γ2

Cb(Ω)‖f‖
γ1
γ2

C0,γ2 (Ω)

b) Prove that C0,γ2(Ω) is compactly embedded in C0,γ1(Ω).
Hint: Use Arzela-Ascoli’s theorem and part (a).

3 Let X,Y be normed spaces, Φ : X → Y be a continuous embedding (embed-
ding=linear, bounded, 1 − 1), and Φ(X) ⊂ Y dense. Prove that the adjoint Φ′ :
Y ′ → X ′ defined by

(Φx, y′)Y,Y ′ = (x,Φ′y′)X,X′ , y′ ∈ Y ′,

is a continuous embedding.

4 (Holden Ex 1, p 119) Let Ω ⊂ Rd be a bounded open set. Show that W k,2(Ω) is
compactly embedded in W k−1,2(Ω) for k ∈ N.

Hint: Use Rellich-Kondrachov, do it for all values of d.
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