TMA 4180 Optimeringsteori
Exam May 15, 2004
Solution with additional comments

The problems are included only for easing the reading!

Problem 1
Consider the unconstrained minimization problem
min ,m) = min 5 — 20 — A€ + 26n + €2 + 221 . 1
:E:(E,??)ER2 f (5 ?7) fU:(E,n)ER2 { 77 g 577 5 77 } ( )

(a) Compute the gradient and the Hessian of f in an arbitrary point, and show that x* =
(3, —1)" is the unique global minimum.

(b) Start at xo = (0,0)" and verify that one iteration with the Steepest Descent method
brings you to x; = (1,1/2)".

(¢) Explain the Conjugate Gradient (CG) method applied to the quadratic model problem
1
Q(z) = §:U’A:U — b, (2)

and show that if we start the CG method in xy = 0 with dy = —VQ (0) = b as the first basis
vector, then x1 s identical to the first iteration with the Steepest Descent method starting
from 0.

(d) Starting from xy in (b), state (without any computations) the result of the next iteration
with the CG method applied to the problem in (1) , and verify that the corresponding search
directions for the two CG iterations are (conjugate) orthogonal with respect to the Hessian

of f.
Solution:

(a) The gradient and the Hessian are given by
Vi(€n) = (—4+2n+26 -2+ 20+ 4n),

-5 1] ®)

and we note that V2f 1is positive definite everywhere. The function f is hence strictly
convex for all x € R2 By putting (3, 1) into the expression for Vf, we see that
Vf(3,—1) =0, and since f is strictly convex, this will be a unique global minimum.

Some manipulations actually show that

f<a,n>—f<o,o>+w<o,o>(§)+%<m)(§ Z)(f})

_5+(—4,—2)(g)+(€,n)<} ;)(g) (4)
Seamen(11)(632)



b) The gradient at (0,0)" is (—4,—2), and z; follows simply by finding the minimum of
f (z) along the ray
z(a) = (0,0 +a(4,2) =a(4,2), a>0.

We thus compute

a (5-2(2a) — 4 (4a) + 2 (2a) (4a) + (4a)® + 2 (2a)?) = 80a — 20 = 0,

do
xlz(l). (5)

It is equally simple to compute V f along the ray and find o from the requirement that

that is, a = }L, and

N =

Vf(a(4,2)-(4,2) =0. (6)

(¢) The main idea behind the CG method for the N dimensional model problem is to find
an expansion of the solution x* of the form

¥ = and,, (7)

where {dn}ggol is an A-orthogonal basis, that is
d,Ad,, =0 (8)

for m # n. By utilizing that Az* = b, it is not even necessary to know z* in order to
determine {a, }:
dp, x* d Ax* db
a, = < T >A _n z — n ) (9)
(dn,dy),  dAd,  d,Ad,

The basis vectors {d, } are found iteratively and are all of the form

dp = —VQ (z,) + Buad,
(a somewhat surprising fact!).
Given dy = b, «g is determined by

dyAx* Wb
Qp = = .
diAdy b Ab

(10)

For the SD method, we determine how far we have to go along the b direction by the
equation

VQ (agh) - b= (A (agh) —b)'b =0, (11)

which leads to the same answer for «y.



(d) Since the problem in (??) is 2-dimensional, the CG method will converge in at most 2
iterations, and if x; is the first iteration, the next will actually bring us to the solution,

3:2—(_31>. (12)

It remains to be proved that d; o< z; and dy o x9 — x1 are A-orthgonal:
2 2 3—-1
TiA(ry —x) o (2 1 ( )( ):0. (13)
1 ( ) 2 4 -1 - %
Problem 2:

(a) State the Karush-Kuhn-Tucker Theorem for a local minimum x* of a function f (x) sub-
ject to sets of equality, {c; (x) =0, i € £}, and inequality, {c; (x) >0, i € T}, constraints.

In the rest of this problem we consider an inequality constrained optimization problem

min f (), (14)
Q={z; ¢ () >0, i€}, (15)

where the objective function f(x) and —c; (z) are convex functions for all i € T.
(b) Prove that ) is a conver set.
(c) Assume that z* is a KKT-point, that is,

VL (z*,\*) =0,
Xoc(r*)=0,i€T (16)
xreQ, N\ >0,

where L (x,\) = f(x) = > ,c7 Nici (x) -
Prove that x* is a global minimum for the problem defined in Eqns. (14) and (15).
(d) Consider

f(zy) =2+ 2y,

c (z,y,2) =y >0,

e (z,y, )—2—(ﬂv—2)2—y220, (17)
cs(,y,2) =1 —a —y* > 0.

and explain why this is a problem of the form above. Make a sketch and guess a solution.
Then show that (c) is fulfilled for the point you have found.

Solution:

(a) The Karush-Kuhn-Tucker Theorem (KKT Theorem) in our formulation considers the
following problem:

min f (x),

¢ (x)=0,1i€€, (18)
ci(x)>0,iel.



Active constraints (A) in a point x are all equality constraints and the subset among the
inequality constraints where ¢; (z) = 0. The Linear Independence Constraint Qualification
(LICQ) holds at z if {V¢; ()}, 4 are linearly independent.

The KKT Theorem: Assume that x* is a local minimum for 18 and that the LICQ holds
i x*. Then there is a vector of Lagrange multipliers, \*, such that

= Z AV (%),

1€ETUE
(i) Af-ci(z*)=0,i€EUT,
(17) Af>0forieT.

(b) We first recall that for all convez functions, ¢; (x), the sets

Q) = {26, (2) < c } (20)

are convex. The intersection of convex sets is convex, and hence for a collection of convex
functions, the set

{z;¢;(x) <c,i=1,---,n} (21)

will be convex. Now,

Q={z;¢;(x) >0,i €I} ={r;—c; () <0,ie€Tl}, (22)
which is then convex.
(c) Since A* > 0, the Lagrange function

L(z,\) = Z Neei (x

)+ A (—ai () (23)

€A

will be convex in z (NB! Af = 0 for all7 ¢ A). But z* will then, since VL (z*, A\*) = 0, be an
unconstrained global minimum for £ (x, \*). Thus, we have for all x € Q, since Aj¢; () >0
for all 1,

&h
| V
kﬁ

Z e (x

ieA
(z, A7)
> L (z*,\%) (24)

= f@%) =Y Nei(@)

€A

Il
[

since ¢; (z*) = 0 for all 7 € A.

(d) First of all, f and ¢; are linear and hence convex regardless of signs. Moreover, both
—c9 and —c3 have positive definite Hessians.



v

Figure 1: Constraints and the feasible domain for the problem in 2 (d).

The domain in the x — y-plane and Vf is sketched in Fig. 1. From the gradient of f it
is obvious that the solution is z* = (0,0)". All constraints are fulfilled, c;and ¢, are active,
and

Ve (0,0) = j,
Vs (0,0) = 4i, (25)
Thus,
V(0,0) =i+ 2 :ivcz (0,0) + 2Ve, (0,0) | (26)
and
)\*:(134)>0. (27)
Problem 3:

(a) Ezxplain what is meant by the standard form of a Linear Programming (LP) problem.
Transform the following problem to the standard form.:

max {2x9 + 1},
Z1,T2

Ty <4+ 29, (28)
T > 1 —4uy,

(b) Determine the minimum value of the objective function in the following problem:
min {7%1 + 21‘2 + 3I3 + T4+ 2[L’5} s

Sr1+4xs + 3x3+ 2204 + 75 = 1, (30)



Hint: The dual problem of

min 'z,
Axr =0,
x>0, (31)
18
max b'\,
A
AN <ec. (32)

Apply the KKT-equations for the dual problem.

Solution:

(a) The standard form is as follows:
min 'z
Ax =b,
x> 0.

Usually, it is also added that A should have full row rank.

In our problem, there is no bound on 1, so we write 1 = y1 —y2 , 1,32 > 0, and introduce
two additional slack variables s; and s, in order to convert the inequalities to equalities:

min {—2zy — y1 + y2},

Y1,Y2,T2
Y1 — Y2 + 51 =4+ 19, (33)
To=383+1—4(y1 — y2).

This can be written as
min (=2, —1,1) - (@2, ?Jl,yz)l (34)

S1+t YL — Yo — T2 =4,
So — 4y1 +4y2 — X9 = —1, (35)

S1, 52, Y1, Y2, T2 2 07

from which b and A follows at once.

(b) In the present case,

d=(7,2,3,1,2), (36)
and
A=1[54321],
b= (1)



The dual problem becomes
mfmx/\ 1= mfmx)\,
SA LT,
4N < 2,
3N <3, (37)
20\ <1,
A< 2,

which clearly has the solution \* = 1/2. By the Duality Theorem, we then also know the
optimal value of the objective function,

min 'z = max A\ = 1/2. (38)
In order to find the z-es, we let x be the Lagrange multipliers for the dual problem so that
LN x)=(=b)' =2 (c— AN

(NB! Remember to turn max b\ to min (—b)’ A before stating the KKT equations!). The
KKT equations are then

VAL (N, z) = —b+ Ax =0,
zi(c—AN),=0,i=1,2,---,n, (39)
xz > 0.

Of course, the KKT-equations are the same for the dual and the primal problems, but the
above equations are in a form that can be used right away.

We know that A* = 1/2, so that

751
2—4-3 0

c— AN = 3—3-% =] 2 [>0 (40)
)
2-1-3 2

Since z; (¢ — A’X), = 0, the only components of x that are non-zero are x, and x4, and the
KKT equations for the convex problem (cf. Problem 2!) above are satisfied for

1 = T3 = Ty =0
4%2 +2!E4 =1 , Lo, T4 > 0. (41)

All these solutions are thus global minima with min ¢’z = 1/2 (which is easily verified!).
Problem 4

(a) Define what is meant by a conver and a strictly convex functional J (y) defined for
all y-s in a convexr domain D of functions, and show that all functions yo € D such that
0J (yo;v) = 0 are global minima.



Many control problems lead to the minimization of a functional of the form
g 2 2
1) = [ w®+ i@ d ye o (12)
0

(b) Show that J is strictly convex.

(c) Let
D={yeC"0,T] ; y(0)=1, y(T) is free}. (43)
Solve the optimization problem
min J (y) (44)
when
T
G = [ utyd=o ()
0
(d) Consider the functional
T 2
o) = ([ vwa) yeco (1)
0

Show that the functional is convex, but not strictly convez.
(e) Solve the problem

min {.J (y) + pH (y)} 1> 0,
D={yeC"0,T] ; y(0)=1, y(T) is free} (47)

What happen to the solutions when p — oo?

Hint: Use partial integration to get rid of v' in 6.J (y;v), and recall the equation in (c).
Solution:

(a) The functional J is convex if
J(y+v)=J(y) =] (y;v) (48)

forall y , y+v € D. It is strictly convex if the inequality is sharp for all v # 0.
If 0.J (yo;v) =0,

J(y)—J () =J (Wo+y—1)—J (%) = 0J (yo;¥ — o) = 0. (49)

Hence, J (y) > J (yo) for all y € D, and vy, is a global minimum.

(b) This follows immediately since the integrand is strongly convex. It can also be seen
directly if we use that

57 (y:v) = 2 /O lyo + ] dt, (50)



J<y+v)—J<y>:/0 [y +0)2 + (5 + )2 — o — 7] dt

T
=0J (y;v) —I—/ [0 + 07] dt.
0

The last integral is strictly positive for all non-zero functions v € C* [0, T7.

(c) We introduce a Lagrange multiplier A and consider the extended functional
T T
LN = [ @@ den [y
0 0
T
- / (y (02 + 3 (1) + My (1)) dt.
0

The Euler equation becomes
d (0f af d ..
— = )-—=—=—Q2y)—A\—2y=0
dx <8y> dy d:v( 2 y="5
or

y—y=

)

A
2

with the general solution

A
y(t) = Acosht + Bsinht — 5

(52)

(53)

(54)

(55)

The boundary conditions are a fixed end-point condition at ¢t = 0 and a natural condition

att =1

(52) =2 ~o.

y@)=<1+5)5§32:il—%

and hence,

2 coshT
We determine A by requiring that fOT y (t)dt = 0, that is,

r A\ cosh (T —t) A A\ sinhT AT
1+2 ) ———< -2 )dt=(14+Z 4
/0 (( - 2) coshT 2) < * 2) coshT 2 0

2tanh T
T —tanh T~

or

A:

Hence,

(1 tanh T’ > cosh (T —t) tanh T’
T

*(t) = — .
v (t) — tanh T coshT T —tanh T

_ Tcoils(f;t) —tanhT  Tcosh (T —t) —sinh T

T —tanh T a TcoshT —sinhT




(A unique solution since J (y) + A foTy (t)dt is strictly convex and the solution for \ is
unique).

(d) We need to compute the derivative, and use the standard formula

620:2(/0Ty(t)dt> /OTv(t)dt. (61)

dH (y + ev
o (yr0) = UL

Now,

which shows that H is convex. However,
H(y+v)—H(y) =0 (63)

for all v such that fOT v (t)dt =0, so that H is not strictly conve.

(e) We follow the hint, and re-derive the Euler equation:
T
57 (y:v) = / 2y + 299] dt
0
r [T d
= [2gv], + / {—% (29) + 2y] v (t) dt. (64)
0

Thus,
. Tr o4 T T
5070+t o) = 2 + [ =i+ 2| v@areau ([0 a) [Cowa
0 0 0
T T
= [29v]¢ + 2/ {—yj +y+ u/ y(s) ds] v (t) dt. (65)
0 0
Since the functional J (y,v) + pH (y;v) is convex, it is enough to ensure that

6 [J (y,v) + pH (y;v)] =0 (66)

for all allowed v-s. This is fulfilled if

: (67)

10



The first equation looks strange, but if we let the integral be equal to a constant, say

[ vas=c

we get exactly the same problem as in (c). The solution fulfilling ¢ (7") = 0 is
y(t) = Acosh (T —t) — uC,
and A and C' are determined from
y(0)=1= AcoshT — uC,
C = /Ty(s) ds = Asinh T — uC'T,
0
or

inh T’
sinh 7"
14 pT

9

= —(Tu+1)
psinhT — (Tp+ 1) cosh T

The solution is unique, since J + pH is strictly convex.

When p — o0,
-T
lim A =
ul—»nc}o sinhT — T cosh T’
sinh T’
li =
ul—{go'uc sinhT — T cosh T’
and
-T sinh T’
li *(t) = h(T —t
u1—>noloy (*) sinhT—TcoshTCOS ( )+sinhT—TcoshT

~ Tcosh (T —t) —sinh T
~ Tcosh(T)—sinhT ’

which we recognize as the solution in (c)!

11

(70)

(71)



