Summary Lecture 25: Real integrals

Q Typel:|l = Ozﬂ F(cos,sin0)d6 | F rational

Substitution: z = e, cos = (z+1),..., [0,21) ~ |z| =1

Q Typell:|I = ffooc f(x)dx | f rational, no real singularities, ...

(i) | = limg_oo 75 F(x)dx

(i) [T F(x)dx = § F(2)dz — [s f(z)dz

Cr
-R R
(i) R big enough = Cg encircles all poles in upper half plane

f(z)dz Residue thm. 2mi Resf(z
Cr

poles in upper
half plane

() | fs, f(2)dz| < max|f(2)| - L < max |£()] - o Must show

|z|=R R—00
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Summary Lecture 25: Real integrals

Q Typelll: |/ = ffooo f(x)e~™*dx | f rational, no real singularities, w € R

Same proceedure as for Type Il integrals. . .

...and choose Cg to insure :

N -R R
vsoe (s wrom (A
R

R | R

. Zz=x—+i ze(C
— [F(2)e ™7 “TEY |f(2) ey "< |f(2))

Q |Rel = [7_f(x)cos(wx)dx||Im/ = — [ _f(x)sin(wx)dx

o0
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Lecture 26: Real integrals and singularities

’Kreyszig: Section 16.4‘

© Computing real integrals:

Type IV: [fcoo f(x)dx, ‘ f has order 1 poles on the real axis

© Examples

Frist gving 12 og 13:
Denne uka! Onsdag kl 23:59!

Next week:
Exam problems, repetition
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Lecture 26: Singular integrals, principal values

f(x) singular at xg € (a, b):

b Xo—r b
/a f(x)dx := (rllg)h/a +r|l>r(r)l+/x+r>f(x)dx

0

b Xo—r b
pr.v./ f(x)dx := lim (/ —|—/ >f(x)dx
a r—0 a Xo+r

Integral exists o principal value exisits
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Lecture 26: Type IV real integrals

| = pr.v. f x)dx, f rational, order 1 poles on R

()= lim ( - Z r+fai+r>f(x)dx

(ii)f_ f(x dx—fc dz—(fs +ZJ 1[5 )
(iii) anR f(z)dz = 2mi Z Res f(z) (R big, r small)

(iv |f5 z)dz| < max|f( ) -TR o —

(v) ij,, f(z)dz — 7i Res f(2)

Z=aj
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Summary Lecture 26: Real integrals

@ Principal value:

f(x) singular at xp € (a,

b)
:>pr.v./ab F(x)dx := I|m / /X‘:r)f(x)dx

Integral exists = principal value exisits 7 integral exists

Q Type IV:| I = [0 f(x)dx| f rational, order 1 poles ay,...,a, € R

J —00

() 1= Jim (%" Z S R ) F)dx
(i) [T F(x)ax = fe  F(2)dz = ([5,+ 57 fs, ) F(2)dz

R a, R
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Summary Lecture 26: Real integrals

(iii) R big and r small enough
= G, r encircles all poles in upper half plane

= fcr,R f(z)dz Residue thm. o ; Z Res f(z)

poles in upper
half plane

() | J5, F(2)dz| < max|f(2)| - L < max |f(2)] - 7R Must show
|z|=R R—o00
(v) Lemma: [¢ f(z)dz = mi Res f(2) /_\5,»,
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