Summary: Fourier integral and transform

@ Fourier integral of f(x), x € R:

e dw || F(w) = f(x)e™™*dx

le(x) = E/_m(

vl

@ Fourier transform of f(x), x € R:

Flfl(w) = f(w) = %ﬁ/jo f(x)e™ ™ dx

Invers: | F[g](x) = &(x) = \/% /_Oo g(w)e™™ dw

Under certain conditions: f(x) = I¢(x) = F [ F[f]](x)

© Properties:
Flaf (x) + bg(x)](w) = aF[f](w) + bF[f](w)

FIF(w) = (iw)F[f](w) (IFC)] = 0 as |x| = o0)
Flemf(x)](w) = FIf)(w + a)
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Lecture 9: Fourier transform and partial
differential equations

| Kreyszig: Section 11.9, 12.1|

© Fourier transform

@ Convolution

© Introduction to partial differential equations
@ Examples

Homework:
© Read Kreyszig 12.2 yourselves.

© Repeat complex numbers, absolute values, exponentials

© Repeat Solution of ordinary differential equations [Mat 3/Lin. Alg.]
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Lecture 9: Fourier Transform

FIf(w) = F(w) = o= J75 Flx)e
Flaf(x) + bg(x)](w) = aF[f](w) + bF[f](w)
FIf'l(w) = (iw) F[f](w)

]:[e*/axf(x)](W) = F|fl(w + a)

ERJ (NTNU)



Lecture 9: Fourier Transform

(Fxg)(x)= [ f(y)e(x —y)dy

FIf = gl(w) = Var FIf)(w) - Flg](w)
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Lecture 9: PDEs

Example: — = — (or Uy = C Ux)
Order, linear, homogeneous, solution

Linear + homogeneous = Superposition

Uniqueness: Need boundary and initial conditions
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Lecture 9: PDEs

Auy + 2Buy, + Cuy, = F(x,y, u, uy, uy)

Type Condition | Typical example

Hyperbolic | AC -B? < 0 | uy — ty = 0 (wave eqn)
Parabolice | AC-B? =0 | u; — u = 0 (heat egn)
Elliptic AC -B? > 0| Uy + uyy, = 0 (Laplace eqn)
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Summary: Fourier transform and PDEs

@ Fourier transform F[f](w) = \/L?r ffcoo f(X)e—iwde

Fle ™) (w) = =%

FIf « gl(w) = V2 F[fl(w) - Flgl(w) | fxa()= [, f(y)elx— y)dy

@ Partial differential equations (PDEs)
Equations involving partial derivatives of the unknown

Concepts: Order, linear, homogeneous, hyperbolic/parabolic/elliptic

Solution: u solution of PDE in region R if
(i) all derivatives appearing in PDE exist and are continuous in R

(ii) u satisfy the PDE in all points in R
Superposition/Linearity:

uy and uy solve same linear, homogeneous PDE in R; a,b € R

= auy + bus solves same PDE in R

Unique solution:
Need also boundary and initial conditions!
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