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Y Eksempel 1

Finn treghetsmomenten om z-aksen til den parametriske flaten <2uv, u”2 - v*2, u*2 + vA2>

med u”*2+v”*2 <=1 og massetetheten konstant 1

flate == plot3d( [2 UV, ut — v2, u + vz], u=-1.1, v=—sqrt(1 — uz) ..sqrt(l — uz), axes = boxed,

scaling = constrained) ;
display( flate);
PLOT3D(...)




Flaten er en elliptisk kjegle: x*2 + y*2 =z"2
Parameterfremstillingen
ri= (u,v)— (2-u'v, ut — v2, u + v2>;

(u, v) = Student:-VectorCalculus:- <, > ( 2uv, u? + Student:-VectorCalculus:- - ( vz) , u? 2.1



+ vz)
Tangentvektorer (partiell deriverte)

ru = diff (r(u, v), u);

2ve +2 ue, +2 ue, 2.2)
rv = diff (r(u, v), v);
2ue —2 ve, + 2ve, 2.3)
ruxr_v
CrossProduct(ru, rv);
8uvex+(4u2—4v2)ey+(—4v2—4u2)ez 2.4)
|[r uxr_v|
Norm(CrossProduct(ru, rv));
4 \/7 (u2 + vz) (2.5)

Treghetsmomenten

Int( (u2 +v2)2-4-\/7- (u2 + vz), v=—sqrt( 1— uz) ..sqrt( 1 — uz), u=-1.1 );
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Treghetsmomenten ved polar koordinater

Multi]nt(4 w/?-ré-r, r=0.1, theta=0..2-Pi, output = steps ) ;
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V¥ Eksempel 2

Finn momenten om xy-planet til S som er gitt ved z*2 =1 + x"2 + y*2 og ligger mellom planene
z=1 og =/5 og har massetethet konstant 1

flate := implicitplot3d(22 =1+ +y2, x=-2.2,y=-2.2,z=1.y5, style=surfacecontour, grid




=[25,25,25]) :

XYplanet := implicitplot3d(z=0,x=-2.2,y=-2.2,z=0..1, color = gray, style = surface,
transparency =0.4) :

Skyggen = plot3d( [(x,,0],x=-2.2,y=- sqrt( 4 — xz) ..sqrt( 4 — x2) , color =red, style
= surface) :

display( flate, XYplanet, Skyggen, axes = boxed, scaling = constrained);

Flaten er en elliptisk paraboloide gitt ved f(x,y,z) = 0 (en nivéflate til f !!!)



fi=(uypn-F +y =7+
(x,y,2) —x +y2 + Student:-VectorCalculus:-'- ‘(22) +1

Gradienten til f og k komponenten
Gradient(f(x,y, z), [x, ¥, z]);

2x

2y

-2z
Norm(Gradient( f(x,y,z), [x,y,2]));

2+ 4D

DotProduct(Gradient( f (x, y, z), [x,¥,2]), (0,0, 1) );

-2z
|DotProduct( Gradient( f(x,y,z), [x,¥,2]) , (0,0, 1))];

2 |7
Momenten (z*2 = x*2 + y”2 + 1 skrives inn)

2 2 2
Int(z- 2\ X +y +Z2

,y=—sqrt(4 —xz) ..sqrt(4 —xz),xz—l..l)

2.z
=Int(\/x2+y2+x2+y2+1,y=—sqrt(4—x2)..sqrt(4—x2),x=—1..l);
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Ui e a2
Momenten ved polar koordinater
Multi[nt( sqrt( 1+2 -rz) -1, ¥=0.2, theta=0..2-Pi, output = steps ) ;
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Y Eksempel 3

Finn fluksen til F=m*r/|r|*3 ut fra en sfaere med radius a og senteret i origo

flate = z'mplz'cz'tplot3d(x2 -I—y2 +7= 4,x=-2.2,y=-2.2,z=-2.2, style=surface, scaling
= constrained, axes = boxed, transparency = 0.6, color = blue, grid = [ 20, 20, 20]);

display( flate);

PLOT3D(...)

Normalvektoren
n = (‘x’y, Z) — <'x9y9 Z) ;
v X+ y2 + 7
(x, v, z) = Student:-VectorCalculus:- <, >(x, y, z) ! 4.1)

N xz—i-yz-l-z2

display( flate, arrow((2, 0, 0), n(2,0,0), color=red) );




Fluksen
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=H m 5 do
R x2 —I—y2 + 22
Fluks ved kulekoordinater

Multi]nt( ﬂz -a2~sin(¢), ¢=0.Pi,0=0.2-Pi, 0uz‘put=steps);
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Y Eksempel 6

Finn fluksen til F=<z,0,x*2> gjennom flaten S gitt ved z = x*2 + y*2 med den folgende skyggen

pa xy-planet:

R={(xyy) :-1<=x<=log-1<=y<=1}

flate = implicitplot3d(z =X +y2, x=-1.1,y=-1.1,z=0..4, axes = boxed, style = surface) :

XYplanet == implicitplot3d(z=0,x=-1..1,y=-1.1,z=0..1, color = gray, style = surface,
transparency =0.4) :

display( flate, XYplanet)




Normalfeltet
fi=(xy,2)>z—x" =)

(x, y, z) =z + Student:-VectorCalculus:-"- ( x2) + Student:-VectorCalculus:- - ( y2) (5.1
Gradient( f(x,y,z), [x, ¥, 2]);

-2Xx
-2y (5.2)
1
— (=2-x,-2-y, 1) .
n = s ) roduct( (~2x.-2-y. 1), (0.0. 1)) °
(x, ¥, z) = Student.:-VectorCalculus:- <, > (Student:-VectorCalculus:-*- (2 x), (5.3)

Student:-VectorCalculus:--'(2 y), 1) 1/ (Student:-VectorCalculus:-

DotProduct(Student:-VectorCalculus:- <, > (Student:-VectorCalculus:-*- (2 x),

Student:-VectorCalculus:-*- (2 y), 1), Student:-VectorCalculus:- <,>(0,0, 1)) )
display( flate, XYplanet, arrow(n (0, 0, 0), color =red) );



Fluksen
Multi]nt(x2 —2x — 2-x-y2, x=-1.1,y=-1.1, 0utput=steps);
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