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EXAM IN TMA4195 Mathematial ModelingEnglishSaturday, Deember 10, 20119:00 � 13:00Aids (ode C): Approved alulatorRottman: Matematisk formelsamlingResults: January 10, 2012Problem 1 Write down the logisti equation and give an example where you explain whatthe equation an model and the meaning of the parameters.Explain what kind of population models lead to the following saled system of equations:
dx

dt
= x(1 − y),

dy

dt
= αy(−1 + x),for some α > 0.This system has equilibrium points (0, 0) and (1, 1). Use, if you an, linear stability analysis(linearization) to determine the stability of these equilibrium points.



TMA4195 Mathematial Modeling, 2011-12-10 Page 2 of 3Problem 2 When a drop of liquid hits a liquid surfae, a rown for-mation appears � see the �gure on the right. The number of points N onthe rown is assumed to depend on the radius r and impat speed U of thedrop, and the density ρ and the surfae tension σ of the liquid.Use dimensional analysis to �nd a relation for N in terms of r, ρ, U, and σ.Hint: [σ] = fore/length.Problem 3 We are given the following intitial value problem,
{

ẍ = −ǫẋ
√

ẋ2 + ż2, t > 0; x(0) = 0, ẋ(0) = 1,

z̈ = −1 − ǫż
√

ẋ2 + ż2, t > 0; z(0) = 0, ż(0) = 1,
(1)where ǫ > 0 and ẋ = dx

dt
, ẍ = d

2
x

dt2
, et.a) Find the initial value problems satis�ed by x0, z0, x1 and z1 in the perturbation expansions

x(t) = x0(t) + ǫx1(t) + O(ǫ2) and z(t) = z0(t) + ǫz1(t) + O(ǫ2),when x(t) and z(t) are the solutions of the initial value problem (1).Determine x0 and z0.A point projetile travels through a onstant gravity atmosphere (z̃ > 0) until it hits theground (z̃ = 0). Here x̃ and z̃ denote the horizontal and vertial oordinates of the projetilepath. The projetile has mass m and is only a�eted by two fores: gravity and air resistane
~Fr = −c~v|~v|,where c > 0 is a onstant and ~v is the veloity of projetile. The gravitational aeleration gis onstant, and the projetile starts at t = 0 at the point (0, 0) with veloity vetor (U0, U0).b) Find an initial value problem for the position (x̃(t̃), z̃(t̃)) of the projetile at time t̃.Find the good saling for the problem when gravity is the dominating fore, and showthat the initial value problem under this saling is (1).Hint: Remember that z̃ ≥ 0. What is the natural veloity sale in the x and z diretions?Problem 4 Two hemial substanes A and B reat with rate onstant k > 0 to form 2A:

A + B
k−→ 2A.(2)We let ã and b̃ denote the onentrations of A and B, and assume that ã(0) = a0 and b̃(0) = b0.



TMA4195 Mathematial Modeling, 2011-12-10 Page 3 of 3a) In a well-stirred tank reator, ã and b̃ are uniform in spae and vary only in time.Show that
dã

dt̃
= kã(a0 + b0 − ã), t̃ > 0.Hint: The law of mass ation. Show that ã(t̃) + b̃(t̃) = constant.The reation (2) takes plae in an unstirred long thin tube reator. In a simple model weassume that the reator is the x̃-axis, and sine it is not stirred, ã and b̃ may vary in x̃ and t̃.We also assume that a0(x̃) is not onstant while

a0(x̃) + b0(x̃) = M = constant.Sine the onentrations depend on x̃, there will be di�usion of reatants in addition to reation.The di�usion oe�ient D is assumed to be onstant.b) State Fik's law for di�usion, and write down the onservation law for the substane Ain the �ontrol volume� I = [c, d].Derive the onservation law in di�erential form, and show that there is a saling suhthat it takes the form
∂a

∂t
=

∂2a

∂x2
+ a(1 − a), t > 0, x ∈ R.(3)Equation (3) has two onstant equilibrium solutions a = 0 and a = 1. To hek the stabilityof these solutions, we must study the behaviour of solutions that are lose at t = 0.) Let a = 1 + c be a solution of (3) suh that c(x, 0) = c0(x) is bounded.Find the solution cL of the linearized equation for c and ompute limt→∞ cL(x, t).Is the solution a = 1 of (3) stable or unstable aording to linear stability analysis(linearization)?Hint: The fundamental solution of the heat equation, cF (x, t) = 1√

4πt
e−

x
2

4t , satis�es cF ≥ 0and ∫ ∞

−∞
cF (x, t)dx = 1.Problem 5 In a saled �uid dynamis model of ar tra� along a one-way road, thedensity of ars ρ satis�es the equation

∂ρ

∂t
+

∂

∂x
j(ρ) = 0,where j(ρ) = ρ(1 − ρ) is the �ux of ars. For all t > 0, there is a red tra� light at x = 0,while

ρ(x, 0) =
1

4
for all x ∈ R.Find the future ar density to the left of the tra� light, i.e. �nd ρ for all x < 0 and t > 0.


