Summary: Separation of variables — wave equation

(1) Upr = C2 Uy t>0, xe(0,L)
2) u(0,t) =0=u(L,t) t>0, xe{0,L}
3) u(x,0) = f(x), u(x,0) = g(x) t=0, xe(0,L)

@ Find all solutions u(x,t) = F(x)G(t) of (1) and hom. cond'ns (2):

1)(2)\F" kF =0][G" — kG = 0|[F(0) =0 = F(1)]

k= —(25)2 || Fa(x) = sin 27 || Ga(t) = B, cos <EE + By sin <7t

=
u#£0

@ Superposition and inhomogeneous conditions (3):

u(x, t) =370 FnGy = 307 o(Bp cos <L + By sin <) sin 27%

f(X) = U(X,O) = Zn OB sin oxx N B, — 2f0LfSin %dx

L F—sin series L

g(x) = ug(x,0) = Y2 B sin 17X = | Br<Im = %fol'gsin X dlx
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Lecture 11: Partial differential equations

’ Kreyszig: Section 12.6‘

@ PDEs: Heat equation, Laplace equation
© Boundary value problems: Cauchy, Dirichlet, Neumann.

© Solution technique: Separation of variables

Homework:
@ Repeat Solution of ordinary differential equations [Mat 3/Lin. Alg.]
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Lecture 11: Separation of var's — heat equation

(1) Up = Pl t>0, xe(0,L)
(2) u(0,t) =0=u(L,t) t>0, xe{0,L}
(3) u(x,0) = f(x) t=0, xe(0,L)

1. Find all solutions u(x,t) = F(x)G(t) of (1) and (2):

oy [ kF =0][6 — G = 0] [F(0) =0 = F(L)

nm H 7194 _(&nmy2
;Zo k= —(2)2|| Fo(x) = sin 2= || G,(t) = B,e (Tt

2. Superposition and inhomogeneous condition (3):

u(x,t) =>7" g FaG,| ... use (3) and Fourier sin series ...
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Lecture 11: Separation of var’s — Laplace equation

ERJ

(1) uw+u,=0 x €(0,a), y € (0,b)

@) u(0,y)=0=u(ay) y € [0, 5]

(3)  u(x,0)=0,u(x,b)=f(x) x€]0,4]

1. Find all solutions u(x,y) = F(x)G(y) of (1), (2), and (3)::
= F" — kF = 0,G" + kG = 0, F(0) = 0 = F(a), G(0) = 0
= |k =—("Z)?|| Fa(x) = sin ZX|| G,(y) = 2A,sinh ¥

2. Superposition and inhomogeneous condition (3):

u(x,y) => "o FnGn| ... use (3)2 and Fourier sin series ...
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Summary: Heat and Laplace equation

© Boundary value problems:

Cauchy u given at t = 0.
Dirichlet u given on boundary
Neumann (normal) derivative of u given on boundary

© Heat equation:

(1) Uy = i t>0, xe(0,L)
(2) u(0,t) =0=u(L,t) t>0, xe{0,L}
(2") ux(0,t) =0 = uy(L, t) t>0, xe{0,L}
(3) u(x,0) = f(x) t=0, xe(0,L)

u temperature of rod, ends: fixed temperature (2) or insulated (2')
Cauchy-Dirichlet (1),(2), (3); Cauchy-Neumann (1), (2'),(3)

© Laplace equation:
(4) Uxx + Uyy — 0

Electrostatic potiential, potiential flow, membrane, temperature ...
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Summary: Separation of variables — heat equation

(1) Uy = Czuxx t>0, xe (O, L)
(29 ux(0,8) =0 = uy(L, t) t>0, xe{0,L}
3) u(x,0) = f(x t=0, xe(0,L)

@ Find all solutions u(x, t) = F(x)G(t) of (1) and hom. cond'ns (2'):

= F//_szoHG/_CQkGZOHF/(O):O:F/(L)‘

(1),(2)

k= —(F) || Fa(x) = cos "% || Gu(t) = Bpe (1™

=
u#0

@ Superposition and inhomogeneous condition (3):

u(x,t) = S0 0 FaGp = 3000 o Bye~ ()7 cos 1%

f(x) & u(x,0) = >°° By cos 27X

= |Bo=1[fdx||B,=2 [y fcosdx

F—cos series
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