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Show and interpret f, — f in L! = f, — f in M.
Let fn, f € LYX),dpn = fodx,dp = fdx, and f, — f in L'

Recall that u = pt—p~, where u*(F) = sup = acp pu(A) and = (F) = —infac g p(A).
Similarly, f = f* — f~, where f*(z) = max(f(z),0) and f~(z) = —min(f(x),0).
Observe that if du = fdz, then du™ = f*du and du= = f~dpu.

Then Hun M|| b \( ) (= )™ + (o — ) 7)(X) =
Sy d( + (un — [ Un =D+ (fa = ) de = [y |fn — fldz =
1 fn — f”L —> 0

Interpretation: if a sequence of L' functions converges, then so do the measures
associated with the functions.

Show Thm 74 —> Thm 75

Assumptions of Thm 75 implies there exists i, , ¢ Radon measures so that

/gdun,C — /gd,u Vg € C.. (*)

Fix f € Cy. Let € > 0 and M = max(u(X),supy pr(X)) < oo . Recall that Cp is
the closure of C. wrt. [ - [|oo, 50 Ifn € Ce st. [|f — fulloo < 57- By (*), there is K so
that k > K implies | [ fnd(pn, — p)| <e.

Then: | [ fdp — [ fdpn,| < | [ fdp— [ fadpsl + | [ Fadpt — [ Fadpin,| + | [ Fadyin, —
J fdpn, | < I = falloon(X) + €+ || fo = flloo SUP, pn(X) < 3¢

(a) = (b):
First, we assume that f, — f in W*P(K°) for all K cC Q. Let ¢ € C°(Q) and
take K C 2 such that supp(p) C K°. There is a C' > 0 such that
[l oo [10%@ll L) < C ol = 1.
By Hélder’s inequality, we obtain

1ol Toy = 17"l @) < IFP Loy 167 Lo acey = CPILANn (i (1)
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Applying this inequality above to the W*P-norm, we get
| frp — f‘PHI;VLp(Q)

= 10*[(fa = DAY

lal<1

= = Dol + 3o (160U = Ay + 1 = N0 )
lal=1

< (= Agreey + 20 (CPUO U = Iiacey + CPN U = Faee))
la|=1

= (1L+ DO (fa = Doy + CPlFn = D

< (1L+ d)CP|(fa = Doy

Thus, we have shown that || f— follwir) < Cll(fo—f)llwrecke). If n — oo, then
| fr = fllwrp(xoy — 0. This implies that fn,p — fo in WHEP(Q) for all p € CX(Q).

(b) = (a):
Now, we assume that f, — fo in W*P(Q), which means that || f,¢ — follyrs — 0.
Let K be a set such that (K°) C Q and take a cut-off function ¢ € C2° such that
0 < ¢ <1and ¢|x = 1. Since R? has bigger measure than K°, we have that

1fn = Fllwrecey = [lfne = fellwroxey < lfne — Follwregay-

This holds because | = 1. Thus, || fn — fllw1.r(ke) is bounded above by a quantity
which tends to zero as n — oo, and f, — f in W*P(K°).

1) || [[yre is @ norm on Wk»:

e Triangle inequality holds:
Let u,v € W*P be arbitrary functions. By applying Minkowski’s inequalities, both
for integrals and sums, we get

1/p

l+vllwrs = | D 10%(u+ ),

o] <k
= [1(10%(w + )l 2 ) )< llr

< ||tz + N0l o) oy,

<0l lesse], + 000l

< lullwse + lvllwns

e Homogeneous norm:
Let A € R and u € W¥P be arbitrary. Then

1/p 1/p

Pallwrs = { D 10l | = D0 P10l | = [Allullwes

lo| <k lo| <k
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e Zero element is unique:

If u =0, then |[0%|r = 0 for all |a] < k. Now, we just assume that ||u|/yre = 0.
If u # 0, then |lul|z» > 0, and since this quantity is a part of the W*P-norm, it will
make ||ul[yrp > 0, which is a contradiction. Thus, the zero element is unique.

2) WFP is a vector space:
Assume that u,v € W*P and a,b € R. Then, by the properties of the norm,

law +bvllyrr < lalllullyrs + [bll[v]lwns

Thus, au 4+ bv € W*P, and W*P is closed under addition and scalar multiplication,
i.e. WkP a vector space.

3) WkP is a Banach space:
If {u,}5°, is an arbitrary Cauchy sequence in W*P?, so does {9%u,, }2°; in LP for all
|a] <k, since 0% is linear. Since LP is complete, there are u and u, such that

Up — U in LP

n—oo = ]
0%Uup — uq in LP

Since LP C LY , uy, defines a distribution T,,, € D’. If ¢ € D and % + % =1, then

T () — Tule)] < / i — ullip] d < [fum — w20 ol e
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Thus, T, ¢ — Tup for all € D'. Similarly, we get

Tuo(9) = i Toey, () = lim (=1)'T,,, (8%) = (=1)*IT,,(8%)

n—oo

n—oo

Since p € D, so is 0%, and u, = 0% in the distributional sense when u € WH?,
Since ||uy, — ulyes — 0, WFP is a Banach space.

Let f € W™P(Q) and ¢ € C*(2) such that Q C R% To derive the estimate, we
use the product rule, Minkowski’s inequality, Holder’s generalized inequality, and the
continuous embedding W™P(Q) — LP(Q):

> (o)l

Lfollfyms =

la]<m

(]

220

p

> () ()
BLa .

Q 0B £ AB
> (5) 1250l
Bl

o} o 5 P
Z <5> 1077 flle |07 || Lo
BLa
> (g) | £ llwms || @l wrmice
B

p

L Gl oo

Cr

If we take the p-root on both sides of the inequality, we obtain

[fpllwme < Cllpllwm.eo]| fllwms
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