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» Part 1: Introduction to B-series.
» Part 2: Stochastic B-series

» Part 3: B-series and preservation of quadratic invariants
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Introduction Rooted trees B-series Order conditions

Why B-series?

Idea:

Whenever a method for solving a time dependent problem is proposed, a local

error analysis is needed.

This usually means doing a Taylor-expansion of the exact and the numerical

solution, and compare equal powers of the stepsize h.

B-series is nothing but an efficient way of expressing these series.
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ODE:
y' =f(ty)
One step of a 2-stage Runge-Kutta method:
k1 = f(to, yo)
ko = f(to + cih, yo + ax1hky)
Y1 = Yo+ hbiki + boko
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Introduction Rooted trees B-series Order conditions

(De)motivating example cont.

Power expansion of the exact solution:
y(to +h) = yo + hy’ + 1h2y” + 1h3y”’ +--
=y + hf+ = h2(ft ff)+ = h3(ftt+2ft,yf+ fy fF + £, ft + £, £, ) +
and of the numerical solution:
ki="f
ky = f + h(cofe + a1 f, ) + h° <2c2 fot + coap1 oy f + %azlfyyff> +.
v1 = Yo + h(b1 + bo)f + h? (brcofe + bpan: £, f)

1 1
+ K (§b2c22ftt + bycpaoy fy f + Ebzaglﬂ’yff> +
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Introduction Rooted trees B-series Order conditions

(De)motivating example cont.

Power expansion of the exact solution:
y(to +h) = yo + hy’ + 1h2y” + 1h3y”’ +--
=y + hf+ = h2(f,_s ff)+ = h3(ftt+2ft,yf+ fy fF + £, ft + £, £, ) +
and of the numerical solution:
ki="f
ky = f + h(cofe + a1 f, ) + h° <2c2 fot + coap1 oy f + %azlfyyff> +.
v1 = Yo + h(b1 + bo)f + h? (brcofe + bpan: £, f)
1 (3baBfe + bacamfy f + S bashi i f7) +

By comparing equal terms, we find that the method is of order 2 (local order 3) if

1 1
b1+b2=1,b2C2:§7b2321=§

But it can not be of order 3.
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Introduction Rooted trees B-series Order conditions

The paper of Hut'a

In 1956, Anton Hut'a published a paper in which a the order conditions for an

8-stage explicit Runge-Kutta method of order 6 was derived, using the

procedure of the previous slide.
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» Autonomous systems: y’ = f(y) (S. Giles 1951)

» The use of rooted trees:
(R.H. Merson 1957, J.C. Butcher 1963 and E. Hairer, G.Wanner 1974).
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Introduction Rooted trees B-series Order conditions

Rooted trees and elementary differentials

ODE:
y'="f(y)

Taylor expansion of the exact solution:
1 1 1
y(t+h) = y(8) + hy'(£) + S h'y"(6) + 2 h'y" (8) + o bty () + -

Repeated use of the chain rules gives

y'o=f
y// — f'/f'
y" = fFF

y(4) — F + 3FFfF + e fF + fFIEFf

Each of these terms, elementary differentials, can be identified by a rooted tree.

B-series for SDEs 10/88
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» Each node @ is associated with the

function f.
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Introduction Rooted trees B-series Order conditions

Rooted trees and elementary differentials (cont.)

» Each node @ is associated with the
function f.
» Each branch from the node is
associated with the derivative of f | £

with respect to y.
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Introduction Rooted trees B-series Order conditions

Rooted trees and elementary differentials (cont.)

» Each node @ is associated with the
function f.

» Each branch from the node is
associated with the derivative of f | /
with respect to y.

» And since the chain rule apply, all
branches will be concluded with a
node o.
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Introduction Rooted trees B-series Order conditions

Rooted trees and elementary differentials (cont.)

» Each node @ is associated with the
function f.

» Each branch from the node is
associated with the derivative of f | /
with respect to y.
> And since the chain rule apply, all
branches will be concluded with a
node o.

The order of a tree p(7) is the number of nodes.

A. Kvarng B-series for SDEs 11/88



Introduction Rooted trees B-series Order conditions

Frechet derivatives

The kth Frechet derivative f9(y) of f € C®(R9 RY):

f(”)(y)<V1,V2,--- an>

or

d d d
. % fi(y)
[f(h')(y)(vlvVZ»"' ,Vn)]_: E E g 7"/11].1“’]2...,/&]&, i=1...,
! Ovjy Ovjp - B

A=l jp=1 k=1

Properties:

K times

» F(y) :RI xR x --- x R = R?

» Linear in each of its operands

» Symmetric in each of its operands

A. Kvaerng B-series for SDEs
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A. Kvaerng
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Introduction Rooted trees B-series Order conditions

The exact solution of ¥’ = f(y) can now be expressed as a series in terms of

trees:

y(to + h) yo+Z€ F(7)(x0)

TeT

p(T
and we want to express the numerical solution in a similar series:

hP(T)

ol F(7)(y0)

i=yot+ Y &) w(r)

TeT

Thus the method is of order p if

Y(r) =1, forall 7€ T, o(t) <p

A. Kvaerng B-series for SDEs 14/88



Introduction Rooted trees B-series Order conditions

Definition of B-series

In the following, B-series is defined as a formal series by:
B, hixo) = xo + ) al(7) - p(7)(h) - F(7)(x0)
reT
in which the following elements are involved:
The set of trees T, T = T\{0}.
The elementary differentials: F(7)(x0), F(?)(x0) = xo.

v

v

v

The elementary weight functions: o(7)(h), with p(0)(h) = 1.

» A combinatorial term a(7), with a(0) = 1.

The series is consistent if B(p,0;x0) = xo and ¢(7)(0) = 0 for all 7 # 0.

A. Kvarng B-series for SDEs 15/88



If 71,72,...,7x are trees, then

[, 72,y Tele

is the tree formed by joining the subtrees 71, 72,..., 7. each by a single branch
to a common root w:

Tl 7'2 e Tli

T=[1,7T2y s Tu]s = W

A. Kvaerng B-series for SDEs 16/88



If X(t) = B(¢p, t; x0) is some consistent B—series and f € Cw(Rd,Ra) then f(X(t))
can be written as a formal series of the form

F(X(t)) = f(x0) + Z Bu) - ¢ (u)(t) - G(u)(x0)

ue U\ [0]¢

A. Kvaerng B-series for SDEs 17/88



Introduction Rooted trees B-series Order conditions

Key lemma: The series of functions of B-series

If X(t) = B(p, t; x0) is some consistent B—series and f € COO(Rd,Ra) then f(X(t))
can be written as a formal series of the form

X)) =flo)+ Y Bu) Yu(u)(t) - G(u)(x0)

u€Ur\[0]¢
where Us is a set of trees derived from T, by

a) [0]f € Ur, and if 11,72, , 7 € T then u= 11,72, - ,7x]r € Us.

A. Kvaerng B-series for SDEs 17/88



Introduction Rooted trees B-series Order conditions

Key lemma: The series of functions of B-series

If X(t) = B(p, t; x0) is some consistent B—series and f € Coo(Rd,Ra) then f(X(t))
can be written as a formal series of the form

f(X(t)) = f(xo) + Z B(u) - hp(u)(t) - G(u)(x0)

u€Ur\[0]¢
where Us is a set of trees derived from T, by
a) [0]f € Ur, and if 11,72, , 7 € T then u= 11,72, - ,7x]r € Us.

c) G([0]r)(x0) = f(x0) and
Gu=[r1, - ,7e]f)(x0) = f(K)(Xo)(F(Tl)(XO)7 . 7F(Tﬁ)(X0)).
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Introduction Rooted trees B-series Order conditions

Key lemma: The series of functions of B-series

If X(t) = B(p, t; x0) is some consistent B—series and f € COO(R",RE’) then f(X(t))
can be written as a formal series of the form

f(X(t)) = f(xo) + Z B(u) - hp(u)(t) - G(u)(x0)

ueUp\[0]¢

where Us is a set of trees derived from T, by
a) [0]f € Ur, and if 11,72, , 7 € T then u= 11,72, - ,7x]r € Us.
c) G([0]r)(x0) = f(x0) and

Gu=[m, - 7x])(x0) = 9 (0) (F(m)(x0), -, F(7)(30) ).
b) ¥o([0r)(t) = 1 and vy (u=[r, -, mele)(t) = [ [, e(7)(t).
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Introduction Rooted trees B-series Order conditions

Key lemma: The series of functions of B-series

If X(t) = B(p, t; x0) is some consistent B—series and f € COO(R",RE’) then f(X(t))
can be written as a formal series of the form

f(X(1)) = f(x0) + Z Bu) - e (u)(t) - G(u)(x0)

u€Ur\[0]¢
where Us is a set of trees derived from T, by
a) [0]f € Ur, and if 11,72, , 7 € T then u= 11,72, - ,7x]r € Us.
c) G([0]r)(x0) = f(x0) and

Gu=[m, - 7x])(x0) = 9 (0) (F(m)(x0), -, F(7)(30) ).
b) ¥o([0r)(t) = 1 and vy (u=[r, -, mele)(t) = [ [, e(7)(t).

d) B(0]f) =1 and Bu = [r1,--- ,7uls) = rllrz Ha(T,)

where r1, 2, - -, rq count equal trees among 71, T2, - 7T~-

A. Kvarng B-series for SDEs 17/88



» Use consistency:

X(t) = B(xo,t;p) = x0 + 6

A. Kvaerng B-series for SDEs 18/88



» Use consistency:
X(t) = B(xo, tip) = x0 + 9
» Use Taylor's theorem

K times

f(xo +6) = f(x) + % i £ (x0)(3, - -+ ,0)

A. Kvaerng B-series for SDEs 18/88



Introduction Rooted trees B-series Order conditions

Key lemma: Sketch of the proof

» Use consistency:
X(t) = B(xo, t;0) = x0 + 9

» Use Taylor's theorem

n times

F(x0 +8) = fx0) Z A9 Go)(5 - 0)

> Use the linearity and symmetry of the Frechet derivative.

A. Kvarng B-series for SDEs 18/88



Introduction Rooted trees B-series Order conditions

B-series for ODEs

» Write the ODE in integral form
h
Vot h) =+ [ rly(o+9)ds

0

» Write the solution as a B-series:
y(to+h)=yo+ > _a(r)-n(r)(h)- F(7)(y0)
TeT

» Apply the key lemma on f(y(to + s)):

h
Mo+ 1) =0+ 3 60)+ [0, (u)(s)as- G(u)(o)

u€Ur

» Compare term by term:

A. Kvarng B-series for SDEs 19/88



Introduction Rooted trees B-series Order conditions

B-series for the ODEs

y(to+h) =yo+ Y a(r) - n(r)(h) - F(7)(y0)

TeT

h
ot 380 [ bu)(s)is- Gu)o)

ueUr

From the Key Lemma:
[0]r € Ur, and if 11,72,--- ,7x € T then u=[r1, 72, - ,Tx]r € Ur
Corresponding trees in T:

ec T, and if 1,7, -+ ,7 € T then 7 =[11, 72, ,Tu|s € T

When only one kind of nodes are involved, the o is usually omitted.

A. Kvaerng B-series for SDEs
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Introduction Rooted trees B-series Order conditions

B-series for the ODEs

y(to+h) =yo+ Y a(r) - n(r)(h) - F(7)(y0)

TeT

h
ot 380 [ bu)(s)is- Gu)o)

ueUr

From the Key Lemma:
G([01) () = f(v),  G(1)() = F™)(y0) (F(1)(x0), - - » F(7) (1))

correspond to

FO)(y) =f(n),  F(T)(x) = f"(») (F(r)(v0), -+, F(7x)(y0))

A. Kvaerng B-series for SDEs

20/88



Introduction Rooted trees B-series Order conditions

B-series for the ODEs

y(to+h) =yo+ Y a(r) - n(r)(h) - F(7)(y0)

TeT

— o+ 3 Bl / ba(W)($)ds - G(u)6)

ueUr

From the Key Lemma:

B0 =1, Bw) = — _?‘.,,Han)

correspond to

afe) =1, a(r) = ] .%..rIHa @

where ri, rn, - - - , rq count equal trees among 71, 7, - ,T,.i.

A. Kvaerng B-series for SDEs
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Introduction Rooted trees B-series Order conditions

B-series for the ODEs

y(to+h) =yo+ Y a(r) - n(r)(h) - F(7)(y0)

h
ot 380 [ bu)(s)is- Gu)o)
ueUr 0
From the Key Lemma:
bal01)(0) = 1, balw)(e) = [ nm)(0)
correspond to =y
1(@)(h) = h, o)) = [ T]n(m)s)as

0

A. Kvaerng B-series for SDEs 20/88



Introduction Rooted trees B-series Order conditions

Different formulations

The exact solution of an y’ = f(y) can be written as a formal series:

y(to+h)=y+ Y a(r)-

TeT

=yo+ > &)

TeT
—p+ Y o
~ T LG
T€T
with the relations:

hP(T)

n(r)(h) = @)

A. Kvaerng

n(r)(h) - F(7)(x0)

in the remaining

) 0)
— - F(7)(» introduction
p(7)!
LTS
-F(7)(»vo Butcher, Hairer and Wanner.
v(7)
1 p()!

)= Jmem

B-series for SDEs
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Introduction Rooted trees B-series Order conditions

What next?

Given the B-series for the exact solution,

y(to+h) = B(n, hiyo) = yo+ »_ o(r) - 1(7)(h) - F(7)(y0)

reT

the next step is to find the corresponding B-series for the numerical solution:

= B(¢,hiyo) = yo+ Y _ a(r) - ¢(7)(h) - F(7)(y0)

TeT

A. Kvaerng B-series for SDEs

22/88



Introduction Rooted trees B-series Order conditions

Runge—Kutta methods

Given an s-stage Runge—Kutta (RK) method:

Yi=yo+hY af(¥)) i=1,2,...,s
j=1
Yn+1 :ynJFthif(Yi)
i=1

where the method coefficients are given in the Butcher tableau

a |an -0 ais
. A
or in short =
Cs | a1 -+ as b
‘ b --- b,
with s
G = g aj, i=1,---,s or in short c=Al..
Jj=1
A. Kvaerng B-series for SDEs
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Introduction Rooted trees B-series Order conditions

B-series for RK-solutions

> Write the stage values Y; as B-series of ODEs:
Y; = B(®i, hiyo) = yo+ Y _ () - ®i(r)(h) - F(7)(v0)
reT

» Insert this in the right hand side

s
Yi=yo+hY  ayf(B(®;hix))
j=1

> Apply the key lemma and compare equal terms:

Q)M =1,  ®i@) =hei,  S(r)(h)=hD_ a5 | [ @s(n)(h)
k=1

j=t

> Similar for y1 = B(¢, h; yo), with

K

o0 =1,  ®@)=h> b, sM=hY b [[emn
i=1

i=1 k=1

A. Kvarng B-series for SDEs 24/88



Introduction Rooted trees B-series Order conditions

Order conditions for Runge-Kutta methods applied to ODEs

A method is of order p if ¢(7)(h) = n(7)(h) for all 7 € T, p(7) <

p.
o ! YV ;
f Ff F/(, f) Fff

Shi=1 S bici=1/2 S bict =1/3 > biajc; =1/6

:
SZIEY Y :

f'(f, f,f) f(f, f'f) ff(f,f) fIfff

Z b,'C,-3 = 1/4 Z b,-c,-a,'jcj = 1/8 Z b,'a,'jCj2 = 1/12 Zi djjajkCk = 1/24

A. Kvarng B-series for SDEs 25/88



Introduction Rooted trees B-series Order conditions

Part 1: Summary

To find B-series for a given problem:

A. Kvarng

>

>

Write the equation in integral form if possible.

Write the solution in to 4+ h as an (unknown) B-series.
Check for consistency.

Insert this into the equation, and apply the Key lemma on functions of
B-series.

Compare equal terms.

For the numerical solution, repeat the process. It should result in similar
series, but with different weight functions (7).

B-series for SDEs 26/88



Introduction Rooted trees B-series Order conditions

Biodiversity

» There are all kind of trees:

m The nodes can have different shapes and colors
m Not all trees has to be represented
m They can be non-symmetric

» There are similar lemmas as the Key Lemma for:

m '(B(p, hi yo))
m B(p1, h; B(p2, h, y0)) (Splitting and composition methods)

A. Kvarng B-series for SDEs 27/88



SDE SB-series SRK Single integrands B vs. KP

Part Il

Stochastic B-series

Statement of the problem

Stochastic B-series

Order conditions for SRK

A surprising result (with explanation)

B-series vs. Wagner-Platen series

joint with Kristian Debrabant, SDU, Denmark

A. Kvaerng B-series for SDEs 28/88



SDE SB-series SRK Single integrands B vs. KP

Introduction

The stochastic differential equation of our interest is of the form: SDE:

with

A. Kvarng

>

>

v

X(t):onrZ/ gm(X(S)) * dWan(s)

m independent Wiener processes, Wi,(s), m

smooth functions g, RY — R¢.

It6 or Stratonovich integrals.

For convenience, Wo(t) = t.

B-series for SDEs

1,...

M.

29/88



SDE SB-series SRK Single integrands B vs. KP

Stochastical integrals (notation)

» Stochastical integrals:
t Sr S
s = [ [ [ W) v v (s
o Jo 0
» For the numerical solutions, realizations of the integrals
1, = 15(h), with a=(m,...,m;)
are generated for each step.
» As usual, I, Jo refer to Itd respectively Stratonovich integrals
> AWn = I,

A. Kvarng B-series for SDEs 30/88



» The Euler-Maruyama scheme:

M
Yor1=Yn+ ng(yn)AWm
m=1
» Milstein scheme:
M M
Yo = Yot D gn(Y) AW+ Y gh&m (V) limm)
m=1 my,mpy=1

A. Kvaerng B-series for SDEs 31/88



SDE SB-series SRK Single integrands B vs. KP

Stochastic Runge-Kutta methods:

M s
Hi= Yo+ Y Y ZiMgn(H), i=1,...,s

m=0 j=1

n+1 Y + ZZ gm(H

m=0 i=1

> The coefficients Zé-m) and z,-("') are depends on random variables, often
constructed from stochastic integrals.

» Given a RK method for ODEs, an SRK can be constructed by
Zy('m) = a;AW,, and z,.(m) = biAWn,

Such methods has in general at most strong order 1 if M = 1, otherwise
strong order 1/2.

A. Kvarng B-series for SDEs 32/88



SDE SB-series SRK Single integrands B vs. KP

Example of a Stochastic Runge-Kutta methods

Runge-Kutta method applied to an SDE (M = 1):

[0}

s s
Hi=Yot+ Y ZPe(H)+ > ZPai(Hy), i=1.2--,
i=1 =1

s s
Yorr = Yo+ Y 2% (H) + Y zVeu(H),
i=1 =1

The coefficient matrices Z(), z() depends on the stepsize h and random variables.

Example (RK method of order 1, 1t6 SDE)
Hi =Y,
Hy = Y, +Vhgi(Ya)

I,
vh

lay
Yar1 = Yo + heo(H) + (o) — ) &1(Hy) + &g1(H2)

Vvh

Platen 1984

A. Kvaerng B-series for SDEs 33/88



SDE SB-series SRK Single integrands B vs. KP

Strong Approximation

In this case, we are interested in each solution path X(t,w).

Example

1
SDE: dX:(§X+ vV X2+ 1)dt + / X2+ 1dW(t)

Solution: X(t) = sinh(t + W(t)),
1 -

— Exact

—  Euler-Maruyamal

— Milstein
=107
g
=
|
X
K 107
>

10 10° 10?
t

A. Kvaerng B-series for SDEs 34/88



SDE SB-series SRK Single integrands B vs. KP

Weak Approximation

In this case, we are interested in the expectation value of some derived quantity

V:R — R.
Example
SDE: dX = (%x F /X2 4 1)dt + /X2 4 1dW(),  W(X)=X

Solution:  X(t) =sinh(t + W(t)),  EX(t) = %(e%t —e3t)

— Exact 107

—  Euler-Maruyama o e EM, p=098 -
— Milstein o—a Milstein, p=0.99| .-~

< 10 =3
| 107
=
05 =2
o. 10°
00 02 04 06 08 10 To° o7
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Error Analysis Cheat Sheet

Error Concepts

| Global error E Local error ¢
Strong max E|X(t,) — Xn| E(X(tnt1) — Xnt1 | X(tn) = Xa)
Mean Square | max \/E[X(tn) — Xa|2 VEX(tns1) — Xn+1)? | X(tn) = Xn)
n
Weak max |[EV(X(ty)) — EW(X,)| E(V(X(tht1) — V(Xnt1)|X(tn) = Xn)
V:RY R

Theorem: Local — Global Error (Milstein -95)

> Strong Convergence:

|6s‘ < th+1

1 = E™ <KW = E° <KW
§ms < th+§

» Weak Convergence
|6¥| < KhPtt =  EY < KhP

K is some generic constant

A. Kvaerng B-series for SDEs
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Previous work on B—series for SDEs

» Y. Komori, T. Mitsui, H. Sugiura (1997)
P. M. Burrage (1999)

» P. M. Burrage, K. Burrage (2000)

A. RéBler (2004, 2006)

Y. Komori (2007)

v

v

v
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B—series for SDEs

X(t):onrZ/ gm(X(S)) * dWan(s)

By, tix0) = x0+ Y alr) - (7)(h) - F(7)(x0)

SDE:

B—series:

where
T
©(7)
F(7)
o(T)

A. Kvaerng

TeT

The set of trees

The weight functions

The elementary differentials
A combinatorial term
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Theorem: Convergence of the numerical solution

If the exact and numerical solutions both can be written as B—series,

X(h) = B(n, h; x0), Y1 = B(¢, h; xo0)
then:

» The method is weak consistent of order p iff
K K
E] ] o) =E] [ ntrh) + or)
k=1 k=1
for all [11,72,..., 7], Tk € T, ZILI p(ri) < p+ %
> The method has mean square global order p if
1
¢()(h) = n(r)(h) + O(h"*2), p(r) < p

E¢(r)(h) = En(r)(h) + O(W*1),  p(7) < p+

N =
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B—series for SDEs

SDE:
M t M t
X(t) = x0 + Z/ gn(X(s)) * dWa(s) = xo + Z/ gm(x0) * dWin(s) + - - -
m=0 0 m=0 "0
B-series:
X(t) = B(n, t:x0) = ¥ _ a(r) - n(r)(t) - F(7)(x0),
T€T
Clearly:
DeT, a(@) =1, W(@)(f) =1, F(0)(x0) = xo,

omeT, afem)=1, n(em)(t)= / dWpm(s) = Wn(t), F(em)(x0) = gm(x0)
0

form=0,1,..., M.

A. Kvaerng B-series for SDEs
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We have "
X(t) = xo + Z/ gm(X(s)) * dWin(s)
m=0 0

B—series:
X(t) = B(n, t;x0) = Za(f) -n(7)(t) - F(7)(x0)
TeT
Apply the Key lemma for functions of B-series:

M t
B(n, t;x0) = x0 + Z/ Z B(u) - Py (u)(s) - G(u)(xo) * dWm(s)
0

m=0 u€Ug,
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We have

M t
X(t) = xo + Z/ gm(X(s)) * dWin(s)
m=0 0

X(t) = B(n, t: x0) = Za(f) -n(7)(t) - F(7)(x0)

TeT

B—series:

Apply the Key lemma for functions of B-series:

B(n, t; XO)7XO+Z/ Z Bu) - o (u)(s) - G(u)(x0) * dWin(s)

u€Ug,
Compare term by term: 0 € T, oy = [0]m € T and

a) u=[r,.. ,Telen €EUgn = T=[m1,. ., Tklm € Tm, T=ToU---UTyUD

b)  n(7)(t) —/ Yy (u) * dWi(s) = / Hn (T1)(8) * dWin(s)
0

) F(r)(x) = G(u)(x0) = &b (xO)(F(n)(xO), “ F(T)(x0)

Debrabant & K, (2008)
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B—series for SDEs

X(t) =Y alr) - n(r)(£) - F(7)(x)
Wlth €T
a) om = [0lm € T, T=[m,- s Telm € Tm, T=ToUT1U---UTnUD

b)  m(em)(t) = Wm(t), H(T)(t):/Hn(Tj)(S)*dWm(S)
0 i

) Flom)(x0) = gm().  F(7)(x0) = 5 (x0) (F(r)(x0). - . F(7)(0))

Example
t st

n(7)(t) = / Wi (s1) (/ W2(52)2 * dW1(sz)> * dsy

. 0 0

T=q181 F(7)(x0) = & (&1, 81 (&2, 82))(x0)

0

a(t) =3, p(t) =3.
A. Kvaerng B-series for SDEs
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B-series for stochastic Runge-Kutta solutions

A. Kvarng

M s
Hi:X0+ZZZi§m)gm(Hj), i=1,...,s
m=0 j=1
M s
Mi=xt) > 2"
m=0 i=1

» Write H; and Y7 as B-series:

H,' = B(d),‘, h; X())7 Yl = B(¢, h; Xo)

» Apply the key lemma and compare equal terms:

O(0) =1, ®i(on) =) Z", &)= Zz;"’>H¢j(Tk) for 7€ T
j=1 j=1 k=1

¢(0) =1, ®i(om) = Zzi(m)’ (1) = Z (m) Hcﬁ(n for 7€ Tm

i=1 j=1
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A. Kvaerng

T p(7) n(7) En(7)(h) (1)
I s
o 12 W(h) 0o o EON N
) 1 h h h 2(0) 15
h
I 1 / W(s)  dW(s) 0 h/2 A0zm],
! o
3/2 / W(s)ds 0o o E0z07,
0
T h
Q 3/2 / s % dW(s) 0o o0 E/0zO],
0
Y " :
3/2 / W(s)? x dW(s) o o EzZD (2(1)15)
; 0
Q 3/2 W) *xdW()*dW@E 0 0 £z zm ],

S: Stratonovich

/]

B-series for SDEs
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A 4-stage Drift-implicit SRK method of order 1.5

Ja,0
2° = ha, —J(1’Y + (h)()
Jao
70 = pA, Z0 = JyyB® + L2 R 4 /hp®
0.240968725 0 0 0
A= 0.167810317 0.160243373 0 0
—0.002766912 0.473332751 0.178081733 0 ’
0.415057712 0.115126049 0.020652745 0.130541130
0 0 0 0
By — —0.476890860 0 0 0
o = (0.169775, 0.297820, 0.042159, 0.490244), 1= | o.514160282  0.012424879 0 0 ’
T —0.879966702 0.412866280 0.711524058 0
~M _ (Z1.008751, 0.285118, 0.760818, 0.962814),
0 0 0 0
~@T _ (1 507774, 1.085032, —1.458001, —1.135616), 5, _ | 1287951512 0 0 0
2= 0.665416412 —0.686930244 0 0 ’
0.703868780 0.876627859 —0.321270197 0
0 0 0 0
Ba — 0.568300129 —0.568300129 0 0
3= 1.614193125 —0.618659748 —0.995533377 0
0.660721631 —0.714401673 —0.896487337 0.950167380
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A surprising result

Given the rigid body model:
dX = A(X)Xdt + o g1(X) o dW(t)
with some constant o, and

0 X3//3 —X2//2
AX)= | —x3/h 0 x1/h
X2/I2 7X1//1 0

with two different diffusion terms:

P1: g@(X)=A(X)X

The problem were solved by the
following order 1 methods:

» Platen’s method
» Gauss’' method, s = 1.

» Gauss' method, s = 2.

B-series for SDEs
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A surprising result

Given the rigid body model:
dX = A(X)Xdt + o g1(X) o dW(t)
with some constant o, and

0 X3//3 —X2//2
A(X) = —X3//3 0 Xl/ll
X2/I2 7X1//1 0

with two different diffusion terms:

P1: g@(X)=A(X)X

The problem were solved by the

following order 1 methods:
» Platen’s method
» Gauss’' method, s = 1.

» Gauss' method, s = 2.

VEX - X[
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So why is the Gauss (s = 2) method of order 2 when applied to P1

SDE SB-series SRK Single integrands B vs. KP

The Gauss s = 2 method do not satisfy the order conditions for the following
trees:

A. Kvaerng

—e

T1

!

T2

VY

u

B-series for SDEs
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?
[
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V3
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So why is the Gauss (s = 2) method of order 2 when applied to P1

The Gauss s = 2 method do not satisfy the order conditions for the following
trees:

—C—0C
—e—C
—C

1y vV

u» Vi v2 w3
Problem P1 is of the form:

dX = g(X)dt + og(X) o dW(t)

Then F(Tl) = F(Tz), F(Ul) = F(UQ) and F(Vl) = F(Vz) = F(V3).
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So why is the Gauss (s = 2) method of order 2 when applied to P1

The Gauss s = 2 method do not satisfy the order conditions for the following

trees: T
! AR

.]
1 T2

—C—0
—e—C

9
u» Vi v2 w3
Problem P1 is of the form:

dX = g(X)dt + og(X) o dW(t)

Then F(Tl) = F(TQ), F(Ul) = F(UQ) and F(Vl) = F(Vz) = F(V3).
We can show:

n(71) +n(72) = J1o + Jo1 (1) + p(2) = hAW,
1 1 1
577(“1) +n(u2) = J110 + Jo11 + J101 5¢(U1) + ¢(w2) = EhAW"Z
n(vi) +n(v2) +n(va) = J110 + Jio1 + Jou1 d(v1) + p(v2) + ¢(v3) = %hAan

A. Kvaerng B-series for SDEs 47/88
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So why is the Gauss (s = 2) method of order 2 when applied to P1

The Gauss s = 2 method do not satisfy the order conditions for the following

trees: T
! AR

.]
1 T2

—C—0
—e—C

9
2 Vi v2 w3

Problem P1 is of the form:
dX = g(X)dt + og(X) o dW(t)

Then F(Tl) = F(TQ), F(Ul) = F(UQ) and F(Vl) = F(Vz) = F(V3).
We can show:

n(m1) +n(12) = J10 + Jo1

(1) + ¢(m2) = hAW,

1 1 1
577(“1) +n(w2) = 1o + Jo11 + o1 = 5¢(U1) + ¢(w2) = EhAW"Z

1
n(vi) +n(v2) +n(v3) = o+ Jio1 +Jouz = o(v1) + d(wv2) + ¢p(v3) = EhAW,,2
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Single integrand SDEs

These are Stratonovich SDEs of the form
t t t
X(t) = %+ / £(X(s))ds +0 / ¢(X(s)) o dW(s) = xo+ / £(X(s)) o du(s)
0 0 0

where p(t) =t + o W(t).

Let u:(s) = p(t +s) — u(s) and let Apy, = pe,(h) = h+ cAW,. Now we can
write the exact solution X(t 4 h) as a B-series around X(t) in which the weight
functions are Stratonovich integrals with respect to u:(s).

These integrals satisfy

h
1
/0 pe(s) o dpe(s) = mﬂt(h)kﬂ

and
k
O(h2 if k is even
E,U/t(h)k — ( 1)
O(h%1) if k is odd
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Order results for single integrands SDEs

Given an ODE Runge—Kutta method (A, b) of order p. Solve the SDE
dX = g(X) o dy, X(0) = x0

by the stochastic version of the method:

s

Hi = Yo+ Bpn Y aig(H),

j=1
Yn+1 =Y.+ A,U/n Z bl'g(Hi)'
i=1
where Ap, = h+cAW,.
Theorem J

The proposed method is of mean square as well as of weak order |p/2].

Debrabant, K. (2017)
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Stochastic Taylor expansions (Wagner—Platen series)

SDE:
m t
X(0) =0+ Y [ a(x(e) « awi(s)
=0 70
Wagner-Platen series is derived by repeated use of the 1t6 formula:
m t
X)) = ) + D [ L7X(60) (),
=0 70
in which
Lf=fg+"> f(g.e), Lf=fg, I=12..m

=1

and v* = 1/2 in the It6 case and 0 in the Stratonovich case.
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Wagner—Platen series

If X(t) is a solution of the SDE, then f(X(t)) can be written as a formal series

of the form

FX(1) =) la(t)fa(xo)-
aeEM
Here, the set of multi-indices M is

M= {az(jl,...,j,) cjie{0,....,m}, i€{1,2,...,r} forr= 1,2,...}.
The coefficient functions f,, and the multiple stochastic integrals [}, are

fq)(Xo) = f(Xo), fa(Xo) = (le sz s Lj' f) (Xo),

() =1, /;(t)—/otfos'--./osz AW, (s1) % - - - + AW (s,).

For strong solutions: f(x) = x.
Notice! I;(t) = ¢, (u)(t) for u=[[...[8;]5 -1 Ir-

Wagner and Platen (1982)
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Wagner—Platen series vs. B—series

FX(2) = ) o) falo) = D Blu) -y (u)(t) - G(u)(x0)
aeM ueUr
Trees and multi-indices are related by:

a)  falx)= Y ui-Gu)x), V(@) C U

ueV(a)

b) )= D ui L), Alw) M

acA(u)

A. Kvaerng B-series for SDEs 52/88
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Wagner—Platen series vs. B—series

FX(2) = ) o) falo) = D Blu) -y (u)(t) - G(u)(x0)
aeM ueUr
Trees and multi-indices are related by:

a)  falo)= Y ui-Gu)x),  V(a)C Uy

ueV(a)
b) ) ()= > ui- (),  Alu) C M

acA(u)

a) Expand fu(x0) = (L'L” --- L/ f)(x0) and collect the elementary
differentials that appear.

Used by Komori et.al, Burrage & Burrage, RoBler to derive B—series for

SDEs.

A. Kvaerng B-series for SDEs
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Wagner—Platen series vs. B—series

FX(2) = ) o) falo) = D Blu) -y (u)(t) - G(u)(x0)

aeM ueUr
Trees and multi-indices are related by:

a)  falx)= Y ui-Gu)x), V(@) C U

ueV(a)

b)  Bu)-wa(t)= D ur-li(),  Al) M

acA(u)

a) Expand fu(x0) = (L'L” --- L/ f)(x0) and collect the elementary
differentials that appear.
Used by Komori et.al, Burrage & Burrage, RoBler to derive B—series for
SDEs.

b) After the expansion a), collect all contributions to G(u)(xo).
Can be used to derive relations between different representations of the

stochastic integrals.
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Wagner-Platen series:
_ 1 0 1,1 0 1,0 * 1,141
FIX() = £+ [y L+ L) LOF + Iy P+ [y LOLMF 4 o) MO 4 Fygy LML 4
= f+Iyfa+ 1 (Feo+7" " (g1,81)) + ) (F'(e1.81) + Felen)
on (F7(g1,80) + F'glgo +7° (F (&1 81.81) + 2" (gler. &1) + F'ef (g1, 1)) )
+ 110 ( (g0, 81) + f'gogr +* (f”'(gl,ghgl) + 2f”(g{g1,g1)))
+ a0y (F7 (1, 81, 81) + 3f (8181, 81) + f'e{ (g1, 81) + f'g1g181) + - -
B-—series:
* * * 1 * * *
f(X(t))=f+ I(l)f/g1 + I(O)f’go + I(u)f’g{gl + 5([(1))2f//(g1’g1) + /(0)/(1)f'/(g0,g1)

* * 1 * * gk
+ I(lO) f/g(ggl + I(OI)f/g]/,gO + g(l(l))?’f/”(glaglv gl) + I(l)l(u)f//(g]/,ghgl)

1
+ E\Uf/g{l(gl»gl) + 1) g18181 + -
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A. Kvaerng

Wagner-Platen series:
_ 1 0 1,1 0 1,0 * 1,141
F(X(£)) = £+ IG5y L F + [y LOF + Iy LELNF o By LOLMF o By LMLOF 4 [y P LML
=f+ e+ 1o (Feo+7" " (g1,81) + ) (F(e1.81) + Felen)
(81,80) + f'elgo + 7" (F"(1,81,81) +2f " (gle1, 81) + gl (1, 81)) )

(g0, 81) + f'gogr +* (f”'(gl,ghgl) + 2f”(g{g1,g1)))

+ 110y (F7 (81, 81, 81) + 3f" (8181, 81) + f'g{ (g1, 81) + f'g18181) + -
B-—series:

oy (£
Jr/10 (

f(X(t) =f+ ’(1)f/g1 + ’(o)f go + ’(11)f glgl + ( )2 (g1.,g1) + I(*O)I(*l)f"(go,gl)

+ I(10yf' 8081 + o1 f' 8180 + g(l(’*l))3f”’(g1,g1,g1) + Iyl (s181, 81)
1
+ E\Uf/g{l(gl»gl) + 1) g18181 + -

Compare terms:

[y

¥ oy + Iy = 5 )

B-series for SDEs 53/88
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A. Kvaerng

Wagner-Platen series:
F(X(8)) = £+ Iy LY 4 Iy LOF + Iy LELMF [ LOLMF - ) LELOF 4 05y LA LALYF -
=415 f'ai+ ) (Fao+7"f"(g1,81)) + [y (F(81,81) + Felen)

+ 1oy (F"(81,80) + F'gtgo + " (F" (g1, 81, 81) +2f ' (glgr. 1) + F'ef (g1, 1)) )
+ Iy (F

(0, 81) + f'gogr ++* (f”'(gl,ghgl) + 2f”(g{g1,gl)))
+ 1 111)( (glvglvgl) +3f" (glgl gl)

+f'gi'(g1,81) + felg1g1) + -
B—series:

* * * 1 * >k *
(X(t)) =f+ I(l)f/gl + ’(0) f/go + /(11)f'g{g1 + 5(1(1))2f”(g1,g1) + I(O)I(l) H(EO:gl)
* * 1 * gk
+ I(lO) f,gégl + I(OI)f/g]/,gO + g(l(l))3f//,(glag17 gl) + /(1)/(11)fl/(g{g1,g1)

1
+ E\Uf/g{l(gl»gl) + 1) g18181 + -

Compare terms:

—_

¥ oy + iy = 5 Uy

29" (Kory + Kioy) + 31101y = 10y Iy
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Relations between integrals

Blu)-wn(u)(t) = Y wg-Ii(t),  A(u) c M
v A(u)
Find the set w(u) of all monotonic labellings of the tree u. Then for each it € w(u) do
1. o= (uydr(u)—1»- - - »J1) € LA(@) and pg = 1.
2. If js = js—1 # 0 and vertex s is not above vertex s — 1 on the same branch, then
('r(u)vjr(u)flv ey ds+1,0, 52, .. ,jl) S L.A(u) and pM = *

3. If there are k such pairs of indices, then each pair is replaced by 0, and the
resulting multi-index is an element of LA(#). In this case ug = (y*)k.

Finally,
Awy= | tA@),  wg= )
b€w(u) bEw(u)
Debrabant & K, Stochastic Analysis and Applications, (2010)
A. Kvaemng
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Relations between integrals

Blu)-w(u)(®) = Y wi-la(t),  Alw)cM
acA(u)

For u = [[e]e, []e]f using the colors:

Wi(t), Wa(t), Wa(t), Wa(t)

\?U\J\)\}x}

we get:

LA(#r) ‘ {4,3,2, 1} {4,2,3, 1} {4,2,1,3} ‘ {2,4,3,1} ‘ {2,4,1,3} | {2,1,4,3}

finally giving

Y(u)(t) = Ionylazy = lasar) + Hazary + Lao1s) + laasn) + 2a13) T l21a3)

A. Kvaerng B-series for SDEs
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Relations between integrals

Blu)-p(u)(e) = Y pi- (), A(u) c M
acA(u)
For u = [o, 0, [0]]r we get
4 4 4 3 2 3
192053 19352 2 P31 2451 3P4 1 19402
f f f f f f
{1,1,1,1), | {(1,1,1,1), | {@,1,1,1), | {(1,1,1,1), | {(1,1,1,1), | {(1,1,1,1), ~
(1,1,0), (1,1,0), (1,1,0), (1,1,0), (1,0,1), (1,1,0),
(1,0,1)} (1,0,1), (1,0,1), (1,0,1), 0,1,1)} 0,1,1),
0,1,1), (0,1,1), (0,1,1), (0,00}
(0,0)} (0,0)} (0,0)}
Taking into account B(u) = 5 we obtain finally

Ew(u)(t) = El(i)l(*l)l(*n) = 61(*1111) + 'y*(SI(*HO) + 51(*101) + 5I(*011)) + 4(7*)21(*00).

A. Kvarng B-series for SDEs
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Statement of the problem

Stochastic B-series

Order conditions for SRK

A surprising result (with explanation)

B-series vs. Wagner-Platen series

A. Kvaerng B-series for SDEs

57/88



A. Kvarng

Part Il

B-series and conservation of quadratic invariants

with
Sverre Anmarkrud, NMBU, Norway and Kristian Debrabant, SDU, Denmark
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Background

» Sanz-Serna and Abia (1991) have proved that for Runge-Kutta methods
preserving quadratic invariants only order conditions related to rootless
trees have to be satisfied. The same authors proved a similar result for
partitioned Runge-Kutta methods (1993).

» |s this true for stochastic methods as well?
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Background

» Sanz-Serna and Abia (1991) have proved that for Runge-Kutta methods
preserving quadratic invariants only order conditions related to rootless
trees have to be satisfied. The same authors proved a similar result for
partitioned Runge-Kutta methods (1993).

» |s this true for stochastic methods as well?

» The answer is yes

(otherwise this talk would not be given).

This work was inspired by J. Hong, D. Xu, P. Wang (2015).
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Stochastic differential equations and invariants

Consider the Stratonovich SDEs
dX(t) = go(X(1)dt + Y gi(X(t)) o dWi(t)
=1

where W(t) are independent Wiener processes, and the coefficient functions
g RY — R are sufficiently smooth.
A function Z : R? — R is an invariant, or a first integral of the SDE if

Z(X(t)) = Z(X(t))

for all possible solutions of the SDE, which is the case if and only if The
function Z is an invariant of the SDE if and only if

VZI(x)-g(x)=0, I=0,1,---,m, Vx € R".

In this talk, we will only discuss quadratic invariants Z(x) = x " Cx for some
constant matrix C.

A. Kvarng B-series for SDEs
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Stochastic Runge—Kutta methods and polynomial invariants

Runge-Kutta method:

s m
Hi = Yn+ZZZ§/)gI(Hj), =12 s

i=1 [=0
s m
1
I o I
i=1 =0

Theorem
> All SRKs preserves linear invariants.
> A SRK preserves all quadratic invariants if and only if
AZ0 +40Z0 =040 vij=1,..s, Lk=0,...,m.

» No SRK preserves all polynomial invariants of degree 3.

Milstein et.al. (2003), J.Hong et.al. (2015)
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Numerical experiments:

Gauss method:

s=1: ZU=1aw,, A = Aaw,
1 1_ V3
s=2: Z(“:(1 Sl 16>AW/,m W= AW, =01
ite i

where AWy, = h and AW, , = W(t, + h) — AW(t,) for | > 0 are the
standard Wiener increments.
Both methods conserve quadratic invariants, they are of deterministic order 2

and 4 respectively, but of stochastic strong order 1.

For comparision we have applied Platen’s method. The method is of stochastic
strong order 1, but do not conserve quadratic invariants.
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The rigid body example

dX = A(X)Xdt 4 o g1(X) o dW(t)

with some constant o and

0 X3/I3 7X2//2 /1 =2
AX) = | —xs/h 0 xi/h with L=1
X2//2 7X1/I1 0 I3:2/3

Problem P1:
I(X) = X} + X3 + X2

1(X) = A(X)X,
a(X) = AX) {H(X)_;(Xf//1+X22/’2+X32/I3)

Problem P2:

aX)=|-X|, I(X) =X +X +X3)
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The rigid body example

Deterministic P1: Two invariants
P2: One invariant P2: Two invariants, Platen's method

il

The first three are solved by a Gauss, s = 2 method.

A. Kvaerng B-series for SDEs
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The Butcher product

Given two trees u = [u1, ..., Uk |y, v = [v1,..., Vi,]p,. Then the Butcher

product of the two trees is defined by

uov =/[uy, -+, Ue, V]

Example

Q T Qe Q |
vy
u=[ui]e v =[v1, v2]e uov vou

n(u) n(v) n(uov) n(v o u)

Jin(yodw  [Tav)n(w)odw [ n(u)n(v)odw [ n(u)n(w)n(ve) o dW

4
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The Butcher product

Given two trees u = [u1,..., Uk |,V = [Va,..., Vi,]- Then the Butcher

product of the two trees is defined by

uov=[ur, -, Uey, V]
Example
J : o] Y,
Yy v
u=[ui]e v =[v1, v2]e uov vou
n(v) n(v) n(uov) n(vou)
Jin(yodw  [Tav)n(w)odw [ n(u)n(v)odw [ n(u)n(w)n(ve) o dW

By the chain rule for Stratonovich integrals and the definition of the elementary
weight functions e, we get

n(u)n(v) = nluev)+n(vou)
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Let us put things together

SDE: SRK:

dX(t) = Em:g/(Y(t))odVV/(t) H; = Y,,+ZZZ’)

1=0 =0 j=1

Yor1 = Yo+ Z Z i I)g/

/=0 i=1

Set of trees:

T = [7—17"'7TH1]/ eT: X(t), H;, Y1

Quadratic invariant condition:

I (k) (1 k
¥z + 40 Z)) = {0y

A. Kvaerng B-series for SDEs
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Let
u=[ur, -, ugl v=[vi, Vil
UOV=[U1,'-',U,§1,V]/, VOUZ[U,V]_,'-',V,Q][(
Quadratic invariants: Weight functions of SRK:
(N, (k) _ (’) (k) ()
G 9 Z¥ 152 Let Ri(u) = [T, ®i(ur), Rj(v) = [T, ®(v). Then

o(u) = Zw‘%(u) 9(v) = Z IR (v)
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Cont.

Let
u:[ulv""uﬁlll V:[Vl,"'vvrez]k
uov=1[u1, -, Uk, V], vou=I[u,vi, -, Veylk
Quadratic invariants: Weight functions of SRK:

(N (k) _ (D) (k) 7D
(%) Vi = Zij +7JZji Let Ri( Hk¢'(u, Hk (vr). Then

o(u) = Zv,-’)n,-(u), o) =>
i J

Multiply (*) by Ri(u) - Rj(v) and sum over all i,j =1,...,s:

ZW”R(U)ZV(”R Zvl)R(U)< PRi0) + 3020 (3 2R ) Rit0)
Jj i
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Cont.

Let
u:[ulv""uﬁlll V:[Vl,"'vvrez]k
UOV:[Lll,-“,u;gl,V][, VOU:[U,V17~~-7VK2],(
Quadratic invariants: Weight functions of SRK:
(k) — ()~ (k) (M
() Vo= + %54 Let Ri( Hk Hk (vr). Then

o(u) = Zv,-”n,-(u), o) =>
i J

Multiply (*) by Ri(u) - Rj(v) and sum over all i,j =1,...,s:

o(u) o(v) P(uov) (v ou)

>R 3 R = > AR (DD 2 R) + 30 (3 2R Rit0)
i Jj i Jj Jj i
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Cont.

Let
u:[ulv""uﬁlll V:[Vl,"'vvrez]k
UOV:[Lll,-“,u,gl,V][, VOU:[U,V17~~-7VK2],(
Quadratic invariants: Weight functions of SRK:
(k) — ()~ (k) (M
() Vo= + %54 Let Ri( Hk Hk (vr). Then

o(u) = Zv,-”n,-(u), o) =>
i J

Multiply (*) by Ri(u) - Rj(v) and sum over all i,j =1,...,s:

o(u) o(v) P(uov) (v ou)

ZW')R(U)ZV(”R Zv')R u)( PRi0) + 302 (3 2R ) Rit0)
Jj i

¢(u)p(v) = d(uov) + ¢(vou)
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Butcher product cont.

We have proved the following result:

Lemma
For all u,v € T we have

n(u)(h) - n(v)(h) = n(u o v)(h) +n(v o u)(h).
If the SRK preserves quadratic invariants then

¢(u)(h) - o(v)(h) = ¢(u o v)(h) + ¢(v o u)(h).
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Exact: n(u)n(v)

n(wov) + nlvou)

Numerical: o(u)p(v) dluov) + ¢(vou)
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Exact: n(u)n(v) n(uov) + n(vou)

Numerical: o(u)p(v) dluov) + ¢(vou)
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Exact: n(u)n(v) n(uov) + n(vou)

Numerical: o(u)p(v) dluov) + ¢(vou)
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Exact: n(u)n(v) n(uov) + n(vou)

Numerical: o(u)p(v) dluov) + ¢(vou)

AR R T
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Redundant order conditions

Exact: n(un(v) = nluov) + n(vou)

Numerical: o(wp(v) = ¢luov) + ¢(vou)

G B e

Consequence:

Assume that the order conditions ¢(7) = n(7) for all trees with # nodes less
than g. Then, to satisfy the order conditions for trees with g nodes, we only

have to consider one condition for each rootless tree.

The number of trees to consider is significantly reduced.
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Partitioned SDEs

SDE:
dX(t) = f(X(t), Y(t) )dt+Zf, (t), Y(t)) o dWi(t)
dY(t) = g(X(t), Y(t) dt—l—Zg/ (1), Y(t)) o dW(t)
where

» f:R™ xR - R™ and g : R™ x R™ — R™

» Wi(t) are standard Wiener processes.
Wo(t) =t

» Only Stratonovich integrals are considered

We consider quadratic invariants of the form
I(X,Y)=X(t)" DY(t), D € R™*™
A. Kvaerng
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Example: N-body system

Hamiltonian (total energy):

H(p,q) = T(p) + V(a)

with

T(p) = Z Ip, V(a) = Z Vi(rg), g =lai — gl

i>j

Canonical equations:

N /

Vi
dg: = pi (dt+oadW),  dpi = — Z —(qi—q) (dttoadW),  i=12,--

]
=

Preserved quantities:

> The total energy H(p,q) (nonlinear)
» The total momentum: P = vazl pi (linear)
» The angular momentum: L = Z,N:1 gi X pi (quadratic)

A. Kvaerng B-series for SDEs

71/88



Why SPRK methods?

Consider the deterministic case
X' =f(x,y), "= g(x.y)
The following method is known to preserve quadratic invariants:
h
Xi = X, Yi=yo + 58(X, M),
h h
Xo = xp + E(f(Xl’ Yl) + f(Xz, Yz)), Yo = yn+ Eg(le Y1)7

h h
Xpt1 = Xn + E(f(Xl, Y1) +f(X2, Y2)),  Yot1 = yn + E(g(Xh Y1) + g(Xe, Y2)).
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Why SPRK methods?

Consider the deterministic case

x' = f(x,y), "=g(x,y)

The following method is known to preserve quadratic invariants:
h
X1 = Xp, Y1 IYn+§g(X17Y1)7
h h
Xo = xp + E(f(Xl, Y1) + (X, Y2)), Ya=ya+ Eg(le Y1),

h h
Xn+1 = Xn + E(f(Xl, Y1) + (X2, Y2)), Y1 =yn+ E(g(Xl7 Y1) + g( Xz, Y2)).

But, if the system is separable, that is f = f(y) and g = g(x) this becomes

h h
Yi=y,+ 5g(Xn)7 Xn+1 = X + hf( Y1), Yo+l = Yo+ E(g(xn)Jrg(XnH))
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Stochastic partitioned Runge-Kutta methods (SPRK)

SDE:
dX(£) = > H(X(2), Y(£) o dWi(1)
1=0

Y(6) =D &i(X(2), Y(£) 0 dWi(t)

1=0

A. Kvarng

SPRK:
H,—xn+zz "i(Hj, K))
I=0 j=1
m s
(1
Ki=Yot Y > 2Va(H;, k)
=0 j=1
m s
!
X1 =Xo+ Y Y Ah(H;, K)
1=0 i=1
m s
A
Yo =Yo+ > Y 4 a(H;, K
/=0 i=1
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Stochastic partitioned Runge-Kutta methods (SPRK)

SDE: SPRK:

r)—Zf, (1), Y (1)) 0 dWj(t) H,—xn+zz Vhi(H;, K)

I=0 j=1
Y(t) = ngxm, Y(t)) o dWi(t) Ki=Yot Y > 2Va(H;, k)
1=0 =0 j=1

m s
X1 =Xo+ Y Y Ah(H;, K)

I=0 =1

m s
Ve = vt 30N 40

/=0 i=1

Example: Lobatto Il A-B (Stérmer-Verlet):

zh = ( ?) I, zeh = (
2

1L, _ (1 1 2,) _ (1 1
=3 3) 1= (3 3) I
for | =0,...,m. Here Jo = h, Jy = AW,.

NI O

ISIENSITES
o o
N———
~

A. Kvarng B-series for SDEs
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Theorem (Hong et.al. 2015)

The SPRK preserves all linear invariants if'y(l) = '31(/) and all quadratic invariants of

i i

the form | = XT DY if in addition
(N 5(k) | k) () _ (1) 2 (k)
YLy L =
foralli,j=1,...,sand l,k=0,...,m.
For separable systems, the first condition is superfluous.
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Theorem (Hong et.al. 2015)

The SPRK preserves all linear invariants if'y(l) 0

the form | = XT DY if in addition
(N 5(k) | k) () _ (1) 2 (k)
VUL A L =
foralli,j=1,...,sand l,k=0,...,m.
For separable systems, the first condition is superfluous.

i’ =7%;’ and all quadratic invariants of

Tasks:

» Find the B-series for the exact and the numerical solution of the

partitioned system.

» Prove that the if the theorem is satisfied, only rootless trees have to be
considered.

A. Kvaerng B-series for SDEs
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B-series

Let us consider the system split into p partitions:
SDE:

dXi(t) = Y gei(Xa(t), .., Xp(8)) 0 dWi(E),  k=1,--,p.
1=0

The B—series of the exact solution is a formal series of the form

Xi(h) = Bx(n, x0; h) = Z a(r) - n(r)(h) - F(7)(x0)

TET)

Each node @, in a three 7 € Tx now has a shape k referring to the partition,

and a color / referring to the Wiener process.

Here xq refers to all the initial values.
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B—series for the exact solution

A. Kvaerng

SDE: dX(t) = ng,,(xl(t), L Xe(D) o dWi(t),  k=1,....p
1=0
B—series: Xy (h) = Bk(n,xo0; h) = Z a(r) -n(r)(h) - F(7)(x0)
TETK

Trees:
o = [0k, € Ti,i, T=[11,..., ek, € Tk,1s Tk =U T,
Elementary differentials:
Flor)(x0) = gii(x0),  F(r)(x0) = &) (x0) (F(r)(x0), -+ . F(7:)(0))

Elementary weight functions:

n(ex,)(h) = Wi(h),  n(r)(h) = /HnTr) s) o dWj(s)

The order p(7) of the three is the number or deterministic nodes 4+ 1/2 times
the number of stochastic nodes

B-series for SDEs

76/88



Let m=2,p=3:

TZ[T]_,...,T,.;][(’[E Tk,/, TkZUITk’I

|dt w1 W,
81,1 o o o
a
w

F(7)(x0) = & (x0) (F(m1)(x0), -+ , F(7x)(x0))
g2, | @ a

g3, | W bk
n(r)(h) = / [T 7)o awits)
0 r=1
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Let m=2,p=3:

TZ[T]_,...,T,.;][(’[E Tk,/, TkZU[Tk’I

|dt w1 W,
81,1 o o o
a
w

F(7)(x0) = & (x0) (F(m1)(x0), -+ , F(7x)(x0))
g2, | @ a

g3, | W bk
n(r)(h) = / [T 7)o awits)
0 r=1

'\G
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Let m=2,p=3:

T=[r,...,Telk, € Tk, Ty =UTk,
|dt w1 W,
g o o o F(7)(x0) = & (x0) (F(m1)(x0), -+ , F(7x)(x0))
82,1 a a * ]
g3’/ w w w

h K
n(r)(h) = / [T 7)o awits)
0 r=1

> 7= [[ov]a0lals

'\G
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Example

Let m=2,p=3:

T =11, Telk, € Tk T =UTy,
‘ d W W>
g @ o o F(r)(x0) = &7 (x0) (F(m)(x0),  , F(7:) (o))
©/|m @ @
g37/ w 1 ¢ w

h K
n(r)(h) = / [T 0 awits)
0 r=1

> r=[low],Bla]e

2 2
Nabi > F(r) = a1 (m(m,o,gm), 8g3’2g1,2>

- T 9X00X3 \ X103 X1
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Example

Let m=2,p=3:

T =11, Telk, € Tk T =UTy,
‘ d W W>
g @ o o F(r)(x0) = &7 (x0) (F(m)(x0),  , F(7:) (o))
©/|m @ @
g37/ w 1 ¢ w

h K
n(r)(h) = / [T 0 awits)
0 r=1

> r=[low],Bla]e

2 2
AVl > F(r) = & a1 (m(m,o,gm), 8g3’2g1,2>

- T 9X00X3 \ X103 X1

> n(r)(h) = /Oh(/os 51W1(51)d51) (/05 Ws(s2) OdW3(52)) o dWj(s)
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Example

Let m=2,p=3:

T =11, Telk, € Tk T =UTy,
‘ d W W>
g @ o o F(r)(x0) = &7 (x0) (F(m)(x0),  , F(7:) (o))
©/|m @ @
g37/ w 1 ¢ w

h K
n(r)(h) = / [T 0 awits)
0 r=1

> r=[low],Bla]e

2 2
AVl > F(r) = & a1 (m(m,o,gm), 8g3’2g1,2>

- T 9X00X3 \ X103 X1

> n(r)(h) = /Oh(/os 51W1(51)d51) (/05 Ws(s2) OdW3(52)) o dWj(s)

» The order of this tree is 4
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SDE:

AXe(t) = Y ges(Xa(t), X)) 0 dWI(E),  k=1,...,p
=0
SPRK with s stages:

m S
k.l .
Hyi=x0 + Z Z Z,-E. ’ )gk,[(Hl,j, .. Hp ), i=1,...,s
=0 j=1

m S
k!
Yk,l = X0 + Z Z ’Yf ? )gk,/(Hlyj, ey Hp’j)

=0 i=1
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B—series for SPRKs

SDE:

dXi(t) = ng,,(xl(t), L Xp(t) o dWi(t),  k=1,....p

SPRK with s stages:

Hk:*XO'f‘ZZ gkIHl,Jy---va,j)a i=1,...,s

Then Xy (h) =

X(h) :

Hk,i .

Y1

A. Kvaerng

=0 j=1

m s
k,l
Yi1 =X + Z Z’Y,( )gk,l(Hl,j» < Hp )

=0 i=1

Bk(n,xo; h), Hkﬁi = Bk((b,',xo; h) and Yk71 = Bk((ﬁ,xo; h), with

h K
n(exn)(h) = W), n(r)(h) = / [ 7)) 0 dwis)
0 r=1
Si(or) = Y Z8D, @i(r) = Z z{" H%,)
d(ok,1) = vak’/)7 o(r) = Z H(b Tr)

J
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B—series for SPRKs

Theorem (Milstein -95)

The method has mean square global order q if
1
o(1)(h) = n(7)(h) + O(h"2), p(r)<q

Eo(r)(h) = En(r)(h) + O(h),  p(r) < q+

Then Xy (h) = Bi(n,%0; h), Hi,i = Bi(®i,x0; h) and Y1 = Bi(¢, xo; h), with

h K
X(h):  n(ex)(h) = Wih),  n(r)(h) = / [ 7)) 0 awits)
0 r=1
Hiio o (o) =280, ain) =Yz ] et
J Jj r=1
Yie oo =Y 40 e =Y A e
j r=1

J
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Order conditions for SPRK

A. Kvaerng

E
V
!

n ¢
W, (h) Zi,y’(kl!/l)
h
/ Wi, (s1) 0 dWj, (s) Z'yf(khh Z;kz,/z)
0 -
ij

h
/ Wi, (s)W), (s) o dW), (s)
0

h s1
/ / Wi (s1) 0 dWj, (s1) o dW, (s)
0 0

B-series for SDEs

Z 'yfkl’ll)Z.(ks’IS)Z.(kz’IZ)

ij i
i

Z ,y(klvll)Z_('k2712)2_(k3vl3)

i if jr

ijr
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Let

u=[ug, ..., Uy, v=1[Vi,. .o, Vil

The Butcher product of the two trees are defined by

UOV=[U1,~~ auﬁnV]’l
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Let

u=[ug, ..., Uy, v=1[Vi,. .o, Vil

The Butcher product of the two trees are defined by

uov= [U1,°" auﬁnv]’l
Example:
§ v-
u = [ui]e v =[vi]e uov vou
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The Butcher product

Let
UI[U1,...,LI,@1]/17 V:[Vl,...,V,Qz]/2
The Butcher product of the two trees are defined by
uov = [Ul,"' 7uﬂ17v]/1
Example: .

Yy Y

u=[ui]e v =[vi]e uov vou
n(u) n(v) n(uov) n(v o u)
i n(un)aw [ n(w)aw ST nyaw [ n(uyn(v)dw
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The Butcher product

Let
UI[IJ1,...,LI,.€1]/17 V:[Vl,...,v,gz]/2
The Butcher product of the two trees are defined by
uov = [Ul,“' 7uﬂl7v]/1

Example:

IR

u=[ui]e v =[vi]e uov vou
n(u) n(v) n(uov) n(v o u)
i n(un)aw [ n(w)aw ST nyaw [ n(uyn(v)dw

By the chain rule for Stratonovich integrals and the definition of the elementary

weight functions e, we get
n(u)n(v) =n(uov)+mn(vou)

A. Kvaerng B-series for SDEs
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Let us put things together

Hi = Xo + Zm: Z z{"6(K;)

Separable partitioned SDE: SPRK:
m
ax(t) =Y fi(Y(1)) o dW(t)
1=0

dY (1) =) e(X(t) o dW(t)

1=0

Reduced set of trees:
X(t), Hi, Xq
Y(t), Ki, Y1.

T = [Al,...,’f'h-l]o cT:
F=1[m,...,Trylm € T
No child has the same shape as it's parent.
Quadratic invariant condition:

() (k)

20 44020 = o030

J

A. Kvaerng B-series for SDEs

=0 j=1

Ki= Yo+ zm: Z z gy (Hy)

=0 j=1

m s
Xorr = X0+ 33 200K

=0 i=1

m s
Yorr = Yo+ Y Y 4ei(H)

I=0 i=1
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Butcher product for SPRK methods on separable systems

Let
LI:[LAI1,-'~,ITINI]Q€T \A/:[V1,~~~,V52]n€?—
uol =[ig, -0k, V@ €T, Vou=1T[u,vi, -, Ve,Jm € T
Quadratic invariants: Weight functions of SPRK:
Nalk) — (N5k) |~ 5(1)
G) %A =g g Let Ri(u) = [, ®i(én), Rj(#) =[], ®;(v). Then

o) =D WRi(w),  6(0) =Y AR(v)
i J
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Butcher product for SPRK methods on separable systems

Let
U:[LAI1,-'~,LAIKI]Q€T \A/:[V1,~~~,V,€2]g€?—
uol =[ig, -0k, V@ €T, Vou=1T[u,vi, -, Ve,Jm € T
Quadratic invariants: Weight functions of SPRK:
Nalk) — (N5k) |~ 5(1)
G) A =4 A Let Ri(u) = H &;(ir), Hk (vr). Then

u) =Y ARiw), S =Y ARi(v)
i J

Multiply (*) by Ri(u) - Rj(V) and sum over all i,j =1,...,s:

Z””R(“)Z O (0) Zv”R(U)( OR,) + 3050 (3 2R Ri(5)

J i
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Butcher product for SPRK methods on separable systems

Let
U:[LAI1,~~~,LAI,.¢1]QET \A/:[V1,~~~,VK2];|€7\-
uov = [017"' 7&&13‘”06 T7 Vous= [U7V17"' ,VKZ]EIG ?_
Quadratic invariants: Weight functions of SPRK:

(Nak) — (D5 (k) (N
(*) v = +’YZ LEt’R«i(U):Hk‘D(“r Hk (vr). Then

u) =Y ARiw), S =Y ARi(v)
i J

Multiply (*) by Ri(u) - Rj(V) and sum over all i,j =1,...,s:

o(u) d(V) d(uo¥) ¢(Vou)

>R Y 4R = >R (D0 2 R0) + 3050 (3 2R ) Rit9)
i Jj i Jj i

J i
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Butcher product for SPRK methods on separable systems

Let
U:[LAI1,-'~,LAIKI]QET \A/:[V1,~~~,VK2];|€7\-
uol =[ig, -0k, V@ €T, Vou=1T[u,vi, -, Ve,Jm € T
Quadratic invariants: Weight functions of SPRK:
Nalk) — (N5k) |~ 5(1)
G) A =4 A Let Ri(u) = [, ®i(én), Rj(#) =[], ®;(v). Then

o) =D WRi(w),  6(0) =Y AR(v)
i J

Multiply (*) by Ri(u) - Rj(V) and sum over all i,j =1,...,s:

o(u) d(V) d(uo¥) ¢(Vou)

>R Y 4R = >R (D0 2 R0) + 3050 (3 2R ) Rit9)
i Jj i Jj i

J i

P(u)p(V) = p(u o V) + ¢(V o u)
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SDE: n(u)n(v)

n(uo?) + n(vou)

SPRK: d(u)p(¥) dluo?) + ¢(Vou)
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SDE: (@) = n(ue®) + n(vou)

SPRK: d(u)p(¥) dluo?) + ¢(Vou)
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SDE: (@) = n(ue®) + n(vou)
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A. Kvarng B-series for SDEs 83/88



SDE: (@) = n(ue®) + n(vou)

SPRK: d(u)p(¥) dluo?) + ¢(Vou)

LORTEE
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Redundant order conditions and rootless trees

SDE: n(u)n(¥) = nluo?d) + n(Vou)

SPRK: d(W)p(V) = Pluo?) + o(Vou)

Conclusion:

Assume that the order conditions ¢(7) = n(7) for all trees with # nodes less
than g. Then, to satisfy the order conditions for trees with g nodes, we only

have to consider one condition for each rootless tree.

NB! Only for separable systems.

A. Kvaerng B-series for SDEs
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» Part 1: Introduction to B-series.
» Part 2: Stochastic B-series

» Part 3: B-series and preservation of quadratic invariants
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