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(Young, Problem 4.1) Find a vector in C3 orthogonal to (1,1,1) and (1,w, w?), where

w = €2™/3_ (The inner product in C3 is (z,w) = 32°

j=1 2jW;.)

(Problem 8, 2005) Let E = C(]0,1],C) be the linear space of complex-valued con-
tinuous functions on [0, 1]. Define

1
ol = o] and(e.5) = [ (0O
where z,y € E.

a) Show that || - ||e is a norm on E, and that (-,-) is an inner product on E.

b) Show that M := {x € E: x(0) = 0} is a closed linear subspace of E with respect

to the metric d induced by | - [[oo, but that M is not closed with respect to the
metric d induced by (-, ).

c) Show that the linear functional ¢: E — C, defined by ¢(z) = x(0), z € E, is
continuous with respect to the metric d, but discontinuous with respect to the

metric d on E.
d) Find a,b € C such that
1
/ t* —a — bt|* dt
0

is minimal.

(Problem 4, 2005) The set C([—3%,1],R) of real-valued continuous functions on
L 1] with the metric

[_§> 2

da,7) = s, [2(t) = 2(0)

is a complete metric space.! The function f(t,u) = u® — 2t? satisfies the Lipschitz
condition

Show that 7" maps X into X.

Tt coincides with BC([—%, %],R)-
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Exercise set 12

b) Show that T: X — X is a contraction with contraction constant A = %.

c) Let 29 =0, 21 = Txg, and 41 = Tx, for all n € N. Explain why the sequence
{2}, converges (with respect to the metric d) to a function & € C([0, 1], R),
and give an argument for why & = Z(t) satisfies the differential equation

:L":a:3—2t2, t e (—%,%)

with the initial condition z(0) = 0.

(Young, Problem 4.6: The Gram—Schmidt process) Let x1,x2,... be a sequence of
linearly independent vectors in an inner-product space. Define vectors ej,eo,...
inductively as follows:

e1 = x1/[|a1 ],
n—I1

fnzwn_z<xmej>eja en:fn/an”v n>2.

Jj=1

Show that {e,}nen is an orthonormal sequence having the same closed linear span

as {xn }n€N~

(Problem 5, 2008) Let C([0,1],C) denote the space of complex-valued continuous
functions on [0, 1], and let

1
(f.9) = / F(H)g(E) dt

be the standard inner product on C([0, 1], C).

a) Let T: C([0,1],C) — C(]0,1],C) be the linear transformation which sends f €
C(]0,1],C) to the function T'f given by (T'f)(t) = tf(t). Show that T is self-
adjoint, i.e., that

(Tf.9)=(f.Tg)
for all f,g € C([0,1],C).

b) For f,g € C([0,1],C) define (f,g)r by

(f,9)r =(Tf,9).
Prove that (-, )7 is an inner product on C(]0, 1],C).
c) Let V C C(]0,1],C) be the subspace {a + bt + ce': a,b,c € C}. Find a and b

such that .
/ tle! —a — bt|* dt
0

is minimal.
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