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Department of Mathematical Sciences

Contact during exam:
Anne Kveaerng  tel. 92663824

Exam in TMA4180 Optimization Theory

Monday June 6, 2011
Tid: 09.00 — 13.00

Auxiliary materials: Simple calculator (Hewlett Packard HP30S or Citizen SR-270X)
Rottmann: Matematisk formelsamling

Problem 1
a) Find all minima (in R?) of the function
f(z,y) = 2* — 227 + 3y* — 12y.
List all the general results you are using.

b) Formulate the steepest descent method for this problem (but you do not have
to perform any iterations).

Estimate the drop in the error per iteration (expressed in terms of the appro-
priate norm) near a global minimum of the problem given in a).

Problem 2 Consider a differentiable function f(z) where f : R* — R. What
do we mean by a convex function? Write down the definition of the tangent plane
T, (z) of fin a point z. Assume that f has the property that f(z) > T, (x) for
all points zy and x. Show that the function f is convex.
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Problem 3 Given the problem
min y — x
subject to

—r+y=>0
r+y>0
20 +y—1>0
—y+22>0

a) State the KKT conditions, and show that z* = —0.5, y* = 0.5 is a KKT-point
for the problem.

b) Is (2*,y*) a minimum? Justify your claim.

Problem 4 Given the linear problem:
max x1 + 229
subject to

—1§132—.T1§1
OSZElSQ

OSZL’Q

a) Plot the feasible region, and solve the problem graphically.

b) Bring the LP problem over to standard form, that is

min ¢ z,

Ax =b, A has full row rank,
x> 0.

Problem 5 Given the functional
1
Fly) = [ (o)’ + 2 (0)ds
0
on D = {y € C[0,1] : y(0) =0, y(1) = 1}.
a) Find the function yo(x) that minimize F" on D.

b) Explain what we mean with a strictly convex functional. Prove that F' is
strictly convex.
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Problem 6 You and some friends are planning to do some kayaking in the fjord
after the exam. You will start from Grillstadsfjeera, your friends from Hansbakkfjeera
(two popular beaches in Trondheim), and the group will continue from there. So
you will have to paddle a little extra, but would not like to waste too much energy
on this. The distance in a straight line between Grillstadfjeera and Hansbakkfjsera
is [, and you should paddle it on time 7. At that time, your friends are already in
the water, ready to start, so you do not have to make a stop at Hansbakkfjeera.

Assuming that the energy consumption depends on the velocity v(t) and the accel-
eration 0(t) = dv(t)/dt, it may be expressed as

F(v) = /o (o(t) + ow(t))th

where o > 0 is the parameter describing the water resistance. The problem is then
to minimize F' on

D= {veC'0,T] : v(0) =0}

under the constraint

Here, [ and T' are given constants.

a) Set up the Euler-Lagrange equation for this problem, including boundary con-
ditions.

b) Let o = 1 and find the velocity vy(t) that solves the problem above. Is the
solution unique? If so, why?
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Not yet proofread

Problem 1
a) First order necessary condition for a minimum is V f(z,y) = 0, Thus
Vi(z,y) = (4636;__14256) =0
gives the possible minima
(z,y) =(0,2),  (z,y)=(12), (z,9)=(-12)
The second order necessary condition for a minimum is
Viz,y) =0,  Vflx,y) =0

which in our case becomes:
2 (1222 =4 0

which clearly is not satisfied for (x,y) = (0,2). Finally, the sufficient condition
for a minimum is V f(x,y) = 0 and V2f(z,y) > 0, which is satisfied for

(z,y) = (1,2) and (z,y) = (=1,2).
We have f(1,2) = f(—1,2) = —13. Further, f(z,y) — +o00 as z,y — Fo0,
and we can conclude that(l, ) and (-1,2) are global minima.

b) One iteration of the steepest descent method for min f(z), f : R — R is in
general given by

P = —Vf(zr), Q. = arg min [z + apy), Tpi1 = Tk + QD
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In a practical algorithm, «; is usually some approximation to the scalar min-
imization problem, satisfying the Wolfe-conditions:

flae + awpr) < fxr) + cowV f (2) o
V(e + awpr) "pr > oV f (2x) i
for 0 < ¢; < g < 1. There are also alternative conditions, see Nocedal and
Wright.
In our case, we get:

—4x3 + 4z
e ( —6ykk + 12k) . Vf(xR) pr = 1627 (xf — 1)° + 36(ye — 2)°.

If we denote the Hessian near the gloal minima by A, the error estimate is
given by
[Zrs1 — ¥4 _ K(A) -1
lee —a*lla — w(A)+ 1

In our case,

A= (g g) K(A) = 8/6 — 4/3

SO
[2hi1 —a*fla _ 1
g —a*lla — T
Problem 2 A function is convex if for all x,y € R™ we have
flOx+ (A —-0)y) <0f(x)+(1-0)f(y), 0€]0,1]. (1)

A tangent plane of f in zq is given by
Ty () = f(z0) + V f(20)(2 — 20).
Given z,y € R", and xy = 0z + (1 — 0)y. Then

f(zo) + Vf(xg)(x — 29) < f(2)
f(xo) +V f (o) (y — 29) < f(y)

Multiply the first inequality by 6, the second by 1 — # and add them together, and
what we get is (1).
Problem 3

a) Let £(z,\) = f(z) — X0, Mici(z). A point 2* is a KKT point if 2* € Q (that
is, all the constraints are satisfied), the LICQ condition is satisfied, and

Arei(z”

A\

(2

0
, Vie EUTL
0, Viel

),
V. L(x*, \)
)

v



b)
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Our problem is given by

subject to
Cl(‘ray): _‘T—i_y —0
clr,y)= x+y >0
cs(z,y) = 222 4+y—1 >0
a(r,y)= -y+2 >0

So&=0,7T=1{1,2,3,4}.
For x = —0.5, y = 0.5 we get

01:1 CQZO, CgZO, C4:3/2

so (z,y) € Q. The constraints ¢; and ¢4 are passive constraints, and from the
second KKT condition, this implies that A\; = Ay = 0. Further, the active
constraints satisfies

Ve (z,y) = [1,1]7, cs(x,y) = [4x, )7 = [-2,1]".

which are linear independent, so the LICQ condition is satisfied. The first

KKT condition becomes:
-1 1 -2
() =2 (0) (V)

with solutions Ay = 1/3 and A3 = 2/3, satisfying the last KKT condition. So
yes, (-0.5,0.5) is a KKT point for the given problem.

The feasible directions at the KKT point is d = [a, 1]7 with -1 < a < 0.5
(why?). So VfTd = —1+ «a > 0 in all feasible directions, and the KKT point
is clearly a minimum.

But it is only a local minimum, not a global one.
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Problem 4

a)

Oppgave Ya)

%z,s)

So, Zhe maximum 15 X =2, Xe = 3.

b)
min —x7 — 229
subject to

—.171+£I?2—.I’3:—1

—x1+ Ty t+xy =1
1 — oI5 = 0
T+ x5 = 2
To — T7 = 0

x; > 0, 1=1,2,...,7.
Problem 5

a) The Euler-Lagrange equation becomes

d
d—x2 =2y = 20 =2y = yo(x) =z €D
x

b) A functional J : D — R is strictly convex if
Jy+v)=Jy) 26J(y;v), Vyy+veD

with equality only if v = 0. Here §J(y;v) is the Gateaux variation of J.
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In our case, we get

1
6F(y;v) = —F(y + ev)|= 0—/ (2yv + %) dx
0

de
1 1
/Qyde—i-x vlg — /2xvdxz2/(y—x)dx
0 0
0,

since v(0) = v(1) = 0, (remember y + v € D). Further,

F(y+v)—F(y)—/ (v* 4+ 2yv + 0> + 2°(y + o) —y* — 2*Y) da
0

1
= 0F(y;v) +/ v? du.
0

The last term is obviously > 0 and equal to zero only if v = 0.

Alternatively, see Theorem 3.5 in Troutmann,
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Problem 6

a)

b)

The extended functional becomes

The Euler-Lagrange equation is

d
2£(1} + av) = 2a(0 + av) + A

or

U — v =
with boundary conditions
v(0) =0, 0(T) + av(T) = 0.

The last one is the open end condition fZ(T ) = 0. The Lagrange multiplier A
is found from the constraint G(v) = .

With o = 1 this becomes:

A A
1.).—1125 = U(t):Cleit‘i‘CQet—i.

From the boundary conditions we get

A 1 o A p
01—§<1 26 )7 02—46 .

Finally,
4 3 o 1 1
G(U):/O U(t)dt:)\(z—e_ +Z—l€_ —§T> =
Putting all this toghether, we end up with someting like

l (_2 €_t+2T + e—t+T _ 6T+t + 2 €2T)

—3e2T 44T —142Te2T

Uo(t) =

The solution is unique since f clearly is strictly convex and ¢ is linear, see
Theorem 3.16 in Troutman.



