Fourier series

@ Periodic functions:
p-periodic: f(x) = f(x+p) (=f(x+np), neN), xeR.

2m-periodic: ag + 220:1 (a,, cos nx + b, sin nx)

@ Trigonometric system:
T ={1,cosx,sinx,...,cosnx,sinnx, ...} (27-periodic)

Orthogonality:

(f,g) = /Tr f(x)g(x)dx=0 for f,geT, f+#g.

—T

@ Fourier series for 2m-periodic f(x):
Se(x) =ao+ > oy (a,, cos nx + b, sin nx) where
a = o ["_f(x)dx,
an =2 [T f(x)cosnx dx,
by =2 [T f(x)sinnx dx
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Fourier series

@ Convergence and sum

Assume

(A1) f periodic and piecewise continuous,
(A2) f has both right and left derivatives at x.

Then the Fourier series S converge at x and

5i(x) = (EDLIC),

A i.e. 5¢(x) = f(x)if f is also continuous at x.

Animation by Yuya Suzuki ?

Figure: From Wikipedia
4QOscillations near discontinuities do not die out — Gibb's phenomenon!
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http://www.math.ntnu.no/emner/TMA4120/2021h/public/AnimationFig261_F_series_conv_to_square_wave.mp4

Lecture 5: Fourier Series

’Kreyszig: Section K9 11.4, 11.2, Folland p 38-39

© Complex Fourier series
@ Fourier series with periode 2L
@ Linearity, (term-wise) derivation and integration

Q Examples

Section 11.4 in 9th ed. available on course wiki page (Fremdriftsplan).

Folland is available on Blackboard.

Homework: Read yourselves Kreyszig section 11.3.
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Lecture 5: Fourier Series

of 2m-periodic f(x):

ERJ

Se(x) = ap + Z (a,, cos nx + b, sin nx)

n=1

o0

inx
= E ch€é , Cn

n=—0oo

1 [7 -
- f(x)e "™dx

-7
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Lecture 5: Fourier Analysis

=2L f(x)

S¢(x) = 30+Z ap cos 7% + b, sin 17X) Z cpe''t

n=1 n=—00

where

ap = i f_LL f(x) dx,
a, = %f_LL f(x) cos 7= dx,

bn:%f_LLf( sin 7% dx,

Cr = 5 ffL f(x)e T dx
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Lecture 5: Fourier Analysis

> [ee]
S¢(x) = ap + Z (ancos nx + bysin nx) = Z ¢, ™

n=1 n=—00
Skifirkan(X) = KiSg(x) + KaSp,(x)

oo

Sp(x) = > (inc,) €™

n—=——0o0
o0

= Z ((nby) cos nx — (nay) sin nx)

n=1

ERJ (NTNU)



Summary Lecture 5: Fourier series

@ Complex Fourier series of p = 2w-periodic f(x):

Sf(X) =

n=—0oo

oo
E CnelnX

=ao+ Z:il (3n cos nx + b, sin nx)

27 J—1

= [T f(x)e"™dx

Ctn = %(an + /bn)

@ Fourier series of p = 2L-periodic f(x):

Se(x)=a0+> oy (a,, cos 17X

A+ bysin erX) =

n=—oo

where

ap = if_LL f(x) dx

L
a,,:%L f(x) cos 7= dx,

n:Lf
2Lf
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) sin 27 ””X dx,

nmwx

f(x)e T dx
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Summary Lecture 5: Fourier series
Q Linearity:
Skif+kafe (X) = KiSg(x) + K255 (x)
(Term-wise) derivation: p = 2«
Se(x) = Z (inc,) ™ = Z ((nbp) cos nx — (na,)sin nx)

n=—o00 n=1

(Term-wise) integration: when [* f(x)dx =0 (p = 2m)

Sprra(x) = Co+ Z

n=—0oo

= Ao+ > ooy (— 2 cosnx + 2 sin nx)

where  Co= Ao =5 [" (s f ds)dx
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