Fourier series
@ Fourier series of p = 2w-periodic f(x):

Se(x)=a0+> o, (a,, cos nx + b, sin nx) = Z c,e™

n=—o0

=5 |7 f(x)e"™dx|, |cn=3(an— iby)

@ Fourier series of p = 2L-periodic f(x):

Se(x)=a0+> o, (a,,cos 2X 4 bpsin "“X) Z che' T

n=—oo

where
ag = 2—1L fi‘l_ f(x)dx

a, = %f_L f(x)cos”iLX dx,

,,:Lf x) sin 27 dx,

”_2Lf f(x)e —ITT dx
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Fourier series

Q Linearity:
Skufi+ ke (X) = K155 (x) + K25, (x)

(Term-wise) derivation: p = 27
Se(x) = Y (incy) e™ [Six) = S cre™]
n=—o0 =
f(x)dx =0 (p=2m)

. . . s
(Term-wise) integration: when [

Sprra(x) = Co+ Z ™ where Cy = > " ([ fds)dx

n=—oo
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Lecture 6: Fourier Series

’Kreyszig: Section 11.2, 11.4‘

© 0Odd and even functions

© Fourier sin and cos series

© 0Odd and even periodic extensions

@ Approximation by trigonometric polynomials

@ Examples

Homework: Read yourselves Kreyszig section 11.3.
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Lecture 6: Fourier Analysis

g(—x) = g(x)
L g(x)dx =2 5 g(x)dx
h(—x) = —h(x)

[5 h(x)dx =0

even - even = odd - odd = even; odd - even = odd
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Lecture 6: Fourier Analysis

Cos

f even: S¢(x) =ao + >, apcos X,
ag = %fOL f(x)dx, a,= %fOL f(x) cos = dx
sin
f odd: Se(x) = >".2, bysin X,

b, = %fOL f(x)sin > dx
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Lecture 6: Fourier Analysis

2L f(x),0<x<L
fi(x), x € R: = f on [0, L], even, 2L-periodic
St (x) = cos-series =: Ccos f

2L f(x),0<x<L
H(x), x € R: f,=f on [0, L], odd, 2L-periodic

Sr,(x) = sin-series =: sin f
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f
Pi(x) = Ag + Zﬁzl(/\n cos nx + B, sin nx)

Sea(x) = ap + S2_,(ancos nx + by sin nx),
is the (least error):

I — Sell? < ||f — Pil|? for all Pi(x)

where [|g]|* = [ [g(x)|*dx
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Summary Lecture 6: Fourier series

© Odd and even functions
Even g(—x) = g(x): fng(x)dx = 2f0L g(x)dx
Odd h(—x) = —h(x):  [*, h(x)dx =0
even - even = odd - odd = even: odd - even = odd

nmx
cos 7%,

@ Fourier sin and cos series:
feven: Sp(x)=ao+ Y ooy an
ag = %fOL f(x)dx|, | ap, = %fOL f(x) cos 27X dx

b, = %fol' f(x) sin X dx

f Odd Sf(X) S Z;“;l bn Sin m!

© Even and odd 2L-periodic extensions:
f(x),0<x<L
fi(x), x e R: 1 = f on [0, L], even, 2L-periodic
S, (x) = cos-series =: the Fourier cos series of f

f(x), x € R: f = f on [0, L], odd, 2L-periodic

Sf,(x) = sin-series =: the Fourier sin series of f
September 6, 2024
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Summary Lecture 6: Fourier series

@ Fourier series of 27-periodic f(x):
Se(x) =ao+ Y .oq(ancosnx + by sin nx)
Sru(x)=ao + Zﬁzl(an cos nx + by, sin nx) k-th partial sum

© Approximation of f(x) by trigonometric polynomial
Pi(x) = Ao + Zﬁzl(A,, cos nx + By, sin nx)

Sr.k(x) best mean square (or L?) approximation (least error):

I = Seall? < |If — P2 | for all k-order trig. polyals Px(x),

where g2 := [ |g(x)|dx
Obs: |f — Skl = [ F(x)2dx — 7[223 + Sk (a2 + b2)
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