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THE CORRESPONDENCE

Variational functional F(u)= J'D f (x,u,ux,uy,---)d”x, xeR"

i

Euler equation

Partial differential P(x TRINRT -.-):O
equation Y

Many equations in physics are Euler equations
of some variational functional



THE MINIMAL AREA (SOAP-FILM) EQUATION
(Troutman, p. 74 —76)

Wireframe:

Z1 d z=y(xY),(x,y)edD
S ——Soap-film:
Z=U(X,Y)
y:
.
W Projection
oD
dA = :\/1+ux2 +u,’dxdy, u, :a—u,uy _a
nek OX oy

@z{u eC'(D);u(x,y)=r(xy), (X, y)eaD}



min - S(u)
S(u):j_[dA:H\/lJruX2 +u,” dxdy

@z{u eC'(D);u(x,y)=r(xy),(x y)eaD}

The Gateaux derivative:

5S(u;v):d8(u+gv) :I UV, +U,V,

dxdy
de |, 3 \/1+uX2+uy2




Problem 1: Prove that S is strictly convex:

S(u+Vv)—S(u)=5S(u;v)
"="onlywhenv=0

Hint: The function
f (y,z):\/1+ v +2°

IS strictly convex.




Derivation of the Euler Equatlon
(simplified derivation when |u,|, ‘<< 1):

u)= _U\/1+ u,” +u,”dxdy
D
X J!(H%(uf +uy2)) dxdy = |D|+%ij(UX2 +Uy2)dXdy

The Dirichlet Functional:

P Hu +U, )dxdy

uv Huv +U,V, dxdy



Let U=(U,W)=Vu=(u,u,):
SP(u;v) :1” (Uv, +Wv, ) dxdy
*)1”[ UV), +(Wv), ~U,v~W,v | dxdy

z_ﬂv. (Uv) dxdy——jj (V+U)vdxdy

zlj (V) s——ﬂ (VU )vadxdy
oD
_ _%g Uy +U,, )vdxdy

v(x,y)=0for(x,y)edD!

IV+(Uv)

(VeU)v+UeVv



Conclusion: SP(u;v)=0 fif

Uy, +U,, =V°u=0,
u(x,y)=r(xy) (xy)eaD.

The Dirichlet problem for the Laplace equation

Problem 2: Show that the Euler equation for the
complete area functional S is:

(1+u ) —2uU.uU. U +(1+u ) yy:O

XYy Xy

(Called the Plateau Equation)



THE FINITE ELEMENT METHOD — AN EXAMPLE

Dirichlet problem for the Laplace equation
(stationary diffusion, temperature distributions, etc.):

I vZ I
u, +u, =Vu=0,

u(x,y)=r(xy) (xy)eaD.

We use the expression for the derivative of the
Dirichlet functional:

SP(u;v) = %H(UXVX + uyvy)dxdy :%”Vu-Vv dxdy =0
D D



Basic idea:

1. Expand uin a set of basis functions {(”i}:il:

N
U=u,+ Zai .,
i=1 Some function

U, (X, y) = 7()(, y), (X, y) c oD < satisfying the

boundary cond.

2. Require that
6P (u;v)=0 vVe{goi}iN:l

3. Insert and solve for o = {a.}_



26P (u, ;)

:H(uxgojx +uy(pjy)dxdy
D
_ \ \
N .” (UOX +Zai¢ix]¢jx +(on + Zaigpingpjy}d)(dy
D | =1 =1

= j :u0x§0jx + u0y¢jy:|dXdy + ZN:{H((DJ-X%X + ¢jy¢iy ) dXdy}Ofi
-1 "D

D

N
- bj T Z 4
i—1

=(b-A0z)j =0



Triangularization: Nodes

Element

Ug(X,Y)

) (x )_ 1at the center node
‘ PiV%Y) =10 at the outer boundaries
H((ﬂjx(ﬁix T QP ) dxdy = 0 only for neighboring nodes!

D



We need to solve the linear system

Ao =Db
b, = _”[UOX%X T Uy @, } dxdy
D

d; = ”[@x(ﬁjx T ¢iy¢jy]dXdy
D
* The A-matrix is positive definite and sparse

 Such a solution is called a weak solution of the differential
equation

(We are able to use "tent-functions” for ¢, and then u,, and
u,, do not exist).



MODELLING OF HEAT IN A DISK-BRAKE
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Multiphysics in MATLAB’
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