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CONVERGENCE TESTS

Generatating the A matrix

% Define matrix

ndim = 100;

R = randn(ndim); % Random matrix

npot = .5 % Steers the eigenvalue
A = (R"*R)™npot; % A matrix, >0.

lamb = eig(A); % Engenvalues

kappa= max(lamb)/min(lamb) % The condition number
xsol = rand(ndim,1); %The solution
b = A*xsol; % The b-vector

Normz2
NormA

sqgrt(xsol"*xsol);
sgrt(xsol "*A*xsol);



The C-G algorithm

X = zeros(size(b));
g =-b; p=-0;
%

for _loop = l1:ndim
(3p) = A*p:

affa = -(p"™9g)- /(p

X = X + alfa*o

g = I Q % = A*X-b;

beta =

p = oeta*

err2(loop) = sqrt((x xsol)'*(x—xsol))/NormZ;

errA(loop) = sgrt((x-xsol) "*A*(x-xsol))/NormA;
end;

Note: Every iteration requires only one matrix/vector operation!



Well-conditioned matrix

Eigenvalues, ndim=100 npot= 0.1 x=3.6247
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lll-conditioned Matrix

Eigenvalues, ndim=100 , Nhpot= 1.3 Kk=1.86x107
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ERROR ANALYSIS
Krylov sequence

X, — X, e span{g,, Ag,, A’g,,---,A"g,}

= | |
K1 Matrix polynomial

X =X =Y 7 AIg, = Pk(A)‘gO:/Pk(A)(AxO ~b)

]=0

&

X — X* = (X — X )+ (X — X*)

—

X —Xx*=| B (A)A+1](% —x*)=Q, (A)(X, —x*)

= {4,,--- A, } elgenvalues

[ = x4, —ZQk R)AEL e —xH, —Zﬂ«i



THE EXACT ERROR BOUND

2 O A2 2

A :Z;Q (ﬂ’i)éi’
J:

n
X=X =2 &,
=1

where, because we know that this A-norm
IS as small as possible:

Q=argmin [E_n Q*(4, )if,j
Q k-th order, J=1
Q(0)=1




A more convenient form:

RVE
”Xk X*”A < maXi ‘Qk (ﬂi )‘
.

%5 -
Q, of order k
Q: (O) =1

Qy

A

® n eigenvalues (some may be equal)




For the best universal bound on the convergence
of the CG-method (if we only know the extreme
eigenvalues), we need to solve

Q(4)=arg min(max\Q(i)\j

Q k-th order, A <AL,
Q(0)=1

Solution:

T (2/1—11—/@,)
Q(ﬂ)Z ﬂ'n_ﬂ'l

n[&+%j
ﬂl_ﬂ“n




The Chebyshev Polynomials —
the flattest polynomials in the universe!

T, (x) =cos(karccosx)

To(x)=1

T (X)=x
T,(X)==X+X°
T,(X)=-3x+4x’

T,(x)=1-8x" +8x"

(interval [-1,1])



The first 20 Chebyshev polynomials
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The optimal Ch. polynomials on the interval [0.3, 2.0]

Interval
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(more info in the note on the web)



