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Variational functional

Partial differential
equation
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THE CORRESPONDENCE

Many equations in physics are Euler equations
of some variational functional



THE MINIMAL AREA (SOAP-FILM) EQUATION
(Troutman, p.  74 – 76)
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Projection
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The Gâteaux derivative:
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Problem 1: Prove that S is strictly convex:

Hint: The function

is strictly convex.
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Derivation of the Euler Equation
(simplified derivation when ):, 1x yu u <<
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The Dirichlet Functional:
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Conclusion:                          if( ); 0P u vδ =
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The Dirichlet problem for the Laplace equation

Problem 2: Show that the Euler equation for the
complete area functional S is:
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(Called the Plateau Equation)



THE FINITE ELEMENT METHOD – AN EXAMPLE

Dirichlet problem for the Laplace equation
(stationary diffusion, temperature distributions, etc.): 

We use the expression for the derivative of the
Dirichlet functional: 
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Basic idea:

1. Expand u in a set of basis functions : 

2. Require that

3. Insert and solve for                  
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Triangularization:

( )
1 at the center node

,
0 at the outer boundariesj x yϕ
⎧

= ⎨
⎩

ϕj(x,y)
u0(x,y)

( ) 0jx i x j y i y
D

dxdyϕ ϕ ϕ ϕ+ ≠∫∫ only for neighboring nodes! 

Nodes
Element



We  need to solve the linear system
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Aα = b

• The A-matrix is positive definite and sparse

• Such a solution is called a weak solution of the differential 
equation 

(We are able to use ”tent-functions” for ϕ, and then uxx and 
uyy do not exist).



28271 nodes
137399 elements

MODELLING OF HEAT IN A DISK-BRAKE




