Fourier series

@ Fourier series of p = 2L-periodic f(x):

Se(x)=a0+> o, (an cos 27X + by sin "’”‘) Z cpel T

n=—oo

ao:iffo, an—Lf f(x)cos % dx, by =...sin...,

TX

cn = 3(an— /b)szf f(x)e T dx

@ Fourier sin and cos series:

f even: S(x) = ag+ Y oo; ancos X, ag =1 (1. a,=2[F. ..

fodd: S¢(x) = 32,2, bysin °7%, b, = %fOL f(x) sin 77X dx

@ Even and odd 2L-periodic extensions of f(x), x € [0, L]:
f(x), x e R: 1 = f on [0, L], even, 2L-periodic
Sf,(x) = the Fourier cos series of f
f(x), x € R: f,=f on [0, L], odd, 2L-periodic
St,(x) = the Fourier sin series of f
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Fourier series

@ Linearity, derivation and integration: (p = 27)
Skafitiafs (X) = KiSg (X) + KaSg(x)

oo

Se(x) =Y (incy) e™ [Six) = S cre™]
n=—oo n=—oo
o0 c .
Sprra(x) =0 Tr: ™, GCo= £ [T (fy fds)dx
f*” x= n=—o00

@ Approximation of f(x) by trigonometric polynomial: (p = 27)
Pr(x) = Ao + Zﬁzl(A,, cos nx + Bpsinnx),  Sr (k—> Sf)
— 00

St.k(x) best mean square (L?) approximation (least error):

[1F = Seal? < IF = PulP] for all Pu(x), gl := 7, lgldx

Obs: ||f — Sf k|

2= [T ()% — 7| 283 + Yk _y (a2 + B2)
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Lecture 7: Fourier Series

’Kreyszig: Section 11.4, Folland: Section 2.3, Convergence proof note

@ Bessel's inequality, Parseval's identity
@ Proof of point-wise convergence
@ Uniform convergence and regularity/decay

@ Examples

The convergence proof note is available on wiki

Copy of Folland is available on Blackboard
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Lecture 7: Fourier Series

IF = Srall = 7 F(x)2x—r 283+ 505 (a2 + 52)]

230+Z(a + b)) =2 Z lc]? < / f(x)?dx

n=—oo

a2 + Z(a + b)) =2 Z cl? = /ﬂ f(x)2dx

n=—0o0
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Lecture 7: Fourier Series

00 N
i def ) ;
Sr(x) = E c,e™ = lim E c,e’™
N—oo N
n—=——oo n=—
———
Sr.n(x)

f(x) is 2m-periodic, piecewise continuous, f'(a) exists

—>  5¢(a) converges and S¢(a) = f(a).

ERJ (NTNU) TMA4120 Mathematics 4K September 11, 2024 5 /11



Pointwise convergence of Fourier series

Assume: f(x) is a real piecewise continuous 27-periodic function

(f piecewise continuous = [ |F(x)]Pdx < 27 r['nax ]\f(x)\z < o0)
xel—m,m

Fourier series of f: Si(x) = Z cne™, ¢, = 1 f( Yo~ ™ dx

= 2
Partial sums: St ZN cne™, Si(x) = Nleoo Seon(x)
. . - 1 ["
Bessel’s inequality: 2 lea|® < 2] |F(x)[2dx

Riemann-Lebesgue’s lemma: lim, ,+.,¢c, =0

Theorem (Convergence and sum)

If f is piecewise continuous and f'(a) exists, then S¢(a) = f(a).
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

1. Let F(x) = % x#0;  F(0)=1F(0):
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

()

1. Let f(x) = 1

x#0; f(0) = 1f'(0):

=5 [T f(x)e ™dx =L [T (e¥ —1)f(x)e ™ dx = &1 — &
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

1. Let f(x) = (X) o x#0 F(0)=1F(0):

=5 [T f(x)e ™dx =L [T (e¥ —1)f(x)e ™ dx = &1 — &
N N

= Sea( Z che " = Z Ch = Z (-1 — &) =& n—1— En

n=—N n=—N n=—N
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

1. Let f(x) = (X) o x#0 F(0)=1F(0):

=5 [T f(x)e ™dx = 3 [T (e — 1)f(x)e ™ dx =& 1— &

27
N N
= Sea( Z che’ = Z Ch = Z (-1 — &) =& n—1— En
n=—N n=—N n=—N
2. f(x) is piecewise continuous () =~ 9, ap (0) = 7(0), x # 0 ok)

~ : i
Ix|<1 Ix x—0
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

1. Let f(x) = (X) o x#0 F(0)=1F(0):

=5 [T f(x)e ™dx = 3 [T (e — 1)f(x)e ™ dx =& 1— &

27
N N
= Sea( Z che’ = Z Ch = Z (-1 — &) =& n—1— En
n=—N n=—N n=—N
2. f(x) is piecewise continuous (7 9, ap (0) = 7(0), x # 0 ok)

~ : i
Ix|<1 Ix x—0

= lim &v =0 by Riemann-Lebesgue = lim S n(0) =0 = £(0)
N—+ N— oo

— oo
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

1. Let f(x) = (X) o x#0 F(0)=1F(0):

=5 [T f(x)e ™dx =L [T (e¥ —1)f(x)e ™ dx = &1 — &

N N
= Sea( E cne g Ch = E (-1 — &) =& n—1— En
n=—N n=—N n=—N

9, 1p0) = Fl0), x #00k)

2. f(x) is piecewise continuous f ~
( ) P ( ) |x|<1 ix x—0 !

= lim &v =0 by Riemann-Lebesgue = lim S n(0) =0 = £(0)
N—+ N— oo

— oo

For general a,f(a): Let g(x) = f(x+ a) — f(a).

Then g(0) =0, g'(0) = f'(a), and Sz .n(x) = S n(x + a) — f(a). Hence

2. = |Swn(a)—f(a)] =|Sn(0)] =0 as N — oo.
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Lecture 7: Fourier Series

Se(x) & lim Sgp(x) = lim D cre™

f(x) is 2m-periodic, continuous, f’ piecewise cont.

—> S¢(x) = f(x) converges absolutely and uniformly
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Lecture 7: Fourier Series

S¢(x) = EOO: c, ™

n=—oo

(0. 9]

Se(x) = Z (in)c, e™

n=—oo

(a) £ piecewise cont. == n*a,, n“b,, n*c, — 0,
(b) leal < Cln|7** a>1 (<= |an| +|ba| < C|n|7**)

— () = S, exists and is continuous

ERJ (NTNU) TMA4120 Mathematics 4K September 11, 2024 9 /11



Summary Lecture 7: Fourier series

@ Fourier series of 27-periodic f(x):

Se(x) =ao+ Yoo (ancosnx + bysinnx) = > 72 c,e™

© Parseval's identity  (f p.w. cont.)

230*2 a2+ bp)=2 Z lcal® = / f(x)?dx

n=—0o0

Bessel's inquality: .- < ...

© Pointwise convergence:
(a) (Today, with proof) S¢(a) converges and = f(a),
if f 2m-periodic, p.w. continuous, and f’(a) exists.

(b) (Previously, no proof) S¢(a) converges, = 1(f(a~) + f(a")),
< (

L

if f 2m-periodic, p.w. continuous, and a) exists.

@ Uniform convergence: S¢ converges uniformly and absolutely to f,

if f 2m-periodic, continuous, and f’ p.w. continuous.
ERJ (NTNU) TMA4120 Mathematics 4K September 11, 2024

10 / 11



Summary: Fourier series

@ Decay and differentialbility: f 27-periodic.

(k—1)

(a) ¥ p.w. continuous, f continuous

= nXa,, n*b,, n*c, — 0

(b) |ca| < Cln|7F=, a>1
(<= lan| +|bn| < Cln[~*%, a > 1)

— (K = S, exists and is continuous
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