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Solutions to exercise set 9

1 Show and interpret fn → f in L1 =⇒ fn → f in M.

Let fn, f ∈ L1(X), dµn = fndx, dµ = fdx, and fn → f in L1.

Recall that µ = µ+−µ−, where µ+(E) = sup→A⊂E µ(A) and µ−(E) = − infA⊂E µ(A).
Similarly, f = f+ − f−, where f+(x) = max(f(x), 0) and f−(x) = −min(f(x), 0).
Observe that if dµ = fdx, then dµ+ = f+dµ and dµ− = f−dµ.

Then: ‖µn − µ‖ = |µn − µ|(X) = ((µn − µ)+ + (µn − µ)−)(X) =∫
X d((µn − µ)+ + (µn − µ)−) =

∫
X(fn − f)+ + (fn − f)−dx =

∫
X |fn − f |dx =

‖fn − f‖1L → 0.

Interpretation: if a sequence of L1 functions converges, then so do the measures
associated with the functions.

2 Show Thm 74 =⇒ Thm 75

Assumptions of Thm 75 implies there exists µnk , µ Radon measures so that∫
gdµnk →

∫
gdµ ∀g ∈ Cc. (*)

Fix f ∈ C0. Let ε > 0 and M = max(µ(X), supk µk(X)) < ∞ . Recall that C0 is
the closure of Cc wrt. ‖ · ‖∞, so ∃fn ∈ Cc st. ‖f − fn‖∞ ≤ ε

M . By (*), there is K so
that k ≥ K implies |

∫
fnd(µnk − µ)| ≤ ε.

Then: |
∫
fdµ−

∫
fdµnk | ≤ |

∫
fdµ−

∫
fndµ|+ |

∫
fndµ−

∫
fndµnk |+ |

∫
fndµnk −∫

fdµnk | ≤ ‖f − fn‖∞µ(X) + ε+ ‖fn − f‖∞ supn µn(X) ≤ 3ε

3 (a) =⇒ (b) :
First, we assume that fn → f in W k,p(K◦) for all K ⊂⊂ Ω. Let ϕ ∈ C∞c (Ω) and
take K ⊂ Ω such that supp(ϕ) ⊂ K◦. There is a C > 0 such that

‖ϕ‖L∞(Ω), ‖∂αϕ‖L∞(Ω) ≤ C , |α| = 1.

By Hölder’s inequality, we obtain

‖fϕ‖pLp(Ω) = ‖fpϕp‖L1(Ω) ≤ ‖fp‖L1(K◦)‖ϕp‖L∞(K◦) = Cp‖f‖pLp(K). (1)
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Applying this inequality above to the W k,p-norm, we get

‖fnϕ− fϕ‖pW 1,p(Ω)

=
∑
|α|≤1

‖∂α[(fn − f)ϕ]‖pLp(Ω)

= ‖(fn − f)ϕ‖pLp(Ω) +
∑
|α|=1

(
‖ϕ∂α(fn − f)‖pLp(Ω) + ‖(fn − f)∂αϕ‖pLp(Ω)

)
≤ Cp‖(fn − f)‖pLp(K◦) +

∑
|α|=1

(
Cp‖∂α(fn − f)‖pLp(K◦) + Cp‖(fn − f)‖pLp(K◦)

)
= (1 + d)Cp‖(fn − f)‖pLp(K◦) + Cp|(fn − f)|p

W 1,p(K◦)

≤ (1 + d)Cp‖(fn − f)‖p
W 1,p(K◦)

Thus, we have shown that ‖fnϕ−fϕ‖W 1,p(Ω) ≤ C‖(fn−f)‖W 1,p(K◦). If n→∞, then
‖fn − f‖W 1,p(K◦) → 0. This implies that fnϕ→ fϕ in W k,p(Ω) for all ϕ ∈ C∞c (Ω).

(b) =⇒ (a) :
Now, we assume that fnϕ→ fϕ inW k,p(Ω), which means that ‖fnϕ−fϕ‖Wk,p → 0.
Let K be a set such that (K◦) ⊂ Ω and take a cut-off function ϕ ∈ C∞c such that
0 ≤ ϕ ≤ 1 and ϕ|K ≡ 1. Since Rd has bigger measure than K◦, we have that

‖fn − f‖W 1,p(K◦) = ‖fnϕ− fϕ‖W 1,p(K◦) ≤ ‖fnϕ− fϕ‖W 1,p(Rd).

This holds because ϕ|K ≡ 1. Thus, ‖fn− f‖W 1,p(K◦) is bounded above by a quantity
which tends to zero as n→∞, and fn → f in W k,p(K◦).

4 1) ‖ · ‖Wk,p is a norm on W k,p:

• Triangle inequality holds:
Let u, v ∈ W k,p be arbitrary functions. By applying Minkowski’s inequalities, both
for integrals and sums, we get

‖u+ v‖Wk,p =

∑
|α|≤k

‖∂α(u+ v)‖pLp

1/p

= ‖ (‖∂α(u+ v)‖Lp)|α|≤k ‖lp

≤
∥∥∥(‖∂αu‖Lp + ‖∂αv‖Lp)|α|≤k

∥∥∥
lp

≤
∥∥∥(‖∂αu‖Lp)|α|≤k

∥∥∥
lp

+
∥∥∥(‖∂αv‖Lp)|α|≤k

∥∥∥
lp

≤ ‖u‖Wk,p + ‖v‖Wk,p

• Homogeneous norm:
Let λ ∈ R and u ∈W k,p be arbitrary. Then

‖λu‖Wk,p =

∑
|α|≤k

‖∂α(λu)‖pLp

1/p

=

∑
|α|≤k

|λ|p‖∂αu‖pLp

1/p

= |λ|‖u‖Wk,p
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• Zero element is unique:
If u = 0, then ‖∂αu‖Lp = 0 for all |α| ≤ k. Now, we just assume that ‖u‖Wk,p = 0.
If u 6= 0, then ‖u‖Lp > 0, and since this quantity is a part of the W k,p-norm, it will
make ‖u‖Wk,p > 0, which is a contradiction. Thus, the zero element is unique.

2) W k,p is a vector space:
Assume that u, v ∈W k,p and a, b ∈ R. Then, by the properties of the norm,

‖au+ bv‖Wk,p ≤ |a|‖u‖Wk,p + |b|‖v‖Wk,p

Thus, au + bv ∈ W k,p, and W k,p is closed under addition and scalar multiplication,
i.e. W k,p a vector space.

3) W k,p is a Banach space:
If {un}∞n=1 is an arbitrary Cauchy sequence in W k,p, so does {∂αun}∞n=1 in Lp for all
|α| ≤ k, since ∂α is linear. Since Lp is complete, there are u and uα such that

n→∞ =⇒

{
un → u in Lp

∂αun → uα in Lp

Since Lp ⊂ Lploc, un defines a distribution Tun ∈ D′. If ϕ ∈ D and 1
p + 1

q = 1, then

|Tun(ϕ)− Tu(ϕ)| ≤
∫
|un − u||ϕ| dx ≤ ‖un − u‖Lp‖ϕ‖Lq
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Thus, Tunϕ→ Tuϕ for all ϕ ∈ D′. Similarly, we get

Tuα(ϕ) = lim
n→∞

T∂αun(ϕ) = lim
n→∞

(−1)|α|Tun(∂αϕ) = (−1)|α|Tu(∂αϕ)

Since ϕ ∈ D, so is ∂αϕ, and uα = ∂αu in the distributional sense when u ∈ W k,p.
Since ‖un − u‖Wk,p → 0, W k,p is a Banach space.

5 Let f ∈ Wm,p(Ω) and ϕ ∈ Cmb (Ω) such that Ω ⊂ Rd. To derive the estimate, we
use the product rule, Minkowski’s inequality, Hölder’s generalized inequality, and the
continuous embedding Wm,p(Ω) ↪→ Lp(Ω):

‖fϕ‖pWm,p =
∑
|α|≤m

‖∂α(fϕ)‖pLp

=
∑
|α|≤m

∥∥∥∥∥∥
∑
β≤α

(
α

β

)(
∂α−βf∂βϕ

)∥∥∥∥∥∥
p

Lp

≤
∑
|α|≤m

∑
β≤α

(
α

β

)
‖∂α−βf∂βϕ‖Lp

p

≤
∑
|α|≤m

∑
β≤α

(
α

β

)
‖∂α−βf‖Lp‖∂βϕ‖L∞

p

≤
∑
|α|≤m

∑
β≤α

(
α

β

)
‖f‖Wm,p‖ϕ‖Wm,∞

p

=

 ∑
|α|≤m

∑
β≤α

(
α

β

)p
︸ ︷︷ ︸

Cp

‖f‖pWm,p‖ϕ‖pWm,∞

If we take the p-root on both sides of the inequality, we obtain

‖fϕ‖Wm,p ≤ C‖ϕ‖Wm,∞‖f‖Wm,p (2)

March 22, 2019 Page 4 of 4


