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The predual of ¢! is ¢y, the space of bounded sequences tending to 0 at infinity. Then
T, — 0 in ¢! since for any y € co,

(€, 9) =D Tnklk = Yo — 0.
k

Let x : [0,7] — R"™ be the solution of the ODE & = f(x), x(0) = z9. We will work
with the integral form

t
(1) ot) a0+ [ flalo)ds, te(0.7)
0
The corresponding forward Euler discretisation is
y(t) = y(nAt) + (t — nAt) f(y(nAt)), t € [nAt, (n+ 1)At],

At = %, and y(0) = zo. Note that y is a continuous function coinciding with the
Euler approximation at the points nAt. Assume that f is Lipschitz,

|f(x) = fy)| < Lflx —y|, z,yeR™

a) Problem: Show by a direct argument that

T
ly(t)] < |zl ™ T + |f(0)|/ elrtdt = M.
0
Solution: Set t,, = nAt.

f )< [FO)+1F () = FO < [FO) + Ly ly(ts)] -
Using this recursively, we get
[y(tn)] < ly(tn—1)| + At [ f(y(tn-1))]
< Jy(tn-1)| + At (L |y(tn-1)| + [£(0)])
= (L+ LyAt) [y(tn—1)| + At [ £(0)]
< (L4 LpAt) (ly(tn—2)] + At (L [y(tn—2)| + [F(0)]) + At[£(0)]

n—1
< (1+ LAt |z + Y (1+ LAt ™At [ £(0)|

m=0

n—1
< laol €A 4 [ F(0)] ALY Pt
m=0
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b)

d)

Seeking a bound for all times ¢ € [0, 7], we may use that
ly®)] < [y(T)] = ly(tw)]

< |zo| LT + | £(0)] /OTeLft dt.
Problem: Show by a direct argument that

[y(®) = y(s)] < [t = o] max|f(r)l = K, ¢ <[0,T].

Solution: We may assume without any loss of generality that 0 < s <t <T.
Since s is strictly smaller than ¢, we can then find a discretization such that

t—1 < S <ty <+ <tp <t <tpy1.
Then

y(t) —y(s) =yt) =yn+ Wn = Yn-1) + -+ Wmt1 — Um) + Ym — y(s)

n—1

= (t = ta) f(y(ta)) + AL Y F(y(tr) + (tm — 8)f (y(tm-1),
k=m

and hence
ly(t) —y(s)] < ([t — tn| + (m — n)AL + [t — s|) Tl"g[?;]\f(y(f))l

< |t — s| ma 7).
< [t = 5] max |(r)

Problem: Let At = Aty = %,N =1,2,3,... and y = yaty = yn. Use the
Arzela—Ascoli theorem to find a subsequence of {yn}y converging uniformly
on [0,T7.

Solution: By a), there is an M > 0 such that
lynlloo < M for all N,
and hence {yn},y is equibounded. By b), there is a K > 0 such that
lyn(t) —yn(s)| < K|t —s| forall N,

and hence the sequence is also equicontinuous. Hence, by the Arzela—Ascoli
theorem, there exists a subsequence {yn, } N, and a continuous limit § such
that

lim [lyn, — Ylloo =0
Jim [y, = 5l = 0,
where local uniform convergence implies uniform convergence since [0,77] is
compact.

Problem: Verify that the uniform limit § of any subsequence of the sequence
{yn}n from (c) is a solution of (1). (Hence also the subsequence found in (c)).

Solution: Let {yn,}y, C {yn}y and g such that limy, oo |lyn, — Jllec = 0.
Then

n—1

(2) YNy, (t) = Zo + At]vk Z f(yNk (]AtNk)) + (t - nAtNk)f(yNk (nAtNk)),
=0
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for nAtNk <t< (n + 1>AtNk

Since (t — nAty,) < Aty, —— 0,
k‘)OO

lim (t —nAtn,)f(yn, (nAty,)) = 0.

Np—o0

We now show that the term with the sum in (2) converge to fg f(g(s))ds. Let
tj := jAtp,, then

Aty S om0 / F(3(s

7=0

1 ta+1 noloetig
x(t5)) ds — f(y(s))ds
E%/ flyn, J ]go /tj Yy

<3 / [Fume () — F@(s))] ds
noletya
<Ly [ ) - 5(e)] ds
j=0""1
noloetin
—Lr > [ l6) — u )+ o (5) ~ ()] ds
J:0 ti

tj1
<0,y / (Kt; — 5| + [y, — §lls) ds
i=07t

n—1

< Ly S (K(Atn,)? + Aty lyn, — 3ll<)
=0

= Lyn (K(Atn,)? + Aty [y, — §llo)

< L (K( )+ lyny, = Glloo) ——— 0.

Nk—>oo

Since z¢ is fixed and limp, 00 yn, (t) = y(t) for every t € [0,T] by uniform
convergence, we may pass to the limit in (2) to see that limpy, o0 yn, (t) = 3(t)
satisfies (1).

Problem: Since the ODE has a unique solution (f is Lipschitz), conclude that
the whole sequence converges.

Solution: By (c) and (d), z := y (where gy defined in (c)!) is a solution of
(1). By uniqueness it is the only one.

Assume that the whole sequence {yy}y does not converge to z. Then by
definition of convergence there exists an g9 > 0 and a subsequence {yNj} N,

such that
(3) lyn, (t) — z(t)| > e for all N;.

But since this subsequence is equibounded and equicontinuous by (a) and (b),
we then have by the Arzela—Ascoli theorem that there exists a subsubsequence

{yNji}Nj. which converges uniformly to a limit . By (d), § = «, and this

contradicts (3). Hence we conclude that the whole sequence converges to .
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