8369 P dwhp dwlvn p rghoohulqj/ kûvwhq 5334 Oûvqlqjviruvodj p hg nrp p hqwduhu

QWQX ghvhp ehu 5334 K1H1Nurj vwdg

Lghwwh oûvqlqj viruvodj hwhu rssj dyhwhnvwhq wdwwp hg iru kyhu rssj dyh hwwhu wxu1 Nrp p hqwduhqh j èu xwryhu vhoyh oûvqlqj hq dy rssj dyhqh1

4 Rs s j dyh

+d, Dqwdoohwlqglylghu l hq srsxodvmrq/ Q^W/ p rghoohuhv riwh p hg hq vèndoworjlvwlvn p rghoo/ 4 Q^W+w^W, gQ^W+w^W, gw^W @u ] 4∗ Q^W+w^W, Q_6 ⌊ >3 ⋆ u>3 ⋆ Q_6 / +4, Vndoìu olj qlqj hq rj ylv kyrugdq hq xqghuvûnhu vwdelolwhwhq wloolnhyhnwvsxqnwhqh1 Loderudwrulhvwxglhu dy oxnnhgh ednwhulhnxowxuhu kdu ghwylvwvhj ydqvnholj è �qqh hq rssiûuvho vrp iûoj hu +4,1 Lvwhghwidoohu srsxodvmrqhq hwwhukyhuwp rw3 sè j uxqq dy vhoy0irujliwqlqj1 Ghwhu vdqqv| qolj dwghwwh rj vè j mhoghu iru p hqqhvnhkhwhq1 I ruj liwqlqj hq ndq vn| oghv SFE/ odqj olyhgh udglrdnwlyh lvrwrshu rj krup rqkhup huh vrp sèylunhu ihuwlolwhwhq1 I ûoj hqgh dowhuqdwlyh p rghoohu ghuiru iruhvoèwwiru mrugdv ehironqlqj = 4 Q^W+w^W, gQ^W+w^W, gw^W @u ] 4∗ Q^W+w^W, Q_6 ⌊ ∗ f ⊎_ȷ W ∋ ↑ Q^W+v^W, gv^W>f A 3/ +5,

+e, Kyrugdq ndq hq duj xp hqwhuhiruvlvwhohggB Ylvdwirughqqhp rghoohq huhqhvwhp xolj hj uhqvh 3 qèu w^W↔ △ 1

+f, Dqwd dwQ_6 hu vè vwru dwQ^Wdogul nrp p hu l qé ukhwhq dy Q_6 / vndoìu olj qlqj hq rj ylv dwyl wloqé up hwndq vnulyh 4 Q gQ gw @4∗ δ ⊎_ȷ ∋ ↑ Q +v, gv/

Oûv ghqqh olj qlqj hq yhg è iûuh lqq S +w, @δ ⊎_ȷ ∋ ↑ Q +v, gv/ rj �qq xwkyrugdq ehironqlqj hq rj iruxuhqvqlqj hq xwylnohu vhj p hg wlghq1

Rs s j lwwir u r s s j dyh 4= Olj qlqj hq ȷ^{≺≺}@ȷ^≺+4∗ ȷ , kdu/ iruxwvdwwolp_{ϱℜ ∋ ↑} ȷ +ı, @3/ j hqhuhoooûvqlqj

ȷ +ı, @5 4 4. h^{∋ Eϱ∋ ϱf ø} @ ] 4. wdqk ] ı ∗ ı_f 5 ⌊ ⌊ /

g gı wdqk+ı, @ 4 frvk^2 ı @ 7 +h^ϱ. h^{∋ ϱ},^2 /

414 Oûvqlqj

+d, Lolj qlqj hq xwwu| nnhu kû| uhvlghq uhodwly yhnvwudwh1 Qèu Q_W⋆ ⋆ Q^6 / kdu yl wloqé up hwhnvsrqhq0 vlhooyhnvw/ gQ_W+w_W, gw_W @Q_W+w_W, u> p hg oûvqlqj Q_W+w_W, ⋐ h–s +uw_W,1 Yhnvwudwhq dywdu qèu Q_Wyrnvhu/ rj hu 3 qèu Q_W+w_W, @Q^6 >vrp j mhuqh ndoohv eéuhnudiwlj ndsdvlwhw1 Vndohulqj hq Q_W@QQ^6 rj w_W@w∂u ohghu wlo bQ @Q +4∗ Q, @i +Q, / Olnhyhnvsxqnwhqh hu Q^f @ 3 rj Q^� @ 4/Hwolnhyhnwvsxqnwhu vwdelowkylv gi +Q, ∂gQ ⋆ 3/ rj xvwdelowkylvgi +Q, ∂gQ A 3 +Ghwwh vhuhq hoohuvxp lgghoeduwyhg è vhwwh lqq Q+w, @Q^ζ+w, . q +w, > l @3>4/ uhnnhxwylnoh rj oûvh iru q +w,,1 Khu eolu Q^f xvwdelowrj Q^� vwdelow1 P hun dwOrjdq wdu iru vhj ghwwh hnvhp sohwl ghwdom1

+e, Ghwhuqdwxuolj dwxwvolsshwsu1wlgvhqkhwhusursruvmrqdowp hg dqwdoolqglylghu1Wrwdop hqj gh iruxuhqvqlj hu sè wlgvsxqnwhww^f eolu gd sursruvmrqdop hg ⊎^ȷ W ∋ ↑ Q_W+v_W, gv_W/ Lghwwh olj j hu ghwhq iruxwvhwqlqj rp dwiruxuhqvqlqj hqh lnnh iruvylqqhu1 Lwloohj j dqwdu yl dwghq qhj dwlyh sèylunqlqj hq sè yhnvwudwhq husursruvmrqdop hg p hqj ghq iruxuhqvqlqj hu/ vrp j lurssj lww irup 1

Dqwd qè dwolp^ȷ W^{ℜ ↑} Q_W+w_W, @d A 3/ rj dwsrsxodvmrqhq vwduwhu sè Q^r ⋆ Q^6 1 Oûvqlqj hq ylo krogh vhj p lqguh hqq Q^6 rj iûoj holj eolu gQ_W+w_W, gw_W ⋆ Q_W+w, ] u∗ f ⊎^ȷ W ∋ ↑ Q_W+v_W, gv_W ⌊ / Vlghq olp^ȷ W^{ℜ ↑} Q_W+w_W, @ d>ylokû| uhvlghq j è p rw∗ △ qèu w_W↔ △ / rj ghwwh lp solvhuhu dwrj vè

⌢Υ_WEȷ_Wø

⌢ȷ_W ↔ ȷ_Wℜ ↑ ∗ △ / qrh vrp hu xiruhqolj p hg dwQ W+w_W, ↔ d1 Hq hqnhodowhuqdwly p rghoo/ vrp lnnh kdu ixoowvè gudp dwlvnh iûoj hu/ ylooh yé uh 4 Q_W+w_W, gQ_W+w_W, gw_W @u ] 4∗ Q_W+w_W, Q^6 ⌊ ∗ f ⊎^ȷ W ∋ ↑ h_{∋ Eȷ W∋ rWø⇀β}Q_W+v_W, gv_W/ +6, Khu eu| whv iruxuhqvqlqj hqh +hoohu ylunqlqj hq sè yhnvwudwhq, qhg p hg wlgvnrqvwdqwχ/ rj ghwvhu xwwlodwghqqh wloodwhu hq ylvv srsxodvmrq è ryhuohyh1

+f, Yl vndohuhu wlghq p hg 4∂u1 Ghwhu lqj hq rssodj wvndod iru Q_W/ p hq qrh p è yl euxnh/ rj ghw kdul ghwwh wloihooh lnnh vè p | h è vl kyd yl euxnhu1 Ghwhulnnh vé uolj nrqvlvwhqwè euxnh Q^6 vlghq yl kdu dqwdwwdwQ_Wdogul nrp p hu l qé ukhwhq dy Q^6 / p hq ghwhu xwhq ehw| gqlqj iru uhvxowdwhw1 Kylv yl ghuiru vhwwhu Q_W@QQ^6 rj / vrp dqw| ghw/ voû| ihu ohgghw∗ uQ_W∂Q^6 / ièu yl 4 QQ^6 g+QQ^6 , g+w∂u, @u∗ f ⊎^ȷ W ∋ ↑ Q^6 Q +v_W, gv_W> +7,

0

0.5

1

1.5

Forurensning og populasjon

-4 -2 2 4 Dim. løs tid

I lj xuh 4=Xwylnolqj dy srsxodvmrq rj iruxuhqvqlqj 1

gyv1/ 4 Q gQ gw @4∗ f ⊎_ȷ W ∋ ↑ Q_6 Q +v^W, g ] v^W u ⌊

@4∗ +fQ_6 , ⊎_ȷ ∋ ↑ Q +v, gv @4∗ δ ⊎_ȷ ∋ ↑ Q +v, gv/ +8, +Q +v, @Q^W+v∂u, ∂Q_6 / rj δ @fQ_6 ,1

I ru è oûvh olj qlqj hq vhu yl dwS^≺ @δQ rj S^{≺≺}@δQ^≺1 Kylv ghwwh iûuhv lqq l olj q1 8/ ièu yl S^{≺≺}@S^≺+4∗ S,/ +9, Vlghq yl rssodj wkdu dwolp_{ȷℜ ∋ ↑} S +w, @3/ ndq yl ehq| wwh rssj lwwoûvqlqj =

S+w, @4. wdqk ] w∗ w_f 5 ⌊ / +Ghwwh huoûvqlqj hq hoohuvdy hq orj lvwlvn olj qlqj vrp yl ièuyhg è lqwhj uhuh olj q1 9 ìq j dqj rj euxnh dwS +w, ↔ 3 qèu w↔ ∗ △ ,1 I ru Q �qqhu yl l iûoj h rssj lwwirup ho

Q +w, @ 4 δ S^≺+w, @ 4 5δ frvk^{∋ 2} ] w∗ w_f 5 ⌊ / P hun dwsrsxodvmrqhq kdu vlq vwûuvwh yhugl/ 4∂5δ/ iru w@w_f 1 Oûvqlqj hq hu whj qhwrss iru δ @4 sè �j 1 41

Xwvlnwhqhhudowvè lnnhdowiruo| vh1Kylvyl revhuyhuhuehironqlqj wdoohwrj �qqhuxwqèuQ^{≺≺}+w_r , @3/ ndq yl iud Q +w_r, rj Q^≺+w_r , idnwlvn hvwlp huh qèu ehironqlqj vdqwdoohwqèu vlwwp dnvlp xp rj kyd ghw hu1 Mrugdv ehironqlqj vhu xwwloè kd j èwwj mhqqrp yhqghsxqnwhwQ^{≺≺}+w_r , @3 l 4<<9/ gd yl kdggh/ l iûoj h p lqh nloghu/ Q +w_r , @8/;: ⋄ 43^b> gQ gw +w_r , @; /6⋄ 43^. èu^{∋ �}/

Ghwwh ylowlovyduh hwp dnvlp xp / Q_{4 @} @; /; ⋄ 43^b rp nulqj 53831

5 Rs s j dyh

Hq odqj / w| qq vwdy dy sruûv vdqgvwhlq p hg nrqvwdqwwyhuuvqlwwD olj j hu odqj v ı0dnvhq1 Sruhqh xwj mûu hq nrqvwdqwiudnvmrq ff dy yroxp hw+3 ⋆ ff ⋆ 4, rj hu i| owdy ydqq1 Yl dqwdu dwydqqhwkdu nrqvwdqwwhwwkhw/ voln dwyl ndq p èoh ydqqp hqj gh l yroxp 1 Vlgh dwd sè vwdyhq hu whww/ p hq yl ndq suhvvh ydqq j mhqqrp vwhlqhq yhg è ohj j h sè hq wu| nnj udglhqw1

I ruè �qqh hwxwwu| nn iru xnvhq dy ydqq l ı0uhwqlqj odqj vvwdyhq/ m ⌋ p_fi∂+p_2v, ⌈ / dqwduyl dwghq nxq dykhqj hudy ylvnrvlwhwhq wloydqqhw/ π n̂j ∂+p v,‘/ shup hdelolwhwhq +lqyhuvvwuûp qlqj vp rwvwdqg, wlovwhlqhq/ N/ ⌋ p_2 ⌈ ,/ vdp wwu| nnjudglhqwhq/ Cs∂Cı1

+d, Ylv dwglp hqvmrqvdqdo| vh j lu rvv m@∗ n N π Cs Cı > ghu n hu hq glp hqvmrqvoûv nrqvwdqw1

Dqwd qè dwvwdyhq l wloohj j wloydqq rj vè lqqhkroghuromh1 Dooh sruhqh huhqwhq i| owp hg ydqq hoohu romh/ rj hwvwhlqyroxp Y lqqhkroghu hwyroxp V^JffY romh rj V^ϵffY ydqq/ ghu V^J . V^ϵ @41 Yl dqwdu dwydqq rj romh kdu vdp p h wu| nn/ rj dw xnvhqh ndq vnulyhv sè irup hq m^ζ @∗ n^ζ+V^ζ, N π^ζ Cs Cı >l @r>y/ +e, Vhwwrss ehyduhovhvoryhqh iruromh rj ydqq iruhwxwvqlwwdy vwdyhq p hoorp ı @d rj ı @e/ rj ylv dwkylv yl vhwwhu sè hq wu| nnj udglhqwvoln dw t @m^J . m^ϵ @nrqvwdqw/ vè yloyl iru V≤ V^ϵ iè iûoj hqgh k| shuerovnh olj qlqj = ff CV Cw . C Cı i +V, @3> i +V, @ tn^ϵ+V,∂π^ϵ n^J +4∗ V, ∂π^J . n^ϵ +V, ∂π^ϵ / +: ,

+f, Dqwd dwπ^J @π^ϵ / n^J +4∗ V, @4∗ V_2 rj n^ϵ+V, @V_2/Oûv olj q1 +: , iru wA 3 iru hq vwdy p hg ohqj gh O qèu V+ı>3, @4∗ ı∂O>3 ⪰ ı ⪰ O> V+3>w, @4>3 ⪰ w/ 514 Oûvqlqj

+d, Yl vwloohu rss glp hqvmrqvp dwulvhq hwwhu è kd revhuyhuwdwwu| nn hu nudiwsu1 dwhhqkhw ⌋ Cs Cı ⌈ @ ŝ‘ p @ nj p v_2 4 p_fi @ nj v_2p_2 / Glp hqvmrqvp dwulvhq eolu gd p hg gh rssj lwwh hqkhwhqh=

m N π Cs∂Cı nj 3 3 4 4 p 4 5 ∗ 4 ∗ 5 v ∗ 4 3 ∗ 4 ∗ 5

Yl vhu dwudqj hq hu 6/ rj iûoj holj kdu yl ìq glp hqvmrqvoûv nrp elqdvmrq1 Ghwhu ohwwè vh dwghq rssj lwwh irup hq vwhp p hu1 Ghwhu hoohuv i| vlvn ulp holj dw xnvhq j èu p rwwu| nnj udglhqwhq1 Hq wlovyduhqgh uhodvmrq kroghu rj vè iru wuhglp hqvmrqdovwuûp qlqj / m@∗ n N π ⊓ s> p hq j hqhuhowyloN yé uh hq dqguh rughqv whqvru1 Ghwwh hu wloihoohwkylv lnnh vwuûp qlqj hq j èu olnh ohwwl dooh uhwqlqj hq/ w| slvn iru vnlihu/ iru hnvhp sho1

+e, Vwdyhq olj j hu odqj v ı0dnvhq rj kdu nrqvwdqwwyhuuvqlwwD1 Ehyduhovhvoryhq iru hwxwvqlwwdy vwdyhq p hoorp ı @d rj ı @e eolu gd g gw ⊎_K ∂ +V_ζff,Dgı . m_ζ+e, D∗ m_ζ+d, D @3>l @r>y/ Gl�huhqvldoirup xohulqj hq iûoj hu sè ydqolj p èwh yhg è od d ↔ e= ff CV_ζ Cw . Cm_ζ Cı @3>l @r>y/ Yl holp lqhuhu^{YR}_{Yϱ} yhg è dgghuh olj qlqj hqh iru xnvhq +vxp p hq vnxooh yé uh nrqvwdqwoln t,= ∗ ] n_J +V_J, N π_J . n_ϵ +V_ϵ, N π_ϵ ⌊ Cs Cı @t> gyv1 Cs Cı @∗ t ) n_J +V_J,^g_{>J} . n_ϵ +V_ϵ,^g_{>ϵ} [/

Yhg è vhwwh ghwwh lqq l olj qlqj hq iru V≤ V_ϵ/ ièu yl rssj lwwolj qlqj = ff CV Cw . Cm_ϵ Cı @ @ff CV Cw . C Cı n_ϵ +V, N π_ϵ t ) n_J +4∗ V,^g_{>J} . n_ϵ +V,^g_{>ϵ} [ ⟨

@ff CV Cw . C Cı i +V, @3/ Hq p hu hohj dqwoûvqlqj hu è vl

m_ϵ @ tm_ϵ t @ tm_ϵ m_f . m_ϵ @tn_ϵ +V, g >ϵ ) n_J +4∗ V,^g_{>J} . n_ϵ +V,^g_{>ϵ} [/

t x L

t x L I lj xuh 5=Vnlvvh dy ndudnwhulvwlnnhqh1

+f, I ud rssj lwwh vwûuuhovhu vhu yl dw xnvhq iru ydqq eolu m^ϵ @ i +V, @tV_2>rj olj qlqj hq uhgxvhuhu vhj wlo CV Cw . t ff C ] V_2 ⌊ Cı @3/ Ghwwh hu hq ydqolj 41 rughqv k| shuerovn olj qlqj p hg nlqhp dwlvn kdvwlj khw f+V, @ 5t ff V/ L�j 1 5 kdu yl vnlvvhuwhwndudnwhulvwlnn0gldj udp 1

I ru è vwxghuh ghwwh p hu qû| dnwlj / vhwwhu yl rss olj qlqj hq iru hq ndudnwhulvwlnn vrp vwduwhu l sxqnwhwı^f >3 ⋆ ı^f ⋆ O= ı @ı^f . 5t ff V+ı^f ,w

@ı^f . 5t ff ) 4∗ ı^f O [ w Yl vhudwdooh ndudnwhulvwlnnhqh p ûwhvl sxqnwhwı @O>w@_{x u}^{2⌣} 1 I ud vnlvvhq ryhqiruvhuyl gd ylghuh dwoûvqlqj hq eolu V @4 ryhqiru ndudnwhulvwlnnhq vrp vwduwhu l rulj r/ gyv1 ı @_{2⌣ȷ}^x 1 I ru hwsxqnw

+ı^{rc}w^r, qhghqiru ghqqh ndudnwhulvwlnnhq kdu yl ı^r @ı^f . 5t ff ) 4∗ ı^f O [ w^r> gyv1 ı^f @O

5tw^r ∗ ı^r ff 5tw^r ∗ ffO rj V+ı^{rc}w^r , @V+ı^f >3, @4∗ ı^f O @4∗ 5tw^r ∗ ı^rff 5tw^r ∗ ffO @ ı^r ∗ O 5tw^r ∂ff ∗ O /

6 Rs s j dyh

+d, Ghq ydqolj vwh p rghoohq iruwud�nn dy elohuodqj vhq yhl ohghuwloglp hqvmrqvoûvelo xnvsè irup hq m@υ+4∗ υ,1 Ehvnuly nruwkyrugdq ghqqh p rghoohq iudp nrp p hu1 Vhwwrss ghq k| shuerovnh gl�10 olj qlqj hq vrp p rghoohq ohghuwlo+xwhqrp rp uèghup hg dy0rj lqqsènmûuvho,1Qèuxwylnohuoûvqlqj hq vmrnnB

Yl wdu xwj dqj vsxqnwl p rghoohq l +d,1 P hoorp ı @3 rj ı @4 hu ghwuhgxnvmrq l iduwvj uhqvhq voln dwp dnvlp dokdvwlj khwhq j èu qhg wlo4∂5/ p hqv p dnvlp dowhwwkhwirueolu ghq vdp p h1 Yl dqwdu dwvdp p h w| sh vdp p hqkhqj p hoorp kdvwlj khwrj whwwkhwrj vè kroghu l ghwwh rp uèghw1

+e, Kylonhq ehwlqj hovh sè elo xnvhq p è krogh l ı @ 3 rj ı @ 4B I lqq oûvqlqj hq υ+ı>w, iru wA 3 rj dooh ı qèu υ+ı>3, @ ⟩ 4∂5> ı ⋆ 4> 3> ı A 4/ +Ylqn=P hoorp 3 rj 4 hu υ nrqvwdqwiru dooh w∼ 3,

614 Oûvqlqj

+d, P rghoohq vwduwhup hg è gh�qhuh hq whwwkhwυ^Wvrp olj j hup hoorp 3 rj hq p dnvlp dowhwwkhwυ_{4 @} / Elokdvwlj khwhq dqwdv è yé uh hq olqhé u ixqnvmrq dy υ^W>y^W@y_{4 @} ) 4∗^{4W}_{44 @} [ 1 Ghup hg eolu xnvhq m^W@υ^Wy^W@υ^Wy_{4 @} ) 4∗^{4W}_{44 @} [ 1 Vndohulqj p hg

υ^W@υυ_{4 @} > ı^W@Oı> w^W@+O∂y_{4 @} ,w

uhvxowhuhu l m@υ+4∗ υ, rj olj qlqj hq

υ_ȷ . f +υ, υ_ϱ@3>

f +υ, @ gm gυ @4∗ 5υ/ Vlghq f +υ, dywdu qèu υ ûnhu/ ylohq vlwxdvmrq ghu υ+ı_�>w, ⋆ υ+ı_2>w, iru ı_� ⋆ ı_2 xwylnoh vmrnn1 +e, Lı @ 3 rj ı @ 4 hu ghwlqj hq p xolj khwiru è dnnxp xohuh elohu/ voln dw xnvhq p è yéuh nrqwlqxhuolj l glvvh sxqnwhqh iru wA 31

P hoorp ı @3 rj 4 ylo xnvhq kd irup hq 4 5 υ+4∗ υ, > rj xwiud wlsvhwndq yl dqwd dwυ @4∂5 rj xnvhq hu4∂; l ghwwh rp uèghwiru dooh w∼ 31 Gd j mhqvwèu è �qqh oûvqlqj hq iru ı ⋆ 3 rj ı A 41 Lglvvh wr rp uèghqh vyduhu m@4∂; wlowr p xolj h whwwkhwhu/ qhp olj oûvqlqj hqh dy 4 ; @υ+4∗ υ, / :

t x 1 ρ = 0

ρ =ρ^− t x 1 I lj xuh 6=Ndudnwhulvwlnnhu iru oûvqlqj hq l rp uèghwı A 41

Gyv1 υ^n @ 4 5 . 4 7 ∫ 5> υ^∋ @ 4 5 ∗ 4 7 ∫ 5/ Lrp uèghwı A 4 hu irukroghqh vrp vnlvvhuwsè �j 1 61

�J uhqvh0ndudnwhulvwlnnhqh� vrp vwduwhu l ı @4 kdu olj qlqj hqh ı @4. w> ı @4. +4∗ 5υ^∋ ,w@4. 4 5 ∫ 5w/ Lrp uèghwp hoorp glvvh ndudnwhulvwlnnhqh kdu yl hq hnvsdqvmrqveûoj h voln dw ı @4. +4∗ 5υ,w> gyv/ υ+ı>w, @ 4∗ ı . w 5w I ru ı ⋆ 3 kdu yl hq vlwxdvmrq ghu υ @4∂5 wlovyduhu hq xnv sè_�^2+4 ∗_�^2, @_�^e 1 Ghwhu xp xolj è kd hq voln xnv xp lgghoeduwwloyhqvwuh iru ı @3>vlghq xnvhq xp lgghoeduwwlokû| uh iru ı @3 p dnvlp downdq eol 4∂; 1 Ghwvrp vnmhu hu dwghwe| j j hu vhj rss hq nû wloyhqvwuh iru ı @3 p hg whwwkhwhq υ @υ^n 1 Lednndqwdy ghqqh nûhq ièu yl hwvmrnn1 Vlwxdvmrqhq hu vnlvvhuwsè �j 1 71

Yl ehvwhp p hu ehyhj hovhq wlovmrnnhwiud gl�10olj qlqj hq gı gw @X @ 4∂; ∗ 4∂7 υ^n ∗ 4∂5 @ 4∂; ∗ 4∂7 � 2 ._�^e ∫ 5∗ 4∂5 @∗ ∫ 5 7 / Vmrnnhwkdu p hg dqguh rug nrqvwdqwkdvwljkhwrj ehvnulyhv dy olj qlqj hq ı @∗ ∫ 5 7 w ;

I lj xuh 8=Mhuqedqhyrj q rj p hndqlvn dqdorj l1

Yl ylouhsuhvhqwhuh xqghuvwhoohwrj mhuqedqhyrj qhq p hg ghq hqnoh p hndqlvnh dqdorj lhq sè �j 1 81

Vwhp sohw+xqghuvwhoohw, wloyhqvwuh hu iruexqghwp hg p dvvhq P +yrj qhq, yhg kmhos dy hq olqhé u ghp shu rj hq imé u1 Ehyhj hovhq ♮_W+w, wlovwhp sohwp hgiûuhu hq ehyhj hovh ♭_W+w, wlop dvvhq1

+e, Ylvdwolj qlqj hq irumhuqedqhyrj qhqvehyhj hovh/ ♭ +w,/ hwwhuhq sdvvhqgh vndohulqj / ndq vnulyhv g_2♭ gw_2 . η g♭ gw . ♭ +w, @η g♮ gw . ♮ +w,/ +<,

Xwwu| nn vshnwuhwwlo♭ yhg kmhos dy vshnwuhwwlo♮ 1

+f, I ru kylonhq ghp sqlqj vnrqvwdqwη hu yduldqvhq wlo♭ p lqvwqèu ghwglp hqvmrqvoûvh vshnwuhw wlo♮ dqwdv è yé uh nrqvwdqwiud ϖ @3 rss wlohq glp hqvmrqvoûv iuhnyhqv ϖ^6 AA 4B

+g, Nudiwhq +hj hqwolj p rp hqwhw, vrp dnvolqj hqh xwvhwwhv iru/ ndq xwwu| nnhv iud olj qlqj < vrp I +w, @u ] η ] g♭ gw ∗ g♮ gw ⌊ . ♭ +w, ∗ ♮ +w, ⌊ / Ylv/ yhg hq ryhuvodj vehuhj qlqj / dwyduldqvhq wloI hu rp odj sursruvmrqdop hg X_2 kylv vshnwuhwhu vrp l +7d,1

Rs s j lwwir u Rs s j dyh 7= ai +ϖ, @ 4 5τ ⊎^↑ ∋ ↑ h_{∋ ζ◁ ȷ} i +w, gw>i +w, @ ⊎^↑ ∋ ↑ h_{ζ◁ ȷ} ai +ϖ, gϖ/

♮ +w, @k ±♭ +w, @ ⊎^↑ ∋ ↑ k+w∗ χ,♭ +χ, gχ @⇔ V^t +ϖ, @+5τ,_2 \ \ak +ϖ, \ \_2 Vf +ϖ, /

V^{∂f n K⌢f ⇀⌢ȷn S⌢}2^{f ⇀⌢ȷ} 2 +ϖ, @ \ d . elϖ ∗ fϖ_2 \^2 V^f +ϖ, /

⊎^↑ f \ \ 4. lηı 4. lηı ∗ ı_2 \ \_2 gı @τ 5 η_2 . 4 η /

714 Oûvqlqj

Lgìhq wlorssj dyhq hu khqwhwiud hq vwxglh vrp Dgwudqv xwiûuwh yhg HFP LP rghoolqj Z hhn l Oxqg vrp p huhq 53331

+d, Yl vhu dw♮ kdu 3 p lgghoyhugl iru dooh w=

H+♮ +w,, @H+♯ +ı_f . Xw,, @3/

Ylghuh kdu yl

Fry+♮ +w_�, >♮ +w_2,, @ @Fry+♯ +ı_f . Xw_�, >♯ +ı_f . Xw_2,, @F_⃗ +X+w_2 ∗ w_�,,>

vlghq ♯ yduvydnwvwdvmrqé u1P hq ghwwh huqhwwrss ghwvrp vndowloirudwrj vè ♮ huvydnwvwdvmrqé u=

F_t +w, @Fry+♮ +w_f , >♮ +w_f . w,, @F_⃗ +Xw, /

I ru vshnwuhwièu yl

V_t +ϖ, @ 4 5τ ⊎_↑ ∋ ↑ h^{∋ ζ◁ ȷ} F_t +w,gw @ 4 5τ ⊎_↑ ∋ ↑ h^{∋ ζ◁ ȷ} F_⃗ +Xw,gw @ 4 5τ 4 X ⊎_↑ ∋ ↑ h^{∋ ζE◁ ⇀LøLȷ} F_⃗ +Xw,g+Xw, @ 4 X 4 5τ ⊎_↑ ∋ ↑ h^{∋ ζE◁ ⇀Lør} F_⃗ +v,gv @ 4 X V_⃗ ) ϖ X [ / Yl vhu dwyduldqvhq wlo♮ eolu

Ydu+♮ , @5 ⊎_↑ f 4 X V_⃗ ) ϖ X [ gϖ @5 ⊎_↑ f V_⃗ +ν, gν @5 ⊎_{V2} V_�

Dgν @5D+ν_2 ∗ ν_�, /

Yduldqvhq hu p hg dqguh rug ghq vdp p h iru ♯ rj ♮ / xdqvhwwkylonhq kdvwlj khwwrj hwkdu/ rj yl ryhuodwhu wloohvhuhq è whj qh rss V_t iru xolnh yhuglhu dy X1

+e, Olj qlqj hq iûoj hu xp lgghoeduwiud Qhz wrqv ory= P g^2♭^W gw^{W2} @U ] g♮^W gw^W ∗ g♭^W gw^W ⌊ . N +♮^W∗ ♭^W, /

Yl oduvndodhq iru♭^Wyé uh oln vndodhq iru♮^W/ qhp olj vwdqgdugdyylnhwiru♮^W>ϕ_t W1 Hj hqiuhnyhqvhq wlov| vwhp hw+iru U @3, hu ϖ_f @ √ N∂P / rj iûoj holj ndq yl euxnh ϖ^{∋ �}_f vrp wlgvvndod1 Yl iûuhu lqq ghwwh rj ièu xp lgghoeduw

g^2♭ gw^2 @ U N ϖ_f ] g♮ gw ∗ g♭ gw ⌊ . +♮ ∗ ♭ , >

vrp hulghqwlvn p hg ghwvrp hurssj lwwl rssj dyhq p hg η @^g ϖ^f 1Wudqvihuixqnvmrqhq wloghulydvmrq hu +lϖ,/ rj iûoj holj eolu

V^{œf n B Υf n f} @ \ ∗ ϖ_2 . lηϖ . 4 \^2 V^f > V^{BΥt n t} @⇕lηϖ . 4⇕_2 V^t /

Ghup hg ièu yl

V^f +ϖ, @ \ \ 4. lηϖ 4. lηϖ ∗ ϖ_2 \ \_2 V^t +ϖ, / +43,

+f, Vlghq ϖ^6 AA 4>yhwyl dw

Ydu+♭ , @5 ⊎^{◁ 6} f \ \ 4. lηϖ 4. lηϖ ∗ ϖ_2 \ \_2 Dgϖ ∖ 5D ⊎^↑ f \ \ 4. lηϖ 4. lηϖ ∗ ϖ_2 \ \_2 gϖ +44, @5D τ 5 η_2 . 4 η @Dτ η_2 . 4 η / +45,

P lqlp xp iru kû| uh vlgh rssqèv iru η @4 vlghq g gη ] η_2 . 4 η ⌊ @ η_2 ∗ 4 η_2 / Ohj j iruûyulj p hunh wlodwqèuϖ^6 ↔ △ / yloYdu+♭ , j è p rwnrqvwdqwhq Dτ_{B2n �}^B / p hqvyduldqvhq wlo

♮ hu 5Dϖ^6 / rj j èu p rwxhqgholj $

+g, Ghwvrp ehw| uqrh iruyduldqvhq qèuX ↔ △ hukyrugdq vshnwuhwwloI rssiûuhuvhj iruvwruh iuhnyhqvhu1 Yl yhwxwiud irup hq sè I dwvshnwuhwwloI eolu hq ixqnvmrq dy ϖ p xowlsolvhuwp hg vshnwuhwwlo♮ /Ghwhu eduh iruvnmhoolj iud 3 p hoorp Xν^� rj Xν^21 Vshnwuhwwloη b♮ . ♮ hu ⇕lηϖ . 4⇕_2 V^t +ϖ, > rj j èuiûoj holj rp odj vrp ϖ_2V^t +ϖ, iru vwruh ϖ/Sè wlovyduhqgh p èwh ièu yl iru vshnwuhwwloη b♭ . ♭ = ⇕lηϖ . 4⇕_2 V^f +ϖ, @⇕lηϖ . 4⇕_2 ⇕lηϖ . 4⇕_2 ⇕4. lηϖ ∗ ϖ_2⇕_2 V^t +ϖ, ⌟ V^t +ϖ, /

Ghwvhu ghuiru xwwlodwvshnwuhwwloη b♮ . ♮ grp lqhuhu1

Dowhuqdwlywndq hq yhg kmhos dy irup hohq iru wudqvihuixqnvmrqhu vnulyh I +w, @u ] η ] g♭ gw ∗ g♮ gw ⌊ . ♭ +w, ∗ ♮ +w, ⌊ @u ] ] η g gw . L ⌊ ♭ ∗ ] η g gw . L ⌊ ♮ ⌊

@u ] ] η g gw . L ⌊ K♮ ∗ ] η g gw . L ⌊ ♮ ⌊ @u ] ] η g gw . L ⌊ K ∗ ] η g gw . L ⌊ ⌊ ♮ > rj ghwwh j lu gd ghq qû| dnwlj h vdp p hqkhqj hq

V^8 +ϖ, @u_2 \ \ +lηϖ . 4,_2 4. lηϖ ∗ ϖ_2 ∗ lηϖ ∗ 4 \ \_2 V^t +ϖ, / +46,

Yl vhu dwiru vwruh ϖ ylo

V_8 +ϖ, ∖ +uη,^2 ϖ^2V_t +ϖ,/

Ghwdoohu hqnohvwh hu lp lgohuwlg è euxnh dwnudiwhq hu I +w, @∗ �♭ +w,/ rj iûoj holj eolu

V_8 +ϖ, @u^2+lϖ,^eV_f +ϖ, @u^2+lϖ,^e \ \ lηϖ . 4 4. lηϖ ∗ ϖ^2 \ \^2 V_t +ϖ, > +47,

vrp hu lghqwlvn p hg olj q1 461

P hg vshnwuhwiud +d, eolu ghwwh

YduI ∖ +uη,^2 D X ⊎_{LV2} LV_� ϖ^2gϖ @+uη,^2 D X 4 6 ) +Xν_2,^fi ∗ +Xν_�,^fi [

@+uη,^2 D 6 X^2 ] ν^fi_2 ∗ ν^fi_� ⌊ / I ûoj holj eolu YduI ⋐ X^2/ hwndqvnmh lnnh khowxyhqwhwuhvxowdw1