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The weak solution u € WY2(R?) of u — Au = f € L2(R?) by definition satisfies

(U, p)yi2 == f (up +Vu-Ve)dx = f fedx forall ¢e W 3(RY).
Rd Rd

In particular, this holds with ¢ = u, so that

f (W)

llullwr.2

If ()
ozpews? @ llwr2

< llullypz

2
lull?,. = | [ fudx| = llullye = [Jullwe2lf llowr2y,

where we have identified f € L? with the regular distribution ¢ — f f¢ in (W2)'. Thus
lullwrz < Ilf w2y
By linearity, D}}r’iu solves u — Au = D}}r’if weakly for allh andi =1,...,d, and so
D" wllygrz < (1D £ Iy
as well. Estimating
/DL s @ dx| = |[ £D" ¢ dx| < ULl ¢z S IF g iz < 1F ozl
with help of Theorem 47 (a) from the lectures, then shows that
D] ullyz < D% f llgwrzy S 1S Nz

for all h > 0. Hence, invoking Theorem 47 (b), u € W22,
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