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In the following, for a function f € LP(X,u) we shall for simplicity use the notation
LP(X) = LP(X, p) and || f]|p := ||f]|Lr(x) for some space X and honest measure y, while A
will denote the Lebesgue measure.

We are to prove the Holder inequality

Ifglly < 11 fllpllgllq

for f € LP(X), g € LUX), 1/p+1/g =1 and p,q € [1,00].

Let us first treat the case p = oo, ¢ = 1. Then it is straightforward to show
ol = [ 1foldn <l [ ol = 1l

Now we treat p,q € (1,00) and for this setting we first recall Young’s inequality,

Pl 1 1
abﬁa——i——, fora,b>0and — 4+ - =1.
p q P q

Now define f := f/||f|l, and § := g/||g|ls- Then we have by Young’s inequality
< < 1 ~ 1 ~ 1 1
IFalls = [ Afaldn < [ 1frane o [ lalrau= o=
X P Jx q.Jx p q

which is equivalent to
gl < 1 fllpllgllq-

We are to prove the Minkowski inequality

1+ gllp < 171l + llgll

for f,g € LP(X), p € [1,00]. We first treat p = co, where we have

1f + glloo = ess sup |(f + g)(z)] < ess sup (|f(2)] + |9(z)]) = [|flloc + gl
zeX zeX

by the triangle inequality. Similarly for p = 1 we have

Hf+g||1Z/X|f+g|du§/x(|f!+lg|) dii= 11+ lglh-
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Finally we treat p € (1,00) where we first note that 1/p + 1/¢ = 1 implies ¢ =
p/(p —1). Then yet another application of the triangle inequality followed by the
Holder inequality gives

||f+g|§§=/X|f+g|”du§/X!f+g|”‘1|f!du+/x|f+gp‘1|g|du

< H(f +g)p_1“p/(p_1) ||f||p + H(f _|_g)p—1Hp/(p_1) ||g||p
(»=1)/p
= ([1rsaemonan) "y,
X

. ) (p=1)/p
i ( [ 15+ gl )du> Il

= [1F + g5~ (Ifllp + llgllp)

hence
1f+9gllp < [Ifllp + [lgllp-

We are to prove the generalized Holder inequality,

15 <TI0, £ ez
=t |, i

where
Eni—l q,pj € [1, 00
- p] qv [ ] ’ .

First we note that if p; = oo for some j, j = n say, we have
— = —_ =,
= bj = pj q
and

n n—1
114 <1l || T] 5
j=1 =1

q q

This we can do for any finite number of j-s where p; = co and reduce the problem to
proving the inequality for p; € [1,00). The only way to have ¢ = oo is when p; = oo
for all 7, but since

1/9lloc = ess sup [ f(z)||g(x)| < ess sup |f(z)|ess sup [g(y)| = || fllocllgllo
rzeX rzeX yeX

we can easily iterate the above inequality to obtain the desired result in this setting.

Let us therefore consider ¢, p; € [1,00). First we treat n = 2, with 1/p1+1/p2 = 1/q,
such that ¢/p1 + q¢/p2 = 1. Then from the standard Holder inequality we get

Ifrfall§ = 1A L2 < U s a2 Wpa s

q/p1 q/p2
< </ |f1‘q(p1/q) du) </ ’f2|Q(P2/Q) d#)
X X

= [1A2ll5, 12115,
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and by taking the ¢-th root we obtain the inequality. For general n we get the
result inductively. Let us assume that the inequality holds for n = k£ and consider
n = k+ 1. We define g; = f;, r; = pj for j = 1,...,k =1, and gx = fifi+1,
Tk = PrPk+1/(Pk + Pr+1) such that 1/ry = 1/pg + 1/pr+1. Note that analogous to
the case n = 2 we have

lgwllvy = I1F2" fekally < 1Fe g sri LIRS o e = IFellpf | frsa Iy,

or
”gk’H'f'k < ||f/€||pk||fk+1||pk+1 < 09,

hence g € L™ (X). Then our assumption is readily applicable:

k+1 k k+1

151 =119 <HHgJHT _Hllfgllp,
=t |, =

q

and the result follows.

We are to prove
1S+ glle < [ £1lxllglly

for f,g € L'(R%,\). By Tonelli’s theorem it follows that

1 * gl = ]/fas— dy'dm<//|f$— Jllg(y)| dy de

Tonem/ DI [ 1 =wldedy=1£s | 1ol dy = 17hlalh-

We are to prove Young’s second convolution inequality

(g Ml < 1 Fllpllgllgl ]l

for f € LP(RY), g € LI(R?), h € L"(R?) where 1/p+1/q+1/r = 2 and p, q,r € [1, 0]
Here p = A. First we recall Young’s first convolution inequality,

lg * hlls < llgllqllPll-

for g € L4(RY), h € L"(RY) where 1/q+ 1/r =14 1/s and q,7,s € [1,00]. Then the
Holder inequality followed by the first Young inequality yields the result directly

1 (g M)lln < 1 lIpllg * Allps—1) < £ lInllgllallllr,

as 1/p+1/(p/(p—1))=1and 1/qg+1/r=2-1/p=1+1/(p/(p—1)).
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