
Dimensional Analysis - Concepts

• Physical quantities: Rj = v(Rj)[Rj ] = value · unit, j = 1, . . . ,m.

• Units: [Rj ] = F a1j
1 · · ·F anj

n , F1, . . . ,Fn fundamental units.

• Dimension matrix of R1, · · · ,Rm: A =

a11 . . . a1m
...

. . .
...

an1 · · · anm


• Change of units ⇒ change of values:

Lemma 1: Fi = xi F̂i , xi > 0 ⇒ v̂(Rj) = xa1j
1 . . . xanj

n v(Rj)

• Dimensionless combination: π = Rλ1
1 · · ·Rλm

m if ~λ 6= 0, [π] = 1.

• Dimensional independent R1, . . . ,Rs if no dimensionless comb’ns exists.

• Physical relations Φ(R1, . . . ,Rm) = 0 are dimensionally consistent, i.e.

Φ(v(R1), . . . , v(Rm)) = 0 ⇔ Φ(v̂(R1), . . . , v̂(Rm)) = 0

for all changes of units F̂i . (consistent under change of units)
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Dimensional Analysis - Buckingham’s pi-theorem

(A1) F1, . . . ,Fn are fundamental units
(A2) R1, . . . ,Rm are physical quantities
(A3) Φ(R1, . . . ,Rm) = 0 is dimensionally consistent.

Lemma 2: Let r = rank A, then R1, . . . ,Rm have m − r independent
dimensionless combinations.

OBS: The rank = number of linearly independent collumns in the matrix.

Buckingham’s pi-theorem:
If (A1) – (A3) hold, then there are independent dimensionless
combinations π1, . . . , πm−r and a relation Ψ such that

Φ(R1, . . . ,Rm) = 0 ⇔ Ψ(π1, . . . , πm−r ) = 0,

where r = rank A and A is the n ×m dimension matrix of R1, . . . ,Rm.

It remains to prove Lemma 2 and the Pi-theorem.
ERJ (NTNU) TMA4195 Mathematical Modeling August 23, 2011 2 / 2


