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Define the cut-off function ¢; and show that || f¢;|l, < || fé;llp, [|[f—fojillp — 0,
p € [1,00).

Define the function ¢ to be 1 on B(0,1) and 0 outside of B(0,2) as in Exercise 0.
Define the cutoff-function ¢;(z) = ¢(5) and note, that ¢; equals 1 on B(0, ), and
vanishes outside of B(0, 2j).

Since ¢;(z) <1 Va € RY, for any f € LP we have
sl = [ W@t = [ 15@Ploj@pas < [ 11@Pds =113

Since fxp,;) = f on B(0,j), it follows that f(1 — xp(;)) — 0 a.e. and [f(1 —
XB(0,4))| < |fl. So we can apply Lebesgue’s dominated convergence theorem to

obtain:
I1f = fosllt = /| = gyl 0.
x||>]
The L™ case
For f € L> we have, |f(x)¢;(x)| < |f(x)|, so the following inequality also holds:

1filloc < 11 flloo-

The function f(z) = 1is an L> function. We have f(x)¢;(x) = 0 for allmost all
with [|z|| > 2j. Therefore

If = fojlloo = 1

for all j, since A(R?\ B(0,25)) = co. So we have no L> convergence.

Let .7 C LP(RY), p € [1,00), satisfy

1. supsez [|fllp < o0
2. Ve>030>0: ||y <d=suppez [If —7fllp <e

Then {f|q|f € -Z} is totally bounded in LP(2) for a bounded set ().
Proof:

Let R > 0, such that Q C B(0,R). Define .% = {f¢|f € .Z}, where ¢ is a cutoff
function, which is 1 on © and vanisches outside of B(0,2R). Then

1. . is equibounded:
SUp ;5 £l < supse g || fllp < oo by assumption and Exercise 1.
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2. Fis equicontinuous:
¢ is uniformely continuous as it is compactly supported and continuous. So
Ve >0 36 > 0, such that |y| < 0 = |[¢(x) — ¢(z +y)| < e. Then for a.e. |y| <9,

(@) = f (@) = |f(@)(z) — f(a + y)(z + )|
<[f@)llo(z) = o(z +y)| + [f(2) = f(z +y)lle(z +y)]
< elf (@) +[f(2) =7 f(2)].

Consequently: Ve > 035 > 0:

ly| <min{d,d} = SUp fe & 1f — Tyf”p <(1+ SUp je 2 Hf“p)e-
3. F is tight:

VfeZ: f||acH>2R |f(z)|Pdx = 0 by the definition of ¢.

The family Z fullfils all prerequisites of the Kolmogorov-Riesz Theorem. Therefore
Z is totally bounded in LP(R?).

Now, show, that the restriction to LP(Q) of an enet for .# is also an enet for
{fla | feZ}in LP(Q).

Let f € % and {f]}] 1,...N be a enet for #

Then ¢f € .Z, Ik € {1,....,N}: ||¢f — fll, <€ and

£l = Fulall o / (@) — Ful@Pde < 6f — Fill2 = 6f — ull2 < €.

Consequently {f|q | f € .-Z} is totally bounded in LP((Q).

Mass escaping to infinity: Let fi(x) = X[ 141 (®)-

a)Show that f; — 0 pointwise, but that {f;}; does not converge in L'(R)
nor in measure.

For all x € R, there exists a R € N, such that R > x. For Vk > R, we have fi(z) =0,
so {fx} converges pointwise to 0.

Let’s have a look at the L' norm of the fj:

k+1
Il = [ 1@ide = [ e =1

50 {fx}x can not converge in norm to 0.

Show that {fi}r does not converge in measure to 0:
1
Mz € Rllfe(2)] > 5}1) = Ak, k+1]) =1,

and therefore Je > 0 : limg_,oo AN({z € R||fx(z)| > €}) # 0.
b) Show that f; — 0 in L} (R) and locally in measure.

Let K C R be a compact set. By the Heine-Borel theorem K is bounded. So for
k > sup{|z| | » € K}, we have fi(x) = 0 Vo € K, and therefore || fi||11(x) = 0. So
{fx}x converges to 0 in L} (R).
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For a sequence fj, to converge locally in measure to f it has to fulfill:
Ve >0: lim p({z € K||fr(x) — f(x)| > €}) =0
k—o0

for all compact sets K.

Let € > 0 and K C R an arbitrary compact set.

lpe = AM{z € K||fr(x)] > €}) < MK Nk, k+1])
As each compact set in R is bounded, K N [k, k + 1] = 0 for k > sup{|z| | x € K},
hence limy_o0 Iy e = 0. Therefore {fj}1 converges locally in measure to 0.
c) Show, that {f;}; is equibounded and -continuous in L!. Is it tight?
As noted earlier || fx|l1 = 1, so {fx}x is obviously equibounded.

Equicontinuous: Let —1 <y <0:

k—y k+1—y
@)~ fela )l = [ adot [ rdo =2yl vE
k k+1
For y < —1:
k+1 k+l—y
I fx(z) = fe(z +y)|l1 = / 1dz +/ lde =2 Vk
k k—y

Doing the same for positive y, we get:

/5 (2) = frlz +y)ll < 2Jy|
so the {fx} is equicontinuous when choosing 6 = §.
{fx}x is not tight: For any R > 0, there exists a k € N (take £k > R), such that
Jia>r Jr(@)de = :H ldx = 1.
As we have seen earlier, the norm of the f; is constant, so there can not be a

subsequence converging to 0. So this sequence is an example, that the sequence
being tight is a crucial prerequisite for the Kolmogorov-Riesz theorem.

Also A({z € R||fx(z)| > 1}) is constant, so there can not be a subsequence converging
to 0 in measure. But there is a subsequence (the sequence itself) converging to 0
locally in L' and locally in measure.

Show that F := {f(x) = X[a(z)| =1 < a < b < 1} is totally bounded in L?
for p € [1,00).

We use Kolmogorov-Riesz to show that F is totally bounded.

1

F is equibounded: ||x[q4)[lp = (f: 1d$)5 = (- a)% < 2.

F is equicontinuous: As in Excercise 3, we have
[ Wan@) = xgua (e + )Pde < 20l

F is tight: f|x‘>1 X[a,pjdx = 0,

Therfore all prerequisites of Kolmogorov-Riesz are fulfilled and we can conclude, that
F is totally bounded.
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Let p € [1,00) and F C L>(9) where 2 C R is open, bounded and measur-
able. Assume (C1) supy I fllco < oo and (C2) sup ¢ If =7y fllLr(@—y)no) — 0 as
y — 0. Then F is totally bounded in LP(Q).

Proof:
R Q
Define f(x) = {(J;(x) iZQ

of Kolmogorov-Riesz in LP(R%). Afterwards show, that F totally bounded in L?(R%)
implies F' totally bounded in LP(2) :

. Show that, F' = {f : f € F} fullfils the assumption

F C LP(RY):

Since €2 is bounded and measurable, we know, that ) has finite measure. So we can
conclude:

/ f I”dﬂ:—/lf |de</|rfrp dz = NQ)| |2 < oo,

which holds for all f eF.

f is equibounded in LP(R%):

Let M = supsep || flloo- We know from (C1), that M < oo.

1
sup |1, = sup ( [ 1i@pac)
feF fer \JR?

AL

< sup (A(Q)[| %)
fer

B =

< \Q)P M < 0

F' is equicontinuous in LP(R%):

For all f e F, we have:

1f =2 = / @) = fa+y)Pde
- / (@) — flx+y)Pde
QU(Q-y)

= coo)dr + x)|Pdz x4 y)|Pdx
Lo e [ p@pdes [ )
<1 = 1 oy + M@\ @ = I + A2 = )\ DI

By (C2) we have
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. p
?1611; If 7'nyLp(Qﬁ(Q—y)) =0

as y — 0.

Also, we have

AN (2 =), M2 —y)\ Q) =0
asy — O

First note, that A(Q\ (2 —y)) = Jpa X0\ (Q—y) (7)dz. We use Lebesgue’s dominated
convergence theorem to show, that this integral goes to zero as y goes to 0.

X\ (0—y)(Z) < xa(z), which is a integrable function, since 2\ (2 —y) C Q.

Let {9, }nen be a sequence in R? converging to 0. Then for every z € R?\ 9Q, there
exists an N € N, such that, xq\(o—y,)(*) = 0 ¥n > N. To accomplish this, choose
N, such that ||y,|| < dist(z,0) ¥n > N.

S0 X\ (2-y,) — 0 pointwise for all z € R?. We can apply the dominated convergence
theorem to obtain:

Jm M@\ (@ 30) =t [ vy (@do = [ lim xoy@-y (@) =

and therefore A(Q\ (2 —y)) - 0asy — 0.
A similiar argument leads to A((2 —y) \ 2) — 0.

So we can conclude:
sup || f — 7, fII5
feF
< sup (17 = 7 Waangeyy) + M@\ (@ = DI I + A2 = 1) \ QIS %)
= su — 1, flI? +sup A(Q\ (Q — P+ sup A((Q2 — Q b
D I = o Wiy + S AR\ (2 = pIFIE +sup A((2 =) \ DI
= 5D 1S = s+ A2\ (2 =DM+ (2 ) \ )M
—0

as y — 0, which is a different statement for equicontinuity.

F' is tight in LP(Q):

As Q is bounded, we can find an R > 0, such that Q C B(0, R). Then f(z) = 0 for
all z & B(0, R).

Consequently:

[ li@prds=o
lal>F
for all f eF.
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F' is totally bounded in LP(R%):

As shown previously F fullfils all assumptions of Kolmogorov-Riesz, so we can con-
clude, that F' is totally bounded in LP(RY).

F is totally bounded in LP(Q):

Let {fi}izl,mN be an e-net for F in LP(R%). We show, that {f;|Q}Z:1N is an e-net
for F' in LP(Q2).

Let f € F and f GAF, such that f]Q = f. As the fz form an e-net, there is a
ke{l,...N} with || f — fx|l, < e. Then:

1f = fellZr gy = /Q |f(x) = fu(z)Pde < /]Rd f(2) = fr(@)[Pdz = || f — fullP < €.
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