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Note: This solution is more detailed than what was expected at the exam.

Problem 1

a)

b)

Q)

We see that A is symmetric, so it is Hermitian (A" = A). Then A"A = A? =
AAR | which proves that A is normal.

Since A is Hermitian, the eigenvalues of A are real. Proof: Let Ax = Az, with
||| = 1. Then

A= ey = 2\ = oAz = 2 A%y = (Az)Te = Xallp = )\
so A is real.

Let us first find a bound for the eigenvalues of A by using Gershgorin’s
theorem. Each Gershgorin disc has centre in d. All elements of A are real
and of the same sign as d, so the radius of each Gershgorin disc is equal to
the absolute value of the sum of the elements of each row, where we do not
include the element on the diagonal. All these radiuses must be smaller than

> 1 1
20d| S = = 2[d| ( - 1) = |d|.
;31 1-1/3

Thus, all the eigenvalues are contained inside the disc with centre d and
radius r < |d|.

We will now prove that A does not have to be positive definite. Consider
the case where d < 0. Then all the eigenvalues A are negative. Let Ax = Az,
where ||z||2 = 1. Then

2T Ar = 2T e = \eTe =\ <0,
so A can not be positive definite.

From c) we know that the Gershgorin discs do not contain zero, so A has no
eigenvalue equal to zero.

Assume now that A is singular. Then det A = 0, and A = 0 is an eigenvalue
of A since it is a solution of the characteristic equation det(A — AI) = 0. This
contradicts the fact that A has no eigenvalues equal to zero, so A must be
nonsingular.
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e) The Jacobi iteration matrix is

G=1-D"'4,

where D = dI is the diagonal part of A. Thus,

[0 /3 1/9 1/3m 1
1/3 0o 1/3 1/3m2
G=—1| 1/9 /3 0 :
: : .13
[1/371 1/372 /3 0 |
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We can use the same type of arguments as in ¢) to show that the eigenvalues
of G are located in a disc with centre 0 and radius » < 1. This proves that the
spectral radius p(G) < 1, and the Jacobi iteration converges for any initial

vector.

f)

I=LL'=d

., ap SO that
[ 1 1 [a
1/3 1 o
1/9 1/3 1 as
_1/3”_1 1/3772 1/3 1| [an

From the hint, we know that L~! is a lower-triangular Toeplitz matrix, so we
must find aq, ao, ..

3]

a2 a1

ap—1 Q2

ay

We calculate the first column of the product, starting with the topmost

element:

l=da; =

0=d(a1/3+a2) =1/3 +day =
0=d(a1/9+ az/3+ a3) = das =
0=d(a1/27+ a2/9+ a3/3 + a4) = day =

Thus,

0 = da,,

!

a) = 1/d,

as = —1/(3d),
CL3:0,
a4:O,
a, = 0.
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g) For Gauss—Seidel iteration, the iteration matrix is

0 —1/3 —1/3* —1/3% ... —1/3"1
0 1/3%2 —8/3% —8/3% ... _8/3"
G |00 1/32 —8/3% ... —g/3n!
0 0 - 0 1/32 —8/33
[ 0 0 1/3 |

We see that GG is upper-triangular, so the eigenvalues of G are the diagonal
elements. Thus, the spectral radius is p(G) = 1/9.

If we use the alternative L™ mentioned in the problem text, we get p(G) =
19/27.

Problem 2 Using centred finite differences with step length h, we discretize
the 2D Helmholtz equation

~V*u—au=f in Q=(0,1)x(0,1),
u=0 on 09,

where « is a positive constant, and f: {2 — R, and obtain

Ui = 2Uij+ Wij1  Uig1j — 2Uij + Uiy,
h? h?

We now follow the note by E. Rgnquist to construct a diagonalization method
based on (1). Let U be the matrix with elements u,; ; and G the matrix with
elements h?f; ;. Let T be the tridiagonal Toeplitz matrix with 2 on the diagonal
and —1 on the sub- and super-diagonals. Then (1) can be written as

— ozum- = fi,j' (1)

TU +UT — h*aU = G. (2)

The matrix T is symmetric and can be orthogonally diagonalized T' = QAQT,
where A = diag(\1, ..., A\,). We can then write (2) as

QAQTU + UQAQT — h?alU = G,
or

AQTUQ + QTUQA — 12aQ™UQ = QTGQ.
Define U = QTUQ with elements i, ;, and G = QTGQ with elements §; ;. Then

AU +UA — h2aU = G.
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Consider the element in position (i, j) of this equation:
Nillyj + Ui ghj — WPty = G,

or

9i,j

Ujj= .
" )\i—i‘)\j—hzOé

Thus, we can write the diagonalization method as:

1. Compute G = QTGQ.
2. Compute ai’j = gz,j/()\z + >‘j — h206>.

3. Compute U = QUQT.
Note: The method fails if there exists a combination of i and j so that h2a = \;+ ;.

Problem 3

a) A Krylov subspace is a subspace based on a matrix A € R"*" and a vector
v € R™. The definition is

Km(A,v) = span{v, Av, A%v,..., A" v} CR™

Any vector in IC,,(A,v) can be written as ¢,,_1(A)v, where ¢,,_1 is a polyno-
mial of degree not exceeding m — 1, and ¢,,—1(0) = L.

The Arnoldi process is an algorithm which finds an orthonormal basis of
K. (A, v) by application of the Gram—Schmidt process. Let these basis vectors
be the columns of the matrix V;,,. The Arnoldi process also finds a Hessenberg

matrix H,,, so that
H,, = VYAV, (3)

b) We insert A =1+ B into (3).
H, =VY1+B)WV,,=ViV, +VIBV, =1+ VIBV,,.
Observe that since BT = —B

H,, =1=V, BV,
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so H,, — I, must also be skew-symmetric. However, since H,, is Hessenberg,
H,, — 1 is also Hessenberg, which proves that H,, — I is tridiagonal. Thus,
H,, must be tridiagonal and have the matrix structure

L —=p,

H,=|? 1 . (4)
B 1
The Arnoldi MGS process is
1: 79 = b— Axg, B1 = roll2, v1 =10/
2: for j=1,...,m do
3: U]j = AUj

4: for:=1,...,57 do
5: hij = (wj, v;)

6: wj; = w; — h@jUi
7 end for

8 hjt1y = w2

9 v = wi/hjay
10: end for

From (4), we see that
hjt1; = Bj+1-

This takes care of lines 8-9 in the algorithm. We also see that
hig=1 hj1;= -0
This enables us to replace lines 3—7 with
wj = Avy — hj1v;1 = hyv; = Avy + By — vy = Buj + Bjujoa,
for 2 < 7 < m. The case j = 1 must be handled separately:
wy = Avy — hyav1 = Avy — v = Boy.

We can combine these cases if we define vy = 0. Thus, the algorithm becomes
ro =b— Axg, B1 = |roll2, v1 = 10/B1, vo =0
for j=1,...,m do
w; = B’Uj + ijj—l
Bjr1 = llwyll2
Vi1 = w;/Bjn
end for
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d) To obtain a D-Lanczos-like method, we combine the full orthogonalization
method (FOM) with the Arnoldi process from c), and use simplifications as
in the derivation of D-Lanczos. The update equations for the FOM are

Ym = ﬂlHr:Llela Ty = To + merm

where e; = [1,0,...,0]".
We are given the LU-factorization

1 m —0Ba

Ao 1 :

. Nm—1 _ﬁm
Am 1 T
By multiplying together L,, and U,, and comparing with H,,, we find
_ _ B B L, B .
m =1, A = , =14+ XN6i=14+—"—, for 2<i<m.
Mi—1 Mi—1

By induction, this shows that all n; > 1. Since none of the elements on
the diagonal (i.e. the eigenvalues) of L,, and H,, are zero, they are both
nonsingular. Thus,

T = To + Vi H,) Brer = g + ViU, Ly Bren
Now, define P,, = V,,,U,! and z,, = L' B1e;, so that

T = To + Pmzm.-

Define

Pon=1[p1|p2|- | pm] =[Pt | Pml,

Vm: [Ul |U2 | |Um] - [vm—l |Um]7

U,,—
|
Then we can write P,,U,, = V,, as
U,—
PmUm: [mel |pm] ! _5
i (5)

= [Pm—lUm—l | _Bmpm—l + nmpm]
= [Vin-1 | vm] = Vi,
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giving P, 1U;—1 = Vyo1 (which is consistent with P,,U,, = V,,), and

1
_ﬁmpmfl + NnPm = U == Dm = ni(vm + Bmpmfl)- (6)
Next, define
L, = Lm—a and Zm = =1 ,
Am | 1 Cm

where 2L | =[21 5| (no1], and so on. Then, since Ly,z,, = fB1e1, we get that

Ly 12m—1 = B1e1 (which is consistent with L,,z,, = f1e1), and
AmGm-1+Gn =0 = Gn = —Anlm-1-
Define x,,_1 so that it is consistent with x,, = zg + P,,2m, i.e. define
Tme1 = Xo + Pn_1Zm_1.
We can now express x,, using x,,_; in the following way:
Ty = X9 + Przm
= 20+ [Pt | P l 7 ]

= o+ Pm—lzm—l + Cmpm
Tm—1 + Cmpm-

We now have all the equations we need to step from z,,_; to z,,, but we also
need starting values for all the variables. Since Uy = = 1, (5) gives us
that p; = v;. If we define py = 0, the update equation (6) gives us exactly
this. Furthermore, if we define \; = 0, we can use the update equation
Nm = 1 4+ A\ B for m =1 as well. We also need a value for ;. Since L; =1
and z; = (4, the equation Lz, = fie; gives us (; = f1. The starting values
for ro, 81, v1 and vy are given in the Arnoldi MGS algorithm from c).

Combining all this with the Arnoldi MGS algorithm, we get the D-Lanczos-
like algorithm (we suppress the convergence test, and reuse w,, as w in each
iteration):
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ro =b— Axg, f1 =G = [[roll2, vi =r0/P1, vo=po =0, A\ =0
form=1,2,... do
if m > 1 then

>‘m = ﬂm/nm—l
Cm = _Cm—l)\m
end if

Pm = (Um + 5mpm—1>/nm
T = Tm—1 + Cmpm
w = va + 5mvm—1

5m+1 = Hsz
Um+1 = w/ﬁm+1
end for
Problem 4

a) We want to find M = ULV where U and V are unitary, and 3 is diag-
onal with non-negative elements. Note that M is symmetric, so it can be
orthogonally diagonalized as M = QAQ™. Thus, if the eigenvalues of M are
non-negative, the diagonalization is an SVD with U =V = @ and X = A.

We start by calculating the eigenvalues of M by solving the equation det(M —
Al) = 0. This gives us A\; = 100, Ay = 50 and A3 = 0, which are all non-
negative. Thus, the singular values are o; = \;, or

100 0 0
=10 50 0f.
0 0 0

The eigenvectors 9; associated with the eigenvalues \; are solutions of

The unitary matrix V' = [v; | va | v3] is formed by setting v; = 0;/|0;]2. From
(7), we get

b1 =1[4,3,5]",  0.=1[4,3,-5]", 95 =[3,—4,0]",
and by normalizing, we get

4/V/50  4/V50  3/5
U=V =13//50 3/v50 —4/5|.
5/V/50 =5/V/50 0
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b)

Q)

In general we have that o; = \/\;(MHM). For our symmetric matrix, M =
MY, so o; = |\;(M)|. We showed in a) that all the eigenvalues of M are
positive, so we get that the eigenvalues and singular values of M are equal to
each other,

g; = )\z

The rank of M is equal to the number of nonzero singular values, so we
immediately see that rank M = 2.

We can get the best low-rank approximation M =~ M through the use of the
SVD in the sense that ||M — M|| is minimized in the Euclidean or Frobenius
norm. In the course, we showed that we could decompose M as

3
H
M = Zaiuivi ,

=1

and that the best approximation of rank at most equal to k is obtained by trun-
cating the series above after k terms. Thus, the best rank-one approximation
is
) 32 24 40
M = ociuvl = ovof = (24 18 30
40 30 50



