Summary Lecture 24: Residue integration

@ Residues: Res f(z) = b; where
z=29
f(Z) :Zan(Z,ZO)”+ by +(L+, 0< |Z*Zo| <R

z—29 z—27g)?

zg order 1 pole:

Res f(z) = lim,—,,(z — 20)f(z)| or |Res pz) _ plzo)

Z=2Zg Z=2Zp q(z)

7o order n pole:

Res f(z) = 1 lim ((Z _ Zo)"f(z))(nil)

z=2Zp (n — 1)' zZ—r2zg

zg isolated essential singularity:
Find b; from the Laurent series!
@ Residue theorem: Assume
(A1) C simple, closed curve oriented counterclockwisely
(A2) f(z) has finite number of singularities z, ..., z, enclosed by C

zZ=2zj

Then ]{ f(z)dz = 2mi Z Res f(z)
c =
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Lecture 25: Residue integration of real integrals

’Kreyszig: Section 16.4‘

© Computing real integrals:
Type I: fOZW F(cosf,sin0) do
Type Il:  [7 F(x)dx
Type lll:  [%_ f(x)e ™= dx

© Examples

Information (check www):
@ving 13, 8/13 gvinger for 3 ta eksamen,

Frist gving 12 og 13:
Denne uka! Onsdag kl 23:59!
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Lecture 25: Type | real integrals

| = 027T F(cos®,sin®) dd, F rational

Substitution:
, — @if
cos@z%(er%), sinf) = L(z — 1)
dz = izdf

Interval [0,27) ~~ circle |z| =1
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Lecture 25: Type Il real integrals

| = ffooo f(x)dx, f rational, no real singularities

(i) 1 = limg_yoo [= F(x) dx A ;
(i) f,RR f(x)dx = j;CR f(z)dz — fSR f(z) dz ’RR :

(iii) R big enough = Cg encircles all poles in upper half plane

$c. f(2)dz = 2ri Z Res f(z)
"
' < L< . =
() | Js, f(2)dz| < max|f(2)] - L < max |f(2)] - 7R
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Lecture 25: Type Ill real integrals

| = ffooo f(x)e "™ dx, f rational, no real sing.

Same proceedure as for Type Il integrals. . .

...and choose Cg to insure w-Imz < 0:

w <0~ dl - w>0- NI
= |f(2)e™™| = [f(z)le™ < |f(2)

Rel = [7_f(x)cos(wx)dx||Im/ = — [ f(x)sin(wx) dx

ERJ (NTNU) TMA4120 Mathematics 4K



Summary Lecture 25: Real integrals

Q Typel:|l = Ozﬂ F(cos,sin0)d6 | F rational
Substitution: z = e, cos = (z+1),..., [0,21) ~ |z| =1
@ Type ll: [/ = [7_f(x)dx|f rational, no real singularities, ...

(i) | = limg_oo [ 75 F(x) dx

Gy /¥

R F(x)dx = fCR f(z)dz — st f(z)dz n
R R

(i) R big enough = Cg encircles all poles in upper half plane

f(z)dz Residue thm. 2mi Resf(z
Cr

i < L < .
() | Js, 7(2) del < max| (=) L < max |f(2)] - =
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Summary Lecture 25: Real integrals

Q Typelll: |/ = ffooo f(x)e~™*dx | f rational, no real singularities, ...

Same proceedure as for Type Il integrals. ..

...and choose Cg to insure :

N -R R
vsoe (s wrom (A
R

R | R

. Zz=x—+i ze(C
— [F(2)e ™7 “TEY |f(2) ey "< |f(2))

Q |Rel = [7_f(x)cos(wx)dx |[Im/ = — [ £(x)sin(wx) dx
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