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Problem 1 (i) Find the solution y(t) of the Volterra integral equation

y(t)− 2
∫ t

0
e−2τy(t− τ) dτ = e−t, t ≥ 0.

(ii) Find the inverse Laplace-transform of the function

F (s) = 3s+ 3
s2 + 2s+ 2 .

Problem 2 Let f(x) = π
2 sin x be defined for x ∈ [0, π]. The Fourier cosine

series of f(x) is given by

S(x) = 1− 2
∞∑
n=1

1
4n2 − 1 cos(2nx).

(i) Sketch S(x) on the interval [−2π, 2π], (ii) determine the sum S0 of the series

S0 = −
∞∑
n=1

(−1)n
4n2 − 1 , and

(iii) show that S(x) is uniformly and absolutely convergent for x ∈ [−π, π].

Hint: Weierstrass M-test. You can assume that ∑∞n=1
1
nk

converges when k > 1.

Problem 3 The temperature in a rod with increasing heat conductivity over
time is modeled by the partial differential equation and boundary conditions( 1

1 + 2t

)
∂u

∂t
− ∂2u

∂x2 = 0, 0 < x < π, t > 0,(1)

∂u

∂x
(0, t) = ∂u

∂x
(π, t) = 0, t ≥ 0.(2)

a) Find all solutions on the form u(x, t) = F (x)G(t) of (1) and (2).

b) We also have a condition at t = 1,

u(x, 1) = 10 cosx+
∞∑
n=2

cos(nx)
n2 , 0 ≤ x ≤ π.(3)

Find a solution u(x, t) of the problem (1), (2) and (3) for t > 0.
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Problem 4 Let

f(z) = iz − 1
z

and g(z) = e−|z|
2
.

Show that f(z) is analytic for z 6= 0, but that g(z) is not analytic in any point.

Problem 5 The Laurent series

e
1
z

(z2 + 4)(z − 1) =
∞∑
n=0

an(z − 1)n +
∞∑
n=1

bn
(z − 1)n

converges at the point z = 3. At which of the points

z1 = −2, z2 = 1 + 2i and z3 = 1
2 −

1
2i,

does it also converge? Justify your answer.

Problem 6

a) Let SR be the semicircle z = Reiθ for θ ∈ [0, π]. Show that
∫
SR

eiz

(z2 + 4)2 dz → 0 as R→∞.

b) Use the result from a) and the Residue theorem to determine the value of
the integral

I =
∫ ∞
−∞

eix

(x2 + 4)2 dx.
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Miscellaneous

• Heaviside function u(t) =
1, t ≥ 0

0, t < 0
, u(t− a) =

1, t ≥ a

0, t < a

• Dirac Delta function δ(t− a) is zero except at t = a,
∫∞
−∞ δ(t− a)dt = 1,

and
∫∞
−∞ g(t)δ(t− a)dt = g(a) for any continuous function g.

• Convolution
For functions defined on the real line:

f ∗ g (x) =
∫ ∞
−∞

f(y)g(x− y)dy =
∫ ∞
−∞

f(x− y)g(y)dy, x ∈ R.

For functions defined only on the positive half-axis:

f ∗ g (x) =
∫ x

0
f(y)g(x− y)dy, x > 0.

Laplace transform
• Definition: L[f ](s) = F (s) =

∫∞
0 f(t)e−stdt

General formulas f(t) F (s)
1 1

s

L[eatf(t)](s) = F (s− a) tn, n = 1, 2, ... n!
sn+1

L[f ′](s) = sL[f ]− f(0) eat 1
s−a

L[f ′′](s) = s2L[f ]− sf(0)− f ′(0) tneat, n = 1, 2, ... n!
(s−a)n+1

L
[∫ t

0 f(τ)dτ)
]
(s) = 1

s
L[f ] cos bt s

s2+b2

L[f ∗ g](s) = L[f ](s)L[g](s) sin bt b
s2+b2

L[f(t− c)u(t− c)](s) = e−csF (s), c > 0 eat cos bt s−a
(s−a)2+b2

L[tf(t)](s) = −F ′(s) eat sin bt b
(s−a)2+b2

L
[
f(t)
t

]
(s) =

∫∞
s F (σ)dσ u(t− c), c > 0 e−cs

s

δ(t− c), c > 0 e−cs
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Fourier series and Fourier transform

• 2L-periodic functions, real and complex form

f(x) ∼ a0 +
∞∑
n=1

(an cos nπx
L

+ bn sin nπx
L

) ∼
∞∑

n=−∞
cne

inπx
L ,

where

a0 = 1
2L

∫ L

−L
f(x)dx, an = 1

L

∫ L

−L
f(x) cos nπx

L
dx, bn = 1

L

∫ L

−L
f(x) sin nπx

L
dx,

c0 = a0, cn = 1
2L

∫ L

−L
f(x)e− inπxL dx, cn = 1

2(an − ibn), c−n = c̄n.

• Functions defined on the whole real line (need not be periodic)

f̂(w) = F [f ](w) = 1√
2π

∫ ∞
−∞

f(x)e−iwxdx,

f(x) = F−1[f̂ ](x) = 1√
2π

∫ ∞
−∞

f̂(w)eiwxdw.

• Parseval’s identities
1

2L

∫ L

−L
|f(x)|2dx =

∞∑
n=−∞

|cn|2,
∫ ∞
−∞
|f(x)|2dx =

∫ ∞
−∞
|f̂(w)|2dw

General formulas f(x) f̂(w)

f̂ ′(x) = iwf̂(w) δ(x− a) 1√
2π
e−iaw

f̂ ′′(x) = −w2f̂(w)
1, −b ≤ x ≤ b

0, |x| > b

√
2
π

sin bw
w

̂f(x− a) = e−iawf̂(w) e−axu(x) 1√
2π(a+ iw)

f̂(w − b) = ̂eibxf(x) 1
x2 + a2

√
π

2
e−a|w|

a

f̂ ∗ g =
√

2πf̂ ĝ e−ax
2 1√

2a
e−w

2/(4a)
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Complex numbers and analytic functions

• ex+iy = ex(cos y + i sin y)

• cos z = eiz+e−iz

2 , sin z = eiz−e−iz

2i , cosh z = ez+e−z

2 , sinh z = ez−e−z

2

• Taylor and Laurent series of an analytic function

f(z) =
∞∑
n=0

an(z − z0)n, an = f (n)(z0)
n! = 1

2πi

∮
C

f(z)
(z − z0)n+1dz,

f(z) =
∞∑
n=0

an(z − z0)n +
∞∑
n=1

bn
(z − z0)n , bn = 1

2πi

∮
C
f(z)(z − z0)n−1dz

Some useful integrals∫
x sin ax dx = 1

a2 sin ax− x
a

cos ax+ C∫
x cos ax dx = 1

a2 cos ax+ x
a

sin ax+ C∫
x2 sin ax dx = 2

a2x sin ax+ 2−a2x2

a3 cos ax+ C∫
x2 cos ax dx = 2

a2x cos ax− 2−a2x2

a3 sin ax+ C∫
eax sin bx dx = eax

a2+b2 (a sin bx− b cos bx) + C∫
eax cos bx dx = eax

a2+b2 (a cos bx+ b sin bx) + C∫∞
−∞ e

−ax2
dx =

√
π
a
, a > 0

Some trigonometric identities
cos(a± b) = cos a cos b∓ sin a sin b

sin(a± b) = sin a cos b± cos a sin b

Some important series

•
∞∑
n=0

xn = 1
1− x for |x| < 1,

∞∑
n=0

xn diverges for |x| ≥ 1.

•
∞∑
n=0

xn

n! = ex for x ∈ R.
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Linear second order differential equations

Let r1 and r2 solve r2 + ar + b = 0. Then

y′′(x) + ay′(x) + by = 0

has general solution given by:

y(x) = C1e
r1x + C2e

r2x if r1 6= r2, r1, r2 ∈ R,

y(x) = C1e
r1x + C2xe

r1x if r1 = r2, r1, r2 ∈ R,

y(x) = eαx(C1 cos βx+ C2 sin βx) if r1 = α + iβ, r2 = α− iβ, α, β ∈ R.


