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1 Solution of systems of nonlinear equations

Given a system of nonlinear equations
f(x) =0, f:R™ - R™ (1)

for which we assume that there is (at least) one solution xi. The idea is to rewrite this system
into the form
x = g(x), g :R™ — R™. (2)

The solution & of (1) should satisfy ¢ = g(&), and is thus called a fized point of g. The
iteration schemes becomes: given an initial guess x| the fized point iterations becomes

x* ) = gx®)) k=12, . (3)

The following questions arise:

(i) How to find a suitable function g?
(ii) Under what conditions will the sequence x(k) converge to the fixed point &7
(iii) How quickly will the sequence x*) converge?

Point (ii) can be answered by Banach fixed point theorem:

Theorem 1.1. Let D C R™ be a conver' and closed set. If
g(D)c D (4a)
and

Ig(y) — gl < Llly =vll,  withL <1 forall y,v e D, (4b)

then G has a unique fized point in D and the fized point iterations (3) converges for all

x0) € D. Further,
k

Ix®) ¢ < 7= = —x2). (4c)

Proof. The proof is based on the Cauchy Convergence theorem, saying that a sequence {X(k)}zozo
converges to some & if and only if for every € > 0 there is an N such that

[ —x®)|| < & for all [,k > N. (5)

Assumption (4a) ensures x¥) € D as long as x(%) € D. From (3) and (4b) we get:

[ — x®)| = ||g(X(k)) —g(x" ) < Lx® —xFD ) < L x® - <O
We can write x(F+P) — x(k) = $°P (5 (k) _ (k+i=1)) “thus
Hx(lc—l—p) | < ZHX(k—H) (k+i— 1)”
Lk

= (PPt 1)Hx(k+1) _ X(k)H <

Al

)

'D is convex if Oy + (1 — @)v € D for all y,v € D and 0 € [0, 1].



since L < 1. For the same reason, the sequence satisfy (5), so the sequence converges to some
¢ € D. Since the inequality is true for all p > 0 it is also true for &, proving (4c).

To prove that the fixed point is unique, let £ and 7 be two different fixed points in D. Then

1€ = nll = llg(€) — eIl < [I€ =l
which is impossible. O

For a given problem, it is not necessarily straightforward to justify the two assumptions of the
theorem. But it is sufficient to find some L satisfying the condition L. < 1 in some norm to
prove convergence.

Let x = [z1,...,2,)7 and g(x) = [g1(X), ..., gm(x)]T. Let y,v € D, and let x(f) = Oy + (1 —
0)v be the straight line between y and v. According to the mean value theorem for functions,
for each g; there exist at 6; such that

Gi(y) — () = gi(x(1) ~ gi(x(0)) = L@ -0),  Ge 1)
_ Em: —v)), % = Oiy + (1= 0:)v
since dzj(0)/df = y; — v_] Then
9:() iﬁ v = vl < fjgymwmgm—m.

If we let g;; be some upper bound for each of the partial derivatives, that is

8.%']'

(x)| < gij, forallxeD.

then

m
lg¥) — g(W)llee = | max D gij | Iy = vle-

j=1
We can then conclude that (4b) is satisfied if

m
max gii < 1.
: Zlgm
j:

Newton’s method

Newton’s method is a fixed point iterations for which

gx) = x8) — () (), (0
where the Jacobian is the matrix function
) o P
Jr(x) = : :
Un(x) - o2(x)
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The Newton method can be derived as follow: Consider element 7 in f, that is f;(x). Do a
multidimensional Taylor expansion of f;(£) around the vector x) | using e®) = ¢ — x(*) This
gives

o 2 (R 4 R
U + e + Ry

O—fl( (k) ...,mﬁfj) ) fi+

The function and all the derivatives are evaluated in x*). The remainder term R; consists of
quadratic terms like O(e; (k) 5 )). If the error is small, this term is even smaller, so let us now

(k) (%)

ignore it and replace the errors e, with an approximation to the error Az;" to compensate.

Doing so for each ¢ = 1,2,...,m gives us the following system of linear equations,
0 ofi
fi+ fZA(’“ -+im,€,’§>:0, i=1,2,...,m.
0T,
which is

f(x(k)) + Jf(x(k)) AzF) =0

Solve this with repect to Ax(*). Remember that Ax*) ~ ¢ — Xlgk) it seems reasonable to
update our iterate with this amount, thus

x(k1) — 5 (k) Ax,(gk)

which finally results in (6).

It is possible to prove that if i) (1) has a solution &, i) J¢(x) is nonsingular in some open
neighbourhood around ¢ and 4ii) the initial guess x( is sufficiently close to &, the Newton
iterations will converge to & and

e = x®+V) < Kl - x|

for some positive constant K. We say that the convergence is quadratic.

2 Linear algebra

Author: Elena Celledoni.

2.1 Introduction

We consider the approximation of the solution of linear systems of algebraic equations with n
equations and n unknowns:

1,121 +a1222 + -+ a1, = by
(2171 + 22T + -+ a2,T, = bo
(7)
An1T1 + An2T2 + -+ AppTn = bn
where (z1,--- ,xy) are the unknowns. Given (a; j)i<i j<n, and b;, i =1,--- ,n.



We can rewrite (7) in a matrix form by defining:

a1l a1p

a1 G22
A=

Gn,1  Gn,2

so we have that (7) becomes

Linear systems can be easily solved when A has a special structure, for

a1n
a2 n

Gn,.n

A-xz=0.

diagonal matrix or triangular matrix and a;; # 0 for i = 1,...,n:

(8)

example when A is a

e A diagonal matrix

a171 0 . . 0
0 ag.2 0 te 0
A=
| 0 0 ann |
e A triangular matrix
[ a1 aip
0 a2 a3
A=
o . 0
| 0 0

1,121 + a12%2 + - -

a22%2 + -+

(p—1,n—1Tn—1 + subsubsection * *an_1 Ty

x1

Z2

Tn—1

Tn

_ b
aj1x1 = by 1 = ar
_ — 2
a22%r2 = bg Tro = a2 2
=
— b — bn
pnTn = On Tn = goa
Q1n
a2n
=
p—1n—1 Opn—1n
0 Qn.n
'+"'+a1,nxn = bl
et agpT, = by
=
= bp-1
nnln = by,

n
bi—>"7 5 a1,;%;

ai,1

n
ba—3 7 _5a2,%;

a2 2

bn—l*an—l,nxn

an—1,n—1



The formula (9) is called back substitution algorithm. For general maurices other techniques
based on matrix factorizations are in general used. If the matrix is of large size and sparse (i.e.
it has a relatively small number of elements different from zero), then it is more convenient
to use iterative techniques. We will describe here briefly both approaches. In the next section
we consider the stability of linear systems, that is the sensitivity of the output with respect
to perturbations in the input data.
2.2 Stability of linear systems
Preliminaries
A vector norm is a function || - || : R™ — R satisfying three axioms:

1. JJu|| > 0 for all w € R™ and ||u|| = 0 if and only if u = 0.

2. || Aul] = |Al]jul|for all vectors uw € R™ and scalars A € R.

3. |lu+v| < |lu|l + ||v|| for all w € R™ and v € R™.
If w is a vector with n components, examples of norms are:

o ||ully := |ui| + - + |up|, norm-1;

o ||ulloo := max;<i<p |u;], max-norm;

1 1
o [jullz :== (|U1|2 + e+ |un|2) 2 = (uTu)Q, norm-2.

We will also make use of matrix-norms. Matrix-norms satisfy an extra axiom compared to
vector norms; this axiom has to do with the product of matrices, so if A and B are n X n
matrices, for a vector-norm according to this axiom we have that

[AB < [lAll[|BI|

Assume U is a matrix with elements u; ;, examples of matrix-norms are:

e |U|lr= \/Z:‘L:l Py ugj, Frobenius norm;
o |Ulloo := max; > 74 |uj j| max-norm;

o [Tl == max; 37" |uj;| norm-1.

3 2
o] 23)

For example for

we get

IU|lrp = /32422 + (—1)% = V14 = 3.74165738677394,
Ulleo = max{|3] +[2[,| — 1] + (0]} = 5,
Ul = max{|3[+[—1],[2] +[0]} = 4.



Stability analysis
Consider Az = b, A invertible. Let x(e) be the solution of the linear system
(A4+eF)x(e) = (b+ef).

We are intersted in the case when ¢ tends to zero. Here f € R™ and F' is n X n matrix.

We seek for bounds for the relative error

[z — z(e)]]
el
for a chosen vector-norm || -||. We will also make use of the so called subordinate matrix-norm
deduced from || - ||, that is for a given n x n matrix B:
| Bz

1Bl =

= ax )
a#0,2€R™ |||
Proposition 2.1. Assume A is invertible. For all e such thate < C., A+eF is also invertible.

Proposition 2.2. For all € such that ¢ < C., here exists a unique x(g) and its components,
z;(e) are continuous functions of €.

Lemma 2.3.

Proof. By differentiation.

We now use Taylor theorem and obtain
z(e) = x(0) 4 €2/ (0) + O(?),

where z(0) = z. So
lz(e) — 2|l < ell’(O)] + O(e?),

and using the lemma, we obtain
l2(e) = z|| < el|AH(f = Fa) || + O().

This leads to

(&) 2l _ I —Fa)ll o) aety (M i HF%”) LO@E).

] [l [l

Now Az = b implies [|b]| < ||A]|||z]|, and this is equivalent to

We also have
| Fz||

]

IETIAL



So proceeding in the estimation of the relative error we get

o) =l _ s (HfHHAH HFHHAH> o
el = T A ) O

o) =l _ o1 A(@ @) ,
far = A AT g+ ey ) O

and we obtain

The real number

K(A) = [|ATH] ]|l

is called condition number of A. The condition number depends on A and on the matrix-
norm used to measure the relative error. The final bound of the relative error is then

€)= all _ e qy (UL, DFLY o
El ’C(A)<H6H * HbH>+O( )

and we clearly see that the condition number gives a bound of the leading error term (in ¢)
of the relative error in the output data by means of the relative error in the input data.

We observe that since I = A7'A, then
1] < [ATH (AL = K(4),

and for all subordinate matrix-norms

)

I
1) = max 1l
a#£0,z€R" || z||

SO

1 < K(A).

2.3 Gaussian elimination

Definition. Two linear systems of equations are said to be equivalent if they have the same

solution.
Gaussian elimination is an algorithm where in n — 1 steps, Az = b is transformed in an
equivalent system Uz = f and U is an upper triangular matrix. The advantage is that

triangular systems can be easily solved using the formula (9).

In particular we have

all intermediate linear systems AR g = p®) k. =1,... ,n—1 are equivalent to Az = b. The
last system A=Dg — p(=1) g in upper triangular form, and system number k is

ai1 v Al Qg1 o Glg

0 . . .

Ak | F T Ak Gkkrr kg
0 art1 k41 - Gkgip
0 0 nge1 o Gnn |




We obtain AMz = b from Az = b by replacing the den 2nd, 3rd, .., nth equation in
Az = b with corresponding linear combinations of the first equation with the 2nd, 3rd, ..,
nth equation. To obtain Az = b2 (and the subsequent linear systems) the same process is
repeated considering only prosessen er repetert med & ta hensyn til kolonnene fra the columns
form the 2nd to the nth and the rows from the 2nd to the nth.

Example

Given:
r1+4x0+x3 = 6 1 4 1 T 6
21‘1 — Xy — 2.%'3 = 3 A= 2 -1 =2 ) = 3 (10)
1+ 3x9+2x3 = 5 1 3 2 T3 9

we want to reduce it t a triangular form.

We start with replacing the second equation with a linear combination of the first two equa-
tions, that is we replace
21‘1 — T2 — 21‘3 = 3 with

(2$1 — X9 — 2$3) + (—2) . (3:1 + 4xo + xg) =3+ (—2) -6,= —9x9 — 4x3 = —9.
We then replace the 3rd equation with a linear combination of the 3rd and 1st equation:
(ml + 329 + 2273) + (—1) . (231 + dxy — $3) =5+ (—1) -6,=> —x9 + a3 = —1.

This way we get the following new system

r1+4x0o+23 = 6 1 4 1 T 6
—9zy —dzz3 = —9 AW =10 —9 —4 Ty | =] =9 (11)
—x9+x3 = —1 0 -1 1 T3 -1
2
The coefficients used in the linear combination of the equations are 1 and they are chosen

so that in the new system we get that the second and third element of the first column vanish,
this way we eliminate to coefficients in the linear system.

Now we work only with the two last equations:

—91‘2 — 41‘3 = -9
—ro+x3 = —1 (12)
We replace the last equaltion with
1 1 13
(—.%'2 + .%'3) + (—5) . (—9.%'2 — 4.%'3) = -1+ <—§> . (—9) = E.%’g =
The coefficient used for the linear combination is %.
In the end we get the linear system
r1+4x0o+23 = 6 1 4 1 T 6
—Oxg—dzg = -9 AP =|0 -9 —4 o | =] -9 (13)
Bas = 0 o o 3 0

10



and the solution can be computed by the backward substitution algorithm. Starting form the
last equation x3 = 0, and proceeding upwards to solve =929 = -9 =9 =10gz1 +4=6=
r1 = 2, we get
2
z=1]1
0

Note now that when we eliminated the first column we used the two coeflicients:

i

and for the second we used

By using these coefficients we construct a triangular matrix L:

1 00

L=1]12 1 0
1

1 51

Note also that if from (13) we define now U := A®) and we compute L - U, we get A back.

In general when we perform the Gaussian elimination, we compute simultaneously a factor-
ization of the matrix A = LU, where L and U are two triangular matrices.

This is very handy if we want to compute solution of two or more systems with the same
coefficient matrix A but different right hand sides, b, b and so on. In this case one can use the
same factorization LU = A two (or more) times ganger and compute to different backward
substitutions, one with b and one with b.

Such factorization is also used for computing the determinant of A, because det(A) = [ u;;.
Analogously one can use the factorization to find the inverse A~1. In our case we have

13
and
1 4 11 'T1to007]" [1 & L 1 0 0
Al=10 -9 —4 2 10 =10 - -5 -2 1 0
13 1 9 7 1
o o0 £ 141 o0 = - -1

Note that it is much easier to compute the inverse of a triangular matrix than the inverse of
a general invertible but unstructured matrix.

Gauss elimination: general algorithm
For the general matrix (7) we have:

Az =b— AWy = p()

11



l2,1 = Z?—j agg = ag,p — l2,1(117p b;l) = b2 — l2,1b1
l3,1 = Zi’—i agl)) = a3p — l3,1(117p bgl) = b3 - l3,1b1
p=2,...,n
ln,l = ZL_:ll agbl,])o = Qnp — ln,lal,p bgll) = bn - ln,lbl
Now we define
A= A(l), b= b
and continue with
Az =b— APz =3,
If az o # 0, we obtain, for j =3,...,n,
lj72 = Z;% afg = (IJ"p - lj72a27p b§2) = bj - lj,gbg p = 3, B N
and then we define
A= A(Q), b= b2,
In general for A% we have,
A= A(k_l), b= pk—1)
and
Az =b— AF g = p®)
with
lng = Z;% agiz = Gjp — lngak,p bgk) = bj — lj,kbk p = k+ 1, ey n.

for j = k4 1,...n, and assuming ay , # 0. In the end we obtain the following algorithm:

12



Gaussian elimination
Fork=1,....n—1

Forj=k+1,...,n

a5k
G,k

Lik =
Forp=k+1,...,n+1,
Ajp = Qjp = ljkAkp
End
End

End

And with U := A®=1 we also obtain the following, so called LU-factorization for A,

A=1LU.

Gaussian elimination with partial pivoting

In Gaussisan elimination (G-E), as described on the general algorithm, we divide always by
ay 1 (the so called pivot element). Obviously we might get problems when such value is zero
or very small. To avoid such problems we can perform systematic permutationns of the rows
of the linear system. This procedure is called partial pivoting.

Two exmples: Gaussian elimination with partial pivoting

Consider the linear system

T1+x0o+r3+24 = 1 1 1 1 1
T1+xo+2x3—14 = 1 1 1 2 -1 (14)
T1+ 200 —x3—24 = 1 1 2 -1 -1
T —x2+r3—214 = 1 1 -1 1 -1

We eliminate the first column by subtracting the first row from the other three. We obtain

T+ a9 +r3+234 = 1 1 1 1 1
r3 — 2.%'4 =0 0 0 1 -2
o — 2$3 - 2$4 = 0 0 1 -2 =2 (15)
—2x9 — 224 = 0 0 -2 0 =2

now we can not proceede, because there is no a which could be used to eliminate xo

(x9 — 2wg — 2x4) — - (13 — 2x4) = 0.

13



The only option is to permute the rows. To minimize roundoff error propagation it pays off
to exchange the second row with the row having the biggest coefficient in absolute value for
29, that is the third. Then we get

T1+axs+r3+x4 = 1 1 1 1 1
—2$2 - 2$4 = 0 0 -2 0 —2 (16)
o — 2$3 - 2$4 = 0 0 1 -2 =2
r3 — 2.%'4 =0 0 0 1 -2
and now we continue the Gaussian elimination as usual. We obtain:
T1+x9+r3+234 = 1 [ 1 1 1 1 ]
—2x9 — 224 =0 0 -2 0 =2
—2$3 - 3$4 = 0 0 0 -2 -3 (17)
r3 — 2.%'4 =0 L 0 0 1 -2 |
and in the end: ) )
T1+xot+ar3s+x4 = 1 1 1 1 1
—2x9 — 224 = 0 0o -2 0 =2
—2x3 — 314 =0 o 0 -2 -3 (18)
—Tay =0 |0 0 0 —I]
which, by the backward substitution algorithm, gives the following solution
1
. 0
|0
0
In the second example given:
r1+3x2+2x3 = 5 1 3 2 T 5
2$1 — X9 — 2$3 = 3 A= 2 -1 =2 i) == 3 (19)
r1+4x0+x3 = 6 1 4 1 T3 6
we want to reduce the system to triangular form using Gaussian elimination with partial
pivoting.
We exchange rows:
2.%'1 — T — 2.%'3 = 3
1+ 3x9+2x3 = 5 (20)
r1+4ro+23 = 6
then we eliminate z1,
2.%'1 — T — 21‘3 = 3
3.5T9 + 3x3 = 3.5 (21)
4.5x9 + 2x3 = 4.5
we exchange rows once more:
2.%'1 — T — 21‘3 = 3
3.5x9 + 3x3 = 3.5

14



and eliminate zo from the last equation,

2$1 — X9 — 25[73 == 3
4.529 + 223 = 45 (23)
1.444425 = 0

with the backward substitution algorithm we obtain the solution z3 =0, xo = 1, 1 = 2.

G-E with partial pivoting: general algorithm

In general we get the following Gaussian elimination algorithm with partial pivoting: first one
initializes the vector 7 (pivot vektor) so that m; ;=i for i =1,...n,

15



Gaussian elimination with partial pivoting

Fork=1,....n—1
a::\akk\
Forj=k+1,...,n

if (a<lajl)

a = |a k|
T =]
End
End
if (7 £ k)
S:i= T

Forp=k,....n
T= Qg
Afp = Usp
Qgp =T
End
End

Forj=k+1,...,n

Aj.k
Ak k

Lik =
Forp=k+1,...,n+1,
Wjp = Ajp — Lk
End
End
End

Complexity of Gaussian elimination

One can prove that for a n X n matrix the complexity of Gaussian elimination is of

gn — gn,

16



operations (additions and multiplications). For big n %n?’ dominates the cost. We say that
Gaussian elimination has complexity O(n?). The backward substitution algorithm, (9)) has
lower cost, that is O(n?).

2.4 Other matrix factorizations

Bisides the LU-factorizations there are many other important matrix factorizations which is
useful to know about.

Recall that an eigenvalue of A is a real or complex value such that, there is u vector such that
Au = du.
u is called eigenvector of A.
1. QR- factorization: any real matrix A n X p can be factorized in the form
A=QR

where @ is n x n orthogonal (i.e. QTQ = QQT = I where I is the identity matrix) and
R is n X p is upper triangular.

2. Polar decomposition: any matrix A n x n can be factorized in the form
A=QS
where ) is n x n orthogonal and S is n X n is symmetric.

3. Schur canonical form: for any matrix A n x n there exists a matrix P (complex)
unitary (i.e. PYP = PPH =T and P¥ the transpose-conjugate of P) such that

PHAP =T

where T is upper triangular.

As a consequence, if A is Hermitian (i.e. A = Af) then
PTAP =pPHATP =T
and T is Hermitian and triangular and therefore is diagonal.
4. Singular value decomposition. For all A n x n real matrices, A can be factorized as
A=UxvT

where 3 is diagonal, U and V are n X n orthogonal matrices. The diagonal elements
of ¥ are the singular values of A, i.e. the square roots of the eigenvalues of AT A. This
factorization has analogs for n X p matrices and for matrices with complex entries.

17



5. Jordan canonical form. For any A real n x n (or A € C"*") it exists a matrix
M € C™*™ invertible, such that

J1

Jo
M7'AM =J = , ,  (block-diagonal). (24)

Ji

Here J; is a m; X m;-matrix, and Zle m; = n. The Jordan-blocks J; have the form

Ji = A ,ifmy > 2
S
Ai

and J; = [N;] if m; = 1. If all m; = 1, then k = n and the matrix is diagonalizable. If
A has n distinct egenvalues, it is always diagonalizable. The converse is not true, that
is a matrix can be diagonalizable even if it has multiple eigenvalues.

2.5 Symmetric matrices

When we talk about symmetric matrices, we mean normally real symmetric matrices. The
transpose AT of a m x n-matrix A, is a n X m-matrix with a;; as the (ij)-element (a matrix
whose columns are the rows of A). A n x n matrix is symmetric if AT = A.

A symmetric n X n matrix has real eigenvalues Aq,..., A\, and a set of real orthonormal
eigenvectors 1, ...,x,. Let (-,-) denote the standard inner-product on C", then (z;,z;) = d;;
(Kronecker-delta).

A consequence of this is that the matrix of eigenvectors X = [z1,...,x,] is real and orthogonal
and its inverse is therefore the transpose

X t=Xx"
The diagonalization of A is given by

A =diag(\i,..., \n), X =[z1,...,2,), X'X=1I XTAX=Ao A=XAXT

Positive definite matrices

If A is symmetric and (z, Az) = 27 Az > 0 for all 0 # = € R™ A is called positive definite.
Here we denote with (-, -) the Euclidean inner product.

A (symmetric) is positive semi-definite if (x, Az) > 0 for all z € R™ and (x, Az) = 0 for at
least a x # 0.
A positive definite < A has only positive eigenvalues.

A positive semi-definite < A has only non-negative eigenvalues, and at least a 0-eigenvalue.

18



2.6 Gershgorin’s theorem

Gershgorin’s theorem. Is given A = (a;;) € C"*". Define n disks S; in the complex plane
by

Sj: ZGC:’Z—GJ‘]’ISZ‘GJM
k#j
n
The union S = U S; contains all the eigenvalues of A. For every eigenvalue A of A there is a

j=1
J such that X € S;.

Example.

Re

0

Proof of Gershgorin’s theorem: Let \ be a eigenvalue with associate eigenvector z = [¢1,...,&,]T #
0. Choose ¢ among the indexes 1,...,n such that || > |&|, k = 1,...,n, and so |&| > 0.
The equation Ax = Ax has component /:

damb =X = N —aw)é = améy
k=1

P,

19



Divide by |£| on each side and take the absolute value
B &k €k
A —aw| = Zaﬁkg_ < ZWHW < > ag
k2t ¢ Py, ¢ k2t

Then we get A € S.

Example. Diagonally dominant matrices with positive diagonal elements are positive definite.
Why?
thm

2.7 Solution of linear systems by iteration

To approximate z in the numerical solution of Az = b, given z(®), we construct a sequence of
vectors (... 2 .. A way to do this is by fixed-point iteration.

We consider an equivalent formulation of Az = b as fix-point equaltion. For example:
Av=besx=(1—-A)zx+Db
where [ is the n x n identity matrix. Given xg, we then obtain the iteration:
2D = (1 — A)z™ +b.
In general one can obtain an iteration as follows:
e write A as a sum of two terms: A = M — N, choose M invertible;
e from (M — N)x = b one gets Mx = Nz + b and
=M 'Nz+ M '

0

e so given z° one builds the iteration:

2D = prINg™ a1,

Typically M is chosen such that M ™! is easy to compute, for example M can be diagonal or
triangular.

Example
We want to solve with fix-point-iteration the system

Tr1 — T2 = 1 L 1 -1 1
—r1+ 29 = -1 A_|:—1 2 :|’ |:—1:|, (25)

and start with



The solution is

We take

0 2 10
We have Mz = Nx+ b, and = M~ !Nz + M~1b, i.e.

z1] [10]7'[0 1 g{;1+10‘1 1
x| | 0 2 10 9 0 2 -1 |
By using z(©) we compute
2 = M IN2O 4 A1y,

EIR R EE Y]

We continue z(?) = M~ 1Nz + pM—1p:

2] 110101 x§1>_+ 1]
22 [0 2 10| gV -1

w3 3] wewse 1]

O N=
| I

and more

0] 1 Y1 _[ors00] |2 | _ 1
2 —0.2500 | | Z{¥ VR N P9 —0.1250 |’

291 08750 21 [ 1.0000
2910 0 e T [ 00000 |

Example

In the system (25) we take

1 0 0 1
M._[_l 2] N_M—A_[O 0},

and with the same (9 we compute () = M1 Nz©) + M1

e VI I S I I I
2V [ -1 2 -1 [0
and we get the true solution of the system already at the first iteration.

In general if M is the diagonal part of A, i.e.
Mii=aii, 1=1,...,n, mi;=0, iFJ]

(where m; ; are the elements of M, and a;; are the elements of A), then we obtain the so
called Jacobi method.

If M is the lower triangular part of A, i.e.
mi; = Qi j, 1=1,....n, 7=1,...,4, mm:O, t=1,....,n, 5=1+1,....n,

then the method is called Gauss-Seidel method.
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Convergence

To measure the extent to which 2™ has converged to  we use vector norms: ||z — z(™||.

We write the iteration in the following general way
2D = MINz™) 4+ 1,
by defining C' := M~'N and g := M b we can write:
2D = 2™ 4 g (26)

Theorem 2.4. If there is a matriz-norm || - || such that ||C|| < 1 the iteration (26) converges
for all (0.

Example
Consider
B:[—gl 2%5]’M:[3 2(.)5}’]\7:[(1) _01]
then
Cy=M"IN = [ 0.4(())00 _0.3333 }

and ||Cyllp = 0.5207, ||Csll1 = [|Cs]lmax = 0.4000, so given f, the Jacobi method converges
for Bx = f for any (0.
For the Gauss-Seidel method we have

o[ 3 0 7o —17 [0 —0.3333
G571 -1 25 0 0 | |0 —0.1333

and ||Cgs|lF = 0.3590, [|Caslli = 0.4667 and ||Cas|lmax = 0.3333, so Gauss-Seidel method
converges for Bz = f and for any z(®).

Example

Consider the matrix from the example (25):
1 -1
[ 7]
Both Jacobi and Gauss-Seidel converge. For the Jacobi method we have:
o _[1 o7 o] _J01
7710 2 1ol |30

with norms [|Cyllp > 1 [|Cyllmax > 1 ||Cy|l1 > 1. For Gauss-Seidel

ces=[ 1 3] [0 3]
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and [|[Casllr > 1 [|Cas|lmax = 1 [|Cas|i > 1.

Here the hypothesis of the previous theorem are not satisfied, even if in our numerical exper-
iments the iteration converges. We should use another technique to prove convergence. Let
o(C) be the set of eigenvalues of C', then we can define

C):= A
p(C) féﬂ%' |

p(C) is named spectral radius of C, and it is a positive number.

One can show that

Theorem 2.5. p(C) < 1 if and only if the iterative method (26) converges for all z(0).

In our example we must look at the eigenvalues of C'; and Cgg. Note that
Cu=Mu< (C—-A)u=0<det(C — ) =0,

where [ is the identity matrix and

U1 U1
det(U) = det ’ ’ = U1 U2 — U2 U
U1 U2,2

det(CJ—AI):detqg (1)]—[3 H):da([? _1)\D:)\2—%,

and )\‘1772 = i\/g ~ +0.7071. So p(C) = 0.7071 and p(C) < 1.

For Cgg we have
—A 1 1
o= ([P, ]) =2 (1),

and A{® = 0 and A§¥ = 1 and p(Cgs) = 1.

The reason why Gauss-Seidel converges faster than Jacobi is that p(Cgs) < p(Cy).

So

3 Adaptive Simpson

We now want to find an approximation Q(a,b) to the integral I(a,b) = fab f(z)dz so that the
error is below a given tolerance €, thus

|I(a,b) — Q(a,b)| Se,
To do this, we will need a strategy for
e ecstimating the error I(a,b) — Q(a,b).

e Divivde the interval [a,b] interval into subintervals a = Xy < X7 < -+ < Xy = b so

that
Xi+1 — Xk .

(X, Xh1) = QX X)) S ——

And we will use Simpsons method as an example here, but the strategy is applicable for other
methods as well.
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Error estimate

Simpsons formula is given by

O GRRCEIC)
and the error is given by
_ )9
1a,h) = S(ab) =~ 0, g o)

Assume now that the interval [a, b] is small, so that f(*) is almost constant over this interval.
In that case, the formula above becomes

f(4)

I(a,b) — S(a,b) =~ C(b—a)°, R~

(27)

Next, let us split the interval in two equal parts: [a, ¢] and [, b] and integrate each subinterval
by Simpsons method:

Sy = S(a,c)+S(e,b) = % <f(a)+4f(d)+2f(c)+4f(e)_|_f(b)>, =2 —QF c, o c_;b
and the error is
_ (b-a)P (b—a)° ey o L
I(%b)—sz——mf (51)—mf (52)'\*0'?(17—@)5 (28)

For notational convenience, use S1 = S(a,b). Multiplying (28) by 16, and subtract (27) from
it gives
So — 51
15-I(a,b) — 1652 +S1 ~ 0 = I(a,b) =~ Sy + TR (29)

So, we can of course use this as a better approximation to the integral I(a,b), but we can also
use it for error estimations of S7 and So, since clearly

16

I(a,b) = Sy~ By = (8 = 81) (30)
1

I(a,b) = Sy~ By = (52 = 81) (31)

In a code, we will use So, since this is the best of the two approximations and we do have an
error estimate for it. But since this error estimate is known, we can add it to So and get an
even better approximation to I(a,b) for free, that is, we use the approximation (29). In that
case the error is usually overestimated, we get a better solution than we asked for. Which is
hardly any reason to complain.

Example 3.1. We want to approximate

w/2
I1(0,7/2) = /0 sin(z)dzr = 1.
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We get

Sy = S(0,7/2) = 1.00228088
Sy = S(0,7/4) + S(x/4,7/2) = 1.00013458.

The error esimates are
Ey=-228-107°,  FEp=-143-10"*
The improved approximation is given by:
Q = S2+ E2 =0.9999916.

So, even in this simple example where f®) is far from constant over the interval, the error
estimates are quite accurate.
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Splitting of the interval

The algorithm is quite trivial: First, calculate S, Sy and Es over the whole [a, b]. If |Ey| > €
then divide the interval in two equal parts, and repeat the procedure on each subinterval with
half of the tolerance on each subinterval. Continue until the error is below the tolerance for
the given subinterval. The strategy may be best illustrated by an example:

Example 3.2. We want to approzimate foﬂ/Z sin zdx with an error tolerance € = 1075. The
results are given in the following table:

level a=0,b=m/2, ¢=1075

1 S1 = 1.00228088, S2 = 1.00013458, |Fp| = 1.43-10~%

2 a=0,b=m/4, e=5-10"° a=7/4, b=7/2, e=5-10"°

S1 = 0.29293264, Sy = 0.29289564 S1 =0.70720195, Sy = 0.70711265
|Fa| =2.47-107%,Q(0,7/4) = 0.29289318 |F2| =5.96-1076
3 a=m/4,b=3m/8 a=3r/8 b=m/2
€=25-107° €=25-10"°
S1 = 0.32442604 S1 = 0.38268661
So = 0.32442352 So = 0.38268363
|Es| =1.68-107 By = 1.98- 107
Q(r/2,3m/4) = 0.32442335 | Q(37/4,7/2) = 0.38268343

and the numerical approximation s
Q(0,7w/4) + Q(7/4,37/8) + Q(3w/4,7/2) = 0.9999996.
The error is about 4 - 10~8 which is well below the tolerance.

The implementation of the code is given in Figure 1.

4 Gauss quadrature and orthogonal polynomials.

The aim of this section is to construct “optimal”’ quadrature formulas. To be more specific,
given the integral

b
L) = [ @) f@)s (32)

in which w(x) is a fixLed, positive function. We want to approximate this using a quadrature
formula on the form

Qu(f) =Y Wif ().
=0

Such a formula can be constructed as follows: Choose n + 1 distinct nodes, zg, 1, -+ , 2y in
the interval [a,b]. Construct the interpolation polynomial

pale) =Y S, L) =[] 5=
i=0 j=0"
i
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function simpson_result = simpson(f,a,b,tol,level,level_max)

A

/ simpson_result = simpson(f,a,b,tol,0,level_maz)

A

/ Compute the integral of a function f from a to be within a tolerance tol,
/ using an adaptiv Simpson method.

/ level_maz=10 is a suitable wvalue.

level = level+l;
h = b-a;
c = (a+b)/2;
S1 = hx(f(a)+4*xf(c)+£f(b))/6;
d = (a+c)/2;
e = (c+b)/2;
S2 = hx(f(a)+4xf(d)+2+xfeval (f,c)+4xf(e) + £(b))/12;
if level>=level_max
simpson_result = S2;
warning (>’Maximum,,level reached’);
else
err = (S2-S1)/15;
if abs (err)<tol

simpson_result = S2+err;

else
left_simpson = simpson(f,a,c,tol/2,level,level_max);
right_simpson = simpson(f,c,b,tol/2,level,level_max);
simpson_result = left_simpson+right_simpson;

end

end

Figure 1: Matlab code for adaptive Simpson

An approximation to the integral is then given by
b b
Qu(f) = [ w@pa(@ds =3 Wif@), W= [ w@Liod. (@)

The quadrature formula is of precision m if

Ly(p) = Qu(p), for all p € Py,.

From the construction, these quadrature formulas is of precision at least n. The question is
how too choose the nodes x;, t = 0,...,n giving m as large as possible. The key concept here
is orthogonal polynomials.

Orthogonal polynomials.

Given two functions f, g € C[a,b]. We define an inner product of these two functions by

b
< f,g >w:/ w(z) f(z)g(z)dz, w(z) > 0. (34)
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Thus the definition of the inner product depends on the integration interval [a, b] and a given
weight function w(z). If f,g,h € Cla,b] and o € R then

(f, 90w =19, [lw

(f+9.hhw = (f, h)w + (9. h)w

(af,g)w = < 9w

(f, Nw > and (f,Hw=0<f=0.

From an inner product, we can also define a norm on C|[a, b] by

1% = (£ fw-

For the inner product (34) we also have

b
(], g = / w(@)z f(@)g(@)dz = (F, 26w, (35)

Our aim is now to create an orthogonal basis for P, that is, create a sequence of polynomials
o (x) of degree k (no more, no less) for k =0,1,2,3,... such that

<¢ia¢j>w =0 forall i 7é j

If we can make such a sequence, then

Py,—1 = span{¢o, 1, -+ , Pp—1} and (Gn,D)w =0 foral peP,_.

Let us now find the sequence of orthogonal polynomials. This is done by a Gram-Schmidt
process:

Let ¢g = 1. Let ¢1 = x — By where Bj is given by the orthogonality condition:

(7, 1)y
(11113,

0= <¢1a ¢0>w = <'Ia 1>w - Bl<1, 1>w = B =
Let us now assume that we have found ¢;, j =0,1,...,k — 1. Then, let
k-1
b = TPp_1 — Z a;jd;.
j=0

Clearly, ¢y, is a polynomial of degree k, and a; can be chosen so that (¢, ¢i)w = 0, i =
0,1,...,k—1, or

k-1
(D, Di)w = ($¢k—1,¢i>w—z aj(Gi, 0j)w = (XPr—1, Pi)w—i{Pi; di)w = 0, 1=0,1,--- k=1
=0

So a; = (xdp_1, Pi)w/{Pi, i)w. But we can do even better. Since ¢j_; is orthogonal to all
polynomials of degree k — 2 or less, we get

(TPr—1, 0i)w = (Pr—1,2Pi)w =0 for i+1<k—1

So, we are left only with aj_1 and ag_s. The following theorem concludes the argument:
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Theorem 4.1. The sequence of orthogonal polynomials can be defined as follows:

¢o(z) =1, ¢1(z) =z — By

or(z) = (x — By)op—1(z) — Crr—2(x), k>2
with

(Zop—1, Pp—2)w _ | Pu—1l%

Iér—alls,  lldr—allf

(TPr—1, Prh—1)w

or—1ll2,

The last simplification of C} is given by:

(@Pp—1, Ph—2)w = (Ph—1, TPk—2)w
Grp—1 = TPp—2 — Bi_1¢r—2 — Cr—1Pr—3-

By = Cy =

Solve the second with respect to x¢y_s, replace it into the right hand side of the first expression,
and use the orthogonality conditions.

Example 4.2. For the inner product

1
(f.9) = / f@)ga)ds

we get
¢0 - 17 <I’¢0,¢0> - 07 <¢07¢0> - 27 Bl == 07
2 1
¢1 =z, (x¢1,¢1) =0, (b1, 01) = 3, By =0, Ce =g
b= -y o) =0 (he)=g.  B=0,  G=q
2 — 3 2,P2) — Y, 252_455 3 — Y, 3_15
$3 = x> — %x, ete.
These are the well known Legendre polynomials.
Example 4.3. Let w(z) = 1/vV1—22, and [a,b] = [—1,1]. We then get the sequence of
polynomials:
QSO = 15 <$¢0, ¢O>w = Oa <¢07 ¢O>w =T, Bl = Oa
T 1
¢ =z, (21, ¢1)w = 0, (P1,01)w = > By =0, Cy = 3
1 T 1
¢y =a” — 3 (x2, d2)w = 0, (P2, P2)w = 57 B3 =0, Cs = 1
3
¢3 = a5 — ie etc.

These are nothing but the monic Chebyshev polynomials T.

The following theorem will become useful:

Theorem 4.4. Let f € Cla,b], f # 0 satisfying (f,p)w =0 for all p € Px_1. Then f changes
signs at least k times on (a,b).
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Proof. By contradiction. Suppose that f changes sign only r < k times, at the points t; <
to < --- < tp. Then f will not change sign on each of the subintervals:

(a7t1)7 (tht?)? Tt (tr—latr)7 (tr, b)

Let p(z) = [[;_;(z — t;) € P, C Py_1. Then p(x) has the same sign properties as f(z), and
f(x)p(x) does not change sign on the interval. Since w > 0 we get

b
[ w@)s @) £0
which contradicts the assumption of the theorem. O

Corollary 4.5. The orthogonal polynomial ¢y has exactly k distinct zeros in (a,b).

Gauss quadrature

We can now state the main result of this note:

Theorem 4.6. Let ¢, 1 € Ppy1 be orthogonal to Py, that is

b
[ w@sn@pads =0, forallp e,

Chose the nodes z;, i = 0,1,...,n to be the zeros of ¢ni1, and let Q(f) be the quadrature
formula constructed by (33). Then Q(f) is of precision 2n + 1, that is

b
/ w(x)p(x)de = Q(p), for allp € Pop4q. (36)
a
Proof. Let p € Pyy,41. Divide p by ¢,+1 and let r be the remainer term, thus

P = qPni1+T, q,7 € Pp.

Since ¢p41(x;) =0, we get that p(x;) = r(x;) for i =0,1--- ,n. But

=0
b b b n
w(z)p(r)dr = w(z)Pp+1(x)q(x)dx + [ w(x)r(z)de = Wir(z;)
[ v / @+ [ >

and o

D Wip(w:) =Y Wig(w:) by (@) + Y Wir(a:) = Wir(w)

i=0 i=0 =0 i=0
which proves (36). O

Quadrature rules constructed by using the zeros of orthogonal polynomials as nodes are called
Gauss quadratures.

For the error of the Gauss-quadratures, we have the following theorem:
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Theorem 4.7. The error of a Gauss quadrature is

b (2n+2)
B(f) = [ we m—ZWf —%%§$meﬁﬂwm

where § € (a,b) and wpi1(x) = [ g(z — 24).

Proof. Recall two results from the earlier discussion on Hermite interpolation (see notes on
divided differences, Theorem 3.9, to be found on It’s learning.)

Given n + 1 distinct nodes z;, ¢ = 0,1, ..., n there exist one and only one po, 11 € Poy 11 such
that

f(xi) = pang1(z;), [ (i) = oy (), 1=0,1,...,n.

Further, the error of this Hermite interpolation polynomial is

FE 2 ()

f(x) - p2n+1(x) = (2n + 2)| wnJrl(x) (37)

It follows that

b b b
| @@ = [Co@pa@ie = g [ 0E) vl @i 69

a

Since pop+1 € Poyy1 and the quadrature rule is of precision 2n 4+ 1 (Theorem 4.6), we have

that ,
/ w(x)p2n+1( dCC —Zszan xz ZWf xz

=0

Finally, since w(z) > 0 and w2, ;(x) > 0 the mean value theorem for integrals can be applied
to the right hand side of (38). O

5 Note on Splines.

5.1 Introduction

Assume that we have a set of n 4+ 1 points {z;,y;};, and we want to find a curve interpola-
tiong these points. One possibility is of course to use polynomial interplation, that is, find a
polynomial p,, € P, so that

o) = i, i=0,1,...,n.

This may be quite unsatisfactory, as the following picture demonstrate:

In the picture to the left, polynomial interpolation have been used, to the right, cubic splines.

31



The idea of splines is to split the interval [a,b] by a = tg < t; < --- < t, = b, and let
interpolating curve be a polynomial on each subinterval [t;_1,¢;). The points ¢;,7=0,1,...,n
are called knots (skjoter pa norsk), and they may or may not correspond to the interpolation
nodes x;. The piecewise polynomials are then glued together by some smoothness conditions.
More formally, the definition is:

Definition 5.1. On some interval [a,b] , suppose that n+1 pointsa =t <t; < - - <t, =b
has been specified. A spline of degree k is a function S satisfying

1. On each interval [t;_1,t;), S is a polynomial of degree k.

2. S € C¥Dia,b].

We will write the spline by

So(.%') T € [to,tl)
Sl(.%') T € [tl,tz)

Snfl(x) T € [tnflatn]
where S; € Py.
Example 5.2. The linear spline interpolating the the points {t; y;}7— is given by

T —ti1 x —1; )
SZ(‘T) :yiiw‘{'yiﬂLliZ, T e [ti,ti+1) ZZO,l)"'an_17 (40)
t; — tiy1 tiv1 —t;

the straight lines between the points.

5.2 Cubic splines

We will now construct an algorithm for finding the cubic splines, interpolating the points
{ti yi}l"o- It means that

Sl(x) :al-:c?’—l—bixQ—Fcix—{—di, x € [ti,tiJrl) 1=0,1,...,n—1

which gives a total of 4n parameters to be determined. A cubic spline is two times continuous
differentiable, thus it has has to satisfy

Si(ti) = yis Si(tiv1) = Yit1, =0, ,n—-1 (41)
I () = Si(ts), i=1,2,...,n—1 (42)
T(t) = Si(t), i=12,...,n—1 (43)

a total of 4n — 2 conditions, leaving two free parameters. Some common choices for those are

e Natural cubic splines: S”(ty) = S”(t,) = 0.

e Clamped cubic splines: S’(tg) and S’(t,) are specified.
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e Not-a-knot condition: S{'(t1) = SY'(t1) and S}/ o(tn—1) = S)" 1 (tn).

n—2 n—1

e Periodic conditions: S{(to) = S),_1(tn) and S{(to) = Si_(tn).

We will now construct an efficient algorithm for solving finding the splines. The idea is as
follows: Since S is a cubic spline, S” is a linear spline. Let z; = S”(¢;), i = 0,1,...,n (to be
found). Further, let h; = t;4+1 — t;. Then, from 40 we have that

Z;

S (z) = 5 (v —2) + Z;j (x —t;).

So, by this, (43) is satisfied. Integrating twice gives

Zq

Si(x) (tigr — 2)> + Zﬁgl (z — ;)% + Cyz + D,

The integration constants C; and D; can be determined by (41), the result becomes

2 Zit1 Yir1  Zit1hi vi 2l
i = —(t;11— 32t —t; 3 —_ —t; — — tir1— 44
Si(z) 6hi( +1—7) +6hi (z—t;) +< I 5 )(CU )+<hi 6 >( 1), (44)

We now activate the second condition (42). Notice that

hi — hi Yi | Yir1
Si(ti) = —gzzz‘ - EZZiJrl - h_z + ;L—z
and " "
") = i-1_ Y1 Yi
i1 (ti) 6 Zi—1+ 3 Zi ey + Byt

so these conditions will simply become

6 6
hi-1zi-1 + 2(hi + hi-1)zi + hizipr = = (Yiv1 = vi) = 3 ;

(yi—yi—l), Zzla7n_1

Let us now assume zg = z, = 0, the natural spline condition. The whole system now becomes
a tridiagonal system of equations:

U 21 U1
hi wus ho 22 V9
he w3z  hg 23 U3
hn—3 Up—2 hp—2 Zn—2 Un—2
hn—2 up—1 Zn—1 Un—1
with
6
hi =tiy1 —t, w; = 2(h; + hi—1), b; = E(%’Jrl - i), v; = b; — bi_1.
T

Notice that the matrix is diagonal dominant, so the system can be solved by some direct
methods for tridiagonal systems. The complete algortihm becomes:

For natural cubic splines, we do have the following result:
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Input: n, (t,yi)i,
fori=0,1,...,n—1do
hi < tiy1 —t;
bi < 6(yit1 — i)
end for
U1 < 2(h0 + hl)
V1 bl — bo
fort=2,3,...,n—1do
w; < 2(h; + hi—1) — h?fl/ui_l
Vi <= by — bi—1 — hi—1vi—1/ui—q
end for
Zn 0
fori=n—-1n-2,...,1do
2 = (Vi — hizit1)/ui
end for
zo < 0.

Theorem 5.3. Let f € C?[a,b] . If S is the natural cubic spline interpolating f in the knots
a=ty<t; <---<tp,=> then

b b
/ (S”(m))Zdaz < / (f"(:r:))2 dx.
Proof. Let g = f — S. Then
b 9 b 9 b 9 b
/ (f”(:c)) dr = / (S”(a:)) dx +/ (g”(ﬂ:)) dx + 2/ g"(2)S" (z)dx.
The statement of the theorem is clearly true if we can prove that the last term is positive.

Notice that S/ is constant on each each interval [¢;,,11), and let us call this constant a;. By
partial integration we get

b n—1 tir1 n—1 tiy1
[sga=Y [ sga=Y {(S/’(tHl)g’(tm) - "t () - [ s”’g/dx}
a i=0 't =0 ti
n—1 tiv1 n—1
= 5" (tn)g (tn) — 5" (t0)g (to)) = D _ ci / gde =" ci(g(tis1) — g(t:)) = 0.
i=0 Vi i=0

O

3
The curvature of a function f is defined as |f”|/ < 1+ (f’)2> . If we assume that |f'| < 1

we are left with f” as a approximate measure for the curvature. In this sense, the natural
cubic spline is the smoothest possible function interpolating the given data.
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6 Numerical solution of ordinary differential equations

6.1 FEulers method.

Let us start this introduction to the numerical solution of ordinary differential equations
(ODEs) by something familiar. Given a scalar (one equation only) ODE

y = f(t,y), to <t < tepa, y(to) = yo, (45)

in which the function f, the integration interval [to t.nq] and the initial value yq is assumed
to be given. The solution of this initial value problem (IVP) is a function y(¢) on the interval

[tO, tend] .

Example 6.1. The ODE/IVP
y = —2ty, 0<t<1, y(0) = 1.0

has as solution the function

But in many practical situations, it is not possible to express the solution y(t) in closed form,
even if a solution exist. In these cases, a numerical algorithm can give an approximation
to the exact solution. Let us start with Eulers method, which should be known from some
calculus classes. Divide the interval [tg, teng] into Nstep equal subintervals, each of size h =
(tend —to)/N step, and let t,, = to + nh. Euler’s method can be derived by several means. One
possibility is to use the first few terms of the Taylor expansion of the exact solution, which is
given by

Ry (), (46)

1 1
to + h) = y(to) + hy'(to) + =h%y" (to) + - - - + = hPyP (to) +
y(to + h) = y(to) + hy'(to) 5 y" (to) oY (to) TR

where £ is somewhere between ty and t.,q. The integer p > 1 is a number of our own choice,
but we have to require y to be sufficiently differentiable, in this case that y®*1 exist and is
continuous. If h is small, we may assume that the solution will be completely dominated by
the first two terms, thus

y(to + h) = y(to) + hy' (to) = yo + hf(to, vo),

and we call this approximate solution y;. Starting from the point ¢; = tg + h and y; we can
repeat the process. We have now developed Euler’s method, given by

Yn+1 :yn+hf(tnayn)7 n:0717”' 7N8teps_17
resulting in approximations vy, ~ y(t,).

Example 6.2. Eulers method with h = 0.1 applied to the ODE of Example 6.1 gives
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128 Yn
0.0 | 1.0000
0.1 | 1.0000
0.2 | 0.9800
0.3 | 0.9408
0.4 | 0.8844
0.5 ]0.8136 °
0.6 | 0.7322
0.7 | 0.6444
0.8 | 0.5542
0.9 | 0.4655
1.0 | 0.3817

In this case we know the exact solution, y(1.0) = e~10% = 0.3679 and the error at the endpoint
is e10 = y(1.0) — y10 = —1.38 - 1072, If we repeat this experiment (write a MATLAB program
to do so) with different stepsizes, and measure the error at the end of the interval, we get

h ‘ €ENstep — y(lo) — YNstep

0.1 —1.38-1072
0.05 —6.50 - 1073
0.025 —3.16-1073

0.0125 —1.56-1073

From this example, it might look like the error at the endpoint engiep ~ h, where h =
(tend —tg)/Nstep. But is this true for all problems, and if yes, can we prove it? To do so, we
need to see what kind of errors we have and how they behave. This is illustrated in Figure 2.
For each step an error is made, and these errors are then propagated til the next steps and
accumulate at the endpoint.

Definition 6.3. The local truncation error d,41 ¢s the error done in one step when starting at
the ezact solution y(t,). The global error is the difference between the exact and the numerical
solution at point t,, thus e, = y(tn) — Yn.

The local truncation error of Euler’s method is
1
dn+1 - y(tn + h) - y(tn) - hf(tna y(tn)) = §h2y”(§)7

where £ € (tn,tn+1). This is given from the Taylor-expansion of y(t, + h) around ¢, with
p = 1. To see how the global error propagates from one step to the next, the trick is: We have

y(tn + h) = y(tn) + hf(tna y(tn)) + dn-i—la
Ynt+l = Yn + hf (tna yn) .

Take the difference of these two, and get
€ntl = €n +h (f (tm y(tn)) - f (tm yn)) +dpy1 = (1 + hfy(tna U))en + dn+1, (47)
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0 n n+1 tend

Figure 2: Lady Windermere’s Fan

where v is somewhere between y(t,) and y,. We have here used the mean value theorem
(Theorem 1.8 in Burden and Faires) for f (¢,,y(tn)) — f (tn, yn). This is about as far as we get
with exact calculations, since § in d,, 41 as well as v in f, are unknown, and will also change
from one step to the next. So we will look for an upper bound of the global error. We will
first assume upper bounds for our unknown, that is, we assume there exist positive constants
D and L so that

1
3 |y”‘ < D for all t € (to,tenq) and |fyl < L for allt € [ty,tenq) and for all y.

Taken the absolute value of both sides of (47) and using the triangle inequality gives
lent1] < (14 hL)|en| + D2

Since eg = 0 (there is no error at the initial point) we can use this formula recursively to get
an upper bound for the error at the endpoint:

le1| < Dh?,
lea| < (1 + hL)Dh? + Dh?

Nstep—1 Nstep
o (1+hL) -1_,
|enstep| < ;_0 (1+hL)'Dh? = — L1 Dh?.
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Using the fact that 1 + hL < M (why?) and h- Nstep = tenq — to we finally reach the

conclusion
ehL)NStep —1 eL(tendftO) —1
|€Nstep| < I Dh = 7 D-h=C"h.
The constant C' = (ehL — 1) D/L depends only on the problem, and we have proved conver-

gence

|y(tend) — YNstep| = 0 when h — 0 (or Nstep — o0).

Summary: In this section we have

1. Formulated the problem.
2. Developed an algorithm.
3. Implemented and tested it.

4. Proved convergence.

This is fairly much what this course in Numerical Mathematics is about.

6.2 Some background on ODEs.

In this section some useful notation on ordinary differential equations will be presented. We
will also give existence and uniqueness results, but without proofs.

A system of m first order ordinary differential equation is given by
y' = fty) (48)

or, written out, as

yi = fl(tayl"" aym)a
yé = f2(t7y17”' 7ym)7

y:n = fm(t’yla T ,yWL)
This is an initial value problem (IVP) if the solution is given at some point tg, thus
y1(to) = y1,0, ¥(to) = ¥2,0, -+ Ym(to) = Ym,o-

Example 6.4. The following equation is an example of the Lotka-Volterra equation:

yi = Y1 — Y1y2,
Yh = Y1y2 — 2ys.
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An ODE is called autonomous if f is not a function of ¢, but only of y. The Lotka-Volterra
equation is an example of an autonomous ODE. A nonautonomous system can be made
autonomous by a simple trick, just add the equation

Yms1 = 1, Ym+1(to) = to,
and replace t with y;,4+1. Also higher order ODE/IVPs

U(m) = f(t’u’u,’ e ’u(m_l))? U(to) = Uuo, u,(to) = u,O’ e au(m_l) (tO) — u(()mil)a

where u(™) = d™u/dt™, can be written as a system of first order equations, again by a simple
trick: Let

o=, yp =,y = ulmY,
and we get the system
Y1 = Y2, y1(to) = uo,
Yo = U3, y2(to) = ug,
Y1 = Ym, Y- (to) = ug" ™,
Y = F(ty1,92, - Ym), ym(to) = uff"™ ™"

Example 6.5. Van der Pol’s equation is given by
u” + pu? = D)u' +u=0.
Using y1 = u and yo = u’ this equation can be rewritten as
v =2,
vy = n(1l = yi)ye —y1.
This problem was first introduced by Van der Pol in 1926 in the study of an electronic oscillator.

Before concluding this section, we present some existence and uniqueness results for solution

of ODEs.

Definition 6.6. A function f : R x R™ — R™ satisfies the Lipschitz condition with respect
toy on a domain (a,b) x D where D C R™ if there exist a constant L so that

1fty) = fEDI<Llly=gl,  foral te(ab),y,yeD.
The constant L is called the Lipschitz constant.

It is not hard to show that the function f satisfies the Lipschitz condition if df;/dy;, i,j =
1,--- ,m are continuous and bounded on the domain.

Theorem 6.7. Consider the initial value problem
y=rf(ty),  ylto)="yo (49)
If
1. f(t,y) is continuous in (a,b) x D,
2. f(t,y) satisfies the Lipschitz condition with respect to y in (a,b) x D.

with given initial values ty € (a,b) and yo € D, then (49) has one and only one solution in
(a,b) x D.
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6.3 Numerical solution of ODEs.

In this section we develop some simple methods for the solution of initial value problems. In
both cases, let us assume that we somehow have found solutions y; =~ y(¢;), for [ =0,1,--- | n,
and we want to find an approximation y,41 = y(t,+1) where t,11 = t, + h, where h is the
stepsize. Basically, there are two different classes of methods in practical use.

1. One-step methods. Only y, is used to find the approximation y,1. One-step methods
usually require more than one function evaluation pr. step. They can all be put in a
general abstract form

Ynt1 = Yn + h®(tn, yn; h).

2. Linear multistep methods: yn+1 is approximated from y,_x11, " , Yn-

6.3.1 Some examples of one-step methods.

Assume that t,,y, is known. The exact solution y(t,4+1) with ¢, 41 = t,, + h of (48) passing
through this point is given by

g1 tnt1
Y(tn+ 1) =y + / Y (T)dr =y + / f(r,y(r))dr. (50)

The idea is to find approximations to the last integral. The simplest idea is to use f(7,y(7)) ~
f(tn,yn), in which case we get the Euler method again:

Yn+1 = Yn + hf(tna yn)

The integral can also be approximated by the trapezoidal rule

[ 1) = G ) + Fir y(tns)

By replacing the unknown solution y(t,+1) by yn4+1 we get the trapezoidal method

h (f(tn,yn) + f(tng1:Ynt1)) -

Yntl = Yn + 5

Here y,,41 is available by solving a (usually) nonlinear system of equations. Such methods are
called implicit. To avoid this extra difficulty, we could replace 3,41 on the right hand side by
the approximation from Eulers method, thus

Unt1 = Yn + hf(tnsYn);

h (f(tn,yn) + f(tng1s Unt1)) -

Yntl = Yn + 5

This method is called the improved Euler method. Similarly, we could have used the midpoint
rule for the integral,

[ s = (5 + ot + ).
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and replaced y(t, + %) by one half Euler step. The result is the modified Fuler method:

- h
yn-i—% =Yn + §f(tn7yn)a

h
Ynt1=Yn + hf(tn + §7yn+%)'
Do we gain anything by constructing these methods? Let us solve the problem from Example
6.1 using improved/modified Euler with A~ = 0.1. For each step, also the global error e, =
y(tn) — yn is computed. For comparison, also the result for the Euler method is included.

Euler improved Euler modified Euler
tn Yn €n Yn €n Yn €n
0.0 | 1.000000 0 1.000000 0 1.000000 0

0.1 | 1.000000 —9.95-1073 | 0.990000 4.98 - 10~ | 0.990000 4.98 - 10~°
0.2 1 0.980000 —1.92-1072|0.960696  9.34-10~° | 0.960597 1.92-10*
0.3]0.940800 —2.69-10"2]0.913814 1.17-107%* [ 0.913528 4.03-10*
0.4 |0.884352 —3.22-1072]0.852040 1.04-10~%* | 0.851499 6.45-10~*
0.5 | 0.813604 —3.48-10"2|0.778765 3.60-107° [ 0.777930 8.71-10"*
0.6 | 0.732243 —3.46-10"2|0.697773 —9.69-10~° | 0.696636 1.04-103
0.7 0.644374 —3.17-10"20.612924 —2.98-10"%10.611507 1.12-1073
0.8 | 0.554162 —2.69-10"2]0.527850 —5.58-10%|0.526202 1.09 103
0.9 | 0.465496 —2.06-10"2 | 0.445717 —8.59-10"%|0.443904 9.54-10"*
1.0 | 0.381707 —1.38-1072 | 0.369053 —1.17-1073 | 0.367153 7.27-10"4

As we can see, there is a significant improvement in accuracy, compared with the Euler
method.

6.4 Runge-Kutta methods

The Euler method, as well as the improved and modified Euler methods are all examples on
explicit Runge-Kutta methods (ERK). Such schemes are given by

kl = f(tn,yn)a (51)
k2 = f(tn + CQh’yn + ha21k1)’
ks = f(tn + c3h, yn + h(asik1 + as2ks)),

s—1

ks = ftn + Cshyyn + h Y _ asiky),
j=1

S
YUni1 =Un + D> biki,
i=1

where ¢;, a;; and b; are coefficients defining the method. We always require ¢; = Z;Zl ;.
Here, s is the number of stages, or the number of function evaluations needed for each step.
The vectors k; are called stage derivatives. The improved Euler method is then a two-stage
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RK-method, written as

kl - f(tnayn)a
k2 = f(tn + h,yn + hkl)a

h
Ynt1l = Yn + §(k1 + ka).

Also implicit methods, like the trapezoidal rule,

Yn+1 = Yn + g(f(tn, Yn) + ftn + By yni1))
can be written in a similar form,
ki = f(tn,yn),
ko = f(tn+h,yn + g(lﬁ + k2)),
Yn+1l = Yn + g(/ﬁ + k2).

But, contrary to what is the case for explicit methods, a nonlinear system of equations has to
be solved to find ks.

Definition 6.8. An s-stage Runge-Kutta method is given by

s
]Cz:f(tn‘i‘Czh,yn‘FhZal]k]), i:1,2,“',8,
j=1

Yntl =Yn +h Z bik;.
i=1

The method is defined by its coefficients, which is given in a Butcher tableau

c1|ai1 a2 -+ Qs
C2 | Q21 G2 - Q2 s
, whereci:Zaij, i=1,---,s.
Cs | Gs1 Qg2 -+ (QOgg j=1
by by -+ b

The method 1s explicit if a;; = 0 whenever j > i, otherwise implicit.

Example 6.9. The Butcher-tableaux for the methods presented so far are

0|0 O 00 O 010 O
0|0
1[1 0 2130 113 1
1
11 11
7 3 01 33
FEuler improved Euler modified Fuler trapezoidal rule

42



When the method is explicit, the zeros on and above the diagonal is usually ignored. We
conclude this section by presenting the maybe most popular among the RK-methods over
times, The 4th order Runge-Kutta method (Kutta — 1901):

k1 = f(tna yn) 0
k2 :f(tn+%ayn+%kl) % %
s = St b yn + Bha) o 3|0 (52
ky = f(tn + h,yn + hks) 1{0 0 1
Unt1 = Yn + Bk + 2ks + 2k3 + ky) 1111
6.5 Order conditions for Runge-Kutta methods.
The following theorem is proved in the exercises.
Theorem 6.10. Let
y=f(ty), ylto) =yo,  to<t=<tena
be solved by a one-step method
Ynt1 = Yn + h®(tn, yn; ), (53)

with stepsize h = (teng — to)/Nstep. If

1. the increment function ® is Lipschitz in y, and

2. the local truncation error dn+1 = O(hPH1) |
then the method is of order p, that is, the global error at tep,q satisfies
ENstep = y(tend) — YNstep = O(hp)

A RK method is a one-step method with increment function ®(t,,yn;h) = > .7 bik;. It is
possible to show that ® is Lipschitz in y whenever f is Lipschitz and h < Apqz, where hp,q. is
some predefined maximal stepsize. What remains is the order of the local truncation error. To
find it, we take the Taylor-expansions of the exact and the numerical solutions and compare.
The local truncation error is O(hP*!) if the two series matches for all terms corresponding to
h? with ¢ < p. In principle, this is trivial. In practise, it becomes extremely tedious (give it a
try). Fortunately, it is possible to express the two series very elegant by the use of B-series and
rooted trees. Here, we present how this is done, but not why it works. A complete description
can be found in the note the B-series tutorial.

B-series and rooted trees

We assume that the equation is rewritten in autonomous form
y(t) = fy®),  y(to) = o (54)
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The Taylor expansion of the exact solution of (54) is given by
/ he R ()
y(to +h) =y(to) +hy'(to) + 5" (to) + -~ + Y (to) +--- . (55)

From the ODE (54) and repeated use of the chain rule, we get v/ = f, y" = f, f, ¥ = fy, ff+
fyfyf , etc. Each higher derivative of y is split into several terms, denoted as elementary
differentials. These can be represented by rooted trees. A node e represents f. A branch out
from a bullet represent the derivative of f with respect to y. As the chain rule apply, this will
always mean that we multiply by v/ = f, represented by a new node on the end of the branch.
We get the following table:

Elementary differentials corresponding trees
y=f
y' = fyf
v" = fuf f+ fyfyf ¥ f
Y = FufIF+ Fnfuf £+ Fouf Fuf ¥ Iv' VI
Loyl fof + Fubunf £+ Folutof VI Y i

The elementary differentials corresponding to the trees b and VI are equal, thus

" = fyuuf FF+3Fuyfuf f + Fufuul 4 Fyfyfof-

And we can go on like that. For each tree 7 with p nodes we construct a set of total p new
trees with p+ 1 nodes by adding one new node to an existing node in 7. This procedure might
produce the same tree several times, and the total number of ways to construct a distinct tree
is denoted by «(7). Let T be the set of all possible, distinct, rooted trees constructed this
way, and let 7 € T'. A tree with p nodes corresponds to one of the terms in y®, thus we call
this the order of the tree and denote it |7|. The elementary differentials corresponding to a
tree is denoted F'(7)(y).

Example 6.11.

For T = Y we have || = 4, F(r)(y) = fyfyf ], a(r) = 1.

For T = b we have || = 4, F(1)(y) = fyyfyff a(t) = 3.

Here, f and its differentials are evaluated in y.

Putting this together: If y(¢) is the solution of (54), then



Insert this into (55), and we can write the exact solution as a B-series:

|7
Yltn + ) = ylt) + 31 alr) P()(y(t). (56)

|
TET’ ‘

The numerical solution after one step can also be written as a B-series, but with some different
coefficients

I7|
PRI o |h (D)) alr) Fr) o). (57)
TeT

where 7(7) is an integer, and ¢(7) depends on the method coefficients, given in the Butcher
tableau in Definition 6.8. Both can be found quite easily by the following procedure: Take
a tree 7. Label the root with ¢, and all other non-terminal nodes by j,k,[,--- . The root
correspond to b;. A branch between a lower node j and an upper node k correspond to
aji. A terminal node, connected to a node with label k corresponds to ¢x. ¢(7) is found by
multiplying all these coefficients, and then take the sum over all the indices from 1 to s.

Example 6.12.

k
J l
The tree T = can be labelled T so that (T Z b; awa]kcka,lcl
i,5,k,l=1
A tree 7 can also be described by its subtrees. Let 7 = [y, 79, -+ , 7] be the tree composed by
joining the root of the subtrees 71, 79, -+, 7; to a joint new root. The term ~y(7) is defined
recursively by
o (o) =1.
o y(r) =7l -~A(m) - v(m) for 7 = [r1, 72, -+, 7).
Example 6.13.
T=3=], Y(r)=2-1=2
= = [e, 0], y(r)=3-1-1=3

Y
Yo
\$ YI () =T7-12-2 =168

By comparing the two series (56) and (57) with y(¢,) = y, we can state the following theorem:

Theorem 6.14. A Runge-Kutta method is of order p if and only if

o(r) = —= VreT, |r]<p.
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The order conditions up to order 4 are:

Tl e(r) =1/7(7)
1 >bi=1

2 > bici =1/2

3 Sobic? =1/3
Y biajjc; =1/6
4 Sbici =1/4
Yo biciaijc; =1/8

biaiic =1/12
Z J=7

core el el Kol oeeel e 0 |

z biaijajkck = 1/24

6.5.1 Error control and stepsize selection.

A user of some numerical black box software will usually require one thing: The accuracy of
the numerical solution should be within some user specified tolerance. To accomplish this we
have to measure the error, and if the error is too large, it has to be reduced. For ordinary
differential equations, this means to reduce the stepsize. On the other hand, we would like
our algorithm to be as efficient as possible, that is, to use large stepsizes. This leaves us with
two problems: How to measure the error, and how to get the right balance between accuracy
and efficiency.

Local error estimate. As demonstrated in Figure 2, the global error y(t,,) — v, comes from
two sources: the local truncation error and the propagation of errors produced in preceding
steps. This makes it difficult (but not impossible) to measure the global error. Fortunately
it is surprisingly easy to measure the local error, l,1, the error produced in one step when
starting at (¢,,yn), see Figure 3. Let y(¢;t,,y,) be the exact solution of the ODE through
the point t,,y,. For a method of order p we get

ln+1 = y(tn + h; tna yn) —Ynt+1 = \I’(tm yn)hp+1 + O(thrQ)’

where O(hP*1) refer to higher order terms 2 The term W (t,,y,)hP*! is called the principal
error term, and we assume that this term is the dominating part of the error. This assumption
is true if the stepsize h is sufficiently small. Taking a step from the same point t,,y, with a
method of order p = p + 1 gives a solution ¢,+1 with a local error satisfying

y(tn + h; tm yn) - @n-ﬁ-l = O(hp+2)'

2Strictly speaking, the Landau-symbol O is defined by

f@)=0(g(@) forz—mo if  lime e, KO < K <00
|

for some unspecified constant K. Thus f(h) = O(h?) means that ||f(h)|| < Kh? when h — 0, and refer to the
remainder terms of a truncated series.
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Figure 3: Lady Windermere’s Fan

The local error estimate is given by

lent1 = Gnt1 — Ynt1 = Ultn, yn) WP + ORPY2 1,14,

Embedded Runge-Kutta pair Given a Runge-Kutta method of order p. To be able to
measure the local error, we need a method of order p + 1 (or higher). But we do not want
to spend more work (in terms of f-evaluations) than necessary. The solution is embedded

Runge-Kutta pairs, which, for explicit methods are given by

0
C2 | a21

C3 | a31 as2

Cs | Gs1 As2 - Qss—1
by b bs—1
by by bs—1  bs

The method given by the b;’s is of order p, the error estimating method given by the bi’s is
of order p + 1. (Sometimes it is the other way round. The important thing is to have two
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methods of different order.) The local error estimate of y,41 is then given by

lent1 = nt1— Ynyr = h Y (bi = bi)k.
i1

Example 6.15. A combination of the Euler method and improved Fuler will result in the
following pair

0
1)1
1
I
2 2

so that

h
kl - f(tnayn)7 k2 - f(tn + h7yn + hkl)a Yn+1 = Yn + hk17 ln—f—l ~ len-i—l = 5(_k1 + k2)-

Example 6.16. Assume that you have decided to use improved Fuler, which is of order 2,
as your advancing method, and you would like to find an error estimating method of order 3.
There are no 2-stage order 8 ERKs, so you have to add one stage to your method. This gives
a method like

C3 | a31 as2

1 1
2 2
by by by

where we require cg = agy + asz, which give us five free parameters. These have to satisfy all
four order condition for an order 8 method. Using cs as a free parameter, we get the following
class of 3rd order methods:

33— 1 2 — 3c3 1

bp = —— - -
6cs 2 6(1—c3) ° 6eg(l—c3)

2 2
b1 agy =c3, agz] =c3—Cc3.

It is also possible to use the highest order method to advance the solution. In this case, we
still measure the local error estimate of the lowest order order solution, but we get a more
accurate numerical solution for free. This idea is called local extrapolation.

MATLAB has two integrators based on explicit Runge-Kutta schemes, 0DE23 which is based
on an order 3/2 pair by Bogacki and Shampine, (a 3th order advancing and a 2nd order error
estimating method), and ODE45 based on an order 5/4 pair by Dormand and Prince. Both
use local extrapolation.

Stepsize control Let the user specify a tolerance T'ol, and a norm || - || in which the error
is measured. Let us start with ¢,,y,, and do one step forward in time with a stepsize h,,
giving yp4+1 and leyy1. If ||lep41|| < Tol the step is accepted, and we proceed till the next
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step, maybe with an increased stepsize. If ||le,11]| > Tol the step is rejected and we try again
with a smaller stepsize. In both cases, we would like to find a stepsize hpe,, Which gives a local
error estimate smaller than Tol, but at the same time as close to T'ol as possible. To find the
right stepsize, we make one assumption: The function ¥(¢,,y,) of the principle error term do
not change much from one step to the next, thus ||¥(t,, yn)|| = |¥(tn+1, Yn+1)|| = C. Then

we have: llensa| ~C- RO
we want: Tol ~C-ht)

We get rid of the unknown C' by dividing the two equations with each other, and Ay, can be
solved from
llensl - ( hn >p+1
Tol "~ \ hnew ‘

Rejected steps are wasted work, and it should be avoided. Thus we choose the new stepsize
somewhat conservative. The new stepsize is computed by

1
Tol \#
hnew = P - <70> " . (58)

llen ]|

where P is a pessimist factor, usually chosen somewhere in the interval [0.5,0.95]. In the
discussion so far we have used the requirement ||le,,11]| < Tol, that is error pr. step (EPS).
This do not take into account the fact that the smaller the step is, the more steps you take,
and the local errors from each step adds up. From this point of view, it would make sense to
rather use the requirement le||,,1 < Tol - h,, that is error pr. unit step (EPUS). The stepsize

selection is then given by )
hnew = P - <T70l> " B, (59)
llens1ll
Careful analysis has proved that the local extrapolation together with EPS gives proportion-
ality between the global error and the tolerance. The same is true for the use of the lower
order method to advance the solution in combination with EPUS.

6.6 Stiff equations and linear stability

Example 6.17. Given the ODE
y' = —1000y, y(0) = 1.

with exact solution
y(t) _ e—lOOOt‘

Thus y(t) — 0 as t — co. The Euler method applied to this problem yields
Yn+1 = Yn — 1000hy, = (1 — 1000h)yn.
so that y, = (1 — 1000h)™. This gives us two situations:

If |1 —1000h| <1 then y, — 0 asn — .
If |1 —1000h| > 1 then |y,| — 00 asn — oo
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Clearly, the second situation does not make sense at all, as the numerical solution is unstable
even if the exact solution is stable. We have to choose a stepsize h < 0.002 to get a stable
numerical solution for this problem.

To be more general: Consider a linear ODE

y' =My,  y(0)=yo, (60)
where M is a constant, m x m matrix. We assume that M is diagonalizable, that is
VMV = A

where

A:diag{)\17)\27"' 7)‘m}7 V:[Ul7?}27"' 7vm]7
where \;, i = 1,--- ,m are the eigenvalues of M and v; are the corresponding eigenvectors.
By premultiplying (60) with V=1 we get
V= vIIMVVTly, V() = Ve
or, using u = V 1y,
u = Au, u(to) =V lyo = u.

The system is now decoupled, and can be written componentwise as

u; = )\Z-ul-, ul(O) = U;,0, )‘z S (C, 1=1,---,m. (61)

We have to accept the possibility of complex eigenvalues, however, as M is a real matrix, then
complex eigenvalues appears in complex conjugate pairs. In the following, we will consider
the situation when

Re(A\;) <0 for i=1,---,m, thus y(t) = 0 as t — oo. (62)
Apply the Euler method to (60):

Yn+1l = Yn + hMyn
We can do exactly the same linear transformations as above, so the system can be rewritten
as
Ui+l = (1 + h)\l-)u@n, t=1,---,m.
For the numerical solution to be stable, we have to require
14+ h\| <1, for all the eigenvalues A;. (63)

(The case |14+ hA;h| =1 is included, as this is sufficient to prevent the solution from growing,.)

Example 6.18. Given

, 2 1 1
y = Y, y(0) =
998 —999 1

with ezact solution yi(t) = ya(t) = e~'. The matriz has eigenvalues —1 and —1000. The initial

values are chosen so that the fast decaying mode is missing in the exact solution. This problem
1s solved by Eulers method, with two almost equal stepsizes, h = 0.0021 and h = 0.002. The
difference is striking, but completely in correspondence with (63) and the result of Example
5.1.
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The MATLAB-file linsys used to produce these plots are given on the web-page. Use it to
do your own experiments.

Example 6.18 is a typical example of a stiff equation. The stepsize is restricted by a fast
decaying component.

Example 6.19. Let

-2 =2
M = with eigenvalues Ag=—-1%£1.

The requirement (63) becomes
1+ h(=1%+4)| <1 or (1—h)?+h*><1 whichis satisfied if and only if 0<h < 1.

Stiffness occurs in situations with fast decaying solutions (transients) in combination with
slow solutions. If you solve an ODE by an adaptive explicit scheme, and the stepsize becomes
unreasonable small, stiffness is the most likely explanation. If the stepsizes in additions seems
to be independent of your choice of tolerances, then you can be quite sure. The stepsize is
restricted by stability related to the transients, and not by accuracy. The effect is demonstrated
in the MATLAB-file teststiffness available on the web page. The backward Euler method
is one way to overcome this problem:

Ynt1 = Yn + hf (tnt1, Yns1) (64)
or, applied to the problem of (61)

1
Uin4+1 = Ui + RAU; 1, = Uintl = T 73 Uin-
—hX;

Since |1/(1—hA;)| <1 whenever Re();) < 0 there is no stepsize restriction caused by stability
issues. In fact, u;,+1 — 0 as Re(h);) — —o0, so fast transients decay quickly, as they are
supposed to do. But this nice behaviour is not for free: for a nonlinear ODE a nonlinear
system of equations has to be solved for each step. We will return to this topic later.
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Linear stability theory for Runge-Kutta methods.

Given the linear test equation

vy =y, AreC. (65)
Thus A = a 4 ¢8. The solution can be expressed by
y(t, + h) = e*PetPhy(t,).

Clearly, the solution is stable if & < 0, that is A € C~. For the numerical solution we then
require the stepsize h to be chosen so that

|Ynt1] < |lyn| wheneverh € C (66)
When a RK method is applied (65), we simply get
Yn+1 = R(2)yn, z=hA

where R is a polynomial or a rational function. R is called the stability function of the RK
method. The numerical solution is stable if | R(z)| < 1, otherwise it is unstable. This motivates
the following definition of the region of absolute stability as

D={ze€C : |R(z)| < 1}.
The condition (66) is satisfied for all h > 0 if
C™ CD,

Methods satisfying this condition are called A-stable. The Backward Euler method (64) is an
example of an A-stable method.

Example 6.20. A 2-stage ERK applied to (65) is given by:
k1 = Ayn, ky = Ayn + hagi Ayy), Yni1 = Yn + BA(D1 + b2)yn + (RN)?b2az1yy,
If this method is of order 2, then by + by = 1 and beagy = 1/2, so that

1
R(z) = 1+z+§z2.

The stability function of an s-stage ERKs is a polynomial of degree s. As a consequence, no
ERKSs can be A-stable! If the order of the method is s, then

R(2) :Z%.

=0

See Figure 4 for plots of the stability regions. But it has been proved that ERK with p = s
only exist for s < 4. To get an order 5 ERK, 6 stages are needed.

Example 6.21. The trapezoidal rule (see section 3.1) applied to (65) gives

14z
T 1-2z

h
Yn+l = Yn + E(Ayn + )\yn—l—l) = R(Z)

In this case D = C~, which is perfect.
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- 2
5 5
Backward Euler Trapezoidal rule

Figure 4: Stability regions in C~: The first four are the stability regions for explicit RK
methods of order p = s. The white regions are stable, the grey unstable.
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To summarise:

e For a given A € C™, choose a stepsize h so that hA € D.
e If your problem is stiff, use an A-stable method.

e There are no A-stable explicit methods.

6.7 Linear multistep methods

A k-step linear multistep method (LMM) applied to the ODE
y'=fty) ylto) =yo, to<t<tena
is given by

K K
> i =Y Bifati (67)
1=0 1=0

where «y, §; are the method coefficients, f; = f(t;,vy;) and t; = to+jh, h = (tena—to)/Nstep.
Usually we require
ap =1 and ||+ [Bo| # 0.

To get started with a k-step method, we also need starting values y; = y(¢;), { = 0,1,---  k—1.
A method is explicit if S = 0, otherwise implicit. The leapfrog method

Yn+2 — Yn = 2hf(tn+1, ynJrl) (68)
and the method given by
3 1
Yn+2 — Yn+1 =h <§fn+1 - §fn> (69)

are both examples of explicit 2-step methods.

Example 6.22. Given the problem

with ezact solution y(t) = e~ Let h = 0.1, and y, = e, This problem is solved by (69),
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and the numerical solution and the error is given by

tn Yn lenl

0.0 | 1.000000 0.00

0.1 | 0.990050 0.00

0.2 | 0.960348 4.41-1074
0.3 ]0.912628 1.30-1073
0.4 | 0.849698 2.45-1073
0.5 | 0.775113 3.69 - 1073 |
0.6 | 0.692834 4.84-1073
0.7 0.606880 5.75-1073
0.8 | 0.521005 6.29-1073
0.9 | 0.438445 6.41-1073
1.0 | 0.361746 6.13-1073

The corresponding MATLAB code is given in lmm.m.

6.7.1 Consistency and order.

We define the local discretization error T,4,(h) by

k
W (B) = (ay(tnis) = hBiY (tnsr) ) - (70)
1=0

You can think about the h7,1 1 as the defect obtained when plugging the exact solution into
the difference equation (67). A method is consistent if 7, (h) h—>0 0. The term h7,1(h) can
_)

be written as a power series in h
Wk (h) = Coy(tn) + Crhy! (tn) + Cab®y" (tn) + - + Cyh®y @ (tn) + - -+ ,

by expanding y(t,, + lh) and y'(t,, + (k) into their Taylor series around t,,

Yt + 1) = ylta) + U (00) + 50029 () + -+ L2E 4 00,) +
1 2, 1M (lh)qil (9)
6+ 1) = o/ 1) (005 (00) 4 500 0) o Sy 00

for sufficiently differentiable solutions y(¢). Insert this into (70), get the following expressions
for Cy:
1

k k
Co=> a, q— > (o —ql ' B), g =12, (71)
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The method is consistent if Cy = Cy = 0. It is of order p if
Co=Cr=--=Cp=0, Cpi1 # 0.
The constant C)41 is called the error constant.

Example 6.23. The LMM (69) is defined by

ap =0, a; =—1, ag =1, 50=—%7 51=;, B2 =0,
thus
Co=ag+a; +ay=0.
C1=a1+2as = (Bo+ B1+ B2) =0
Cy = % (a1 +2%a2 — 2(B1 +262)) =0
C3 = % (a1 + 2%ag — 3(B1 + 2°B2)) = 1—52

The method is consistent and of order 2.

Example 6.24. Is it possible to construct an explicit 2-step method of order 3¢ There are 4
free coefficients oy, a1, Po, 81, and 4 order conditions to be solved (Cy = Cy = Cy = C5 =10).
The solution is

a0:—5, aq :47 50:2, ,81 = 4.

Test this method on the ODE of Example 2.1. (Replace the method coefficients in lmm.m.) The
result is nothing but disastrous. Taking smaller steps only increase the problem.

To see why, you have to know a bit about how to solve difference equations.

6.7.2 Linear difference equations

A linear difference equation with constant coefficients is given by

k
Z@lynﬂ = ©n, n:071727"' . (72)
=0

The solution of this equation is a sequence {y,} of numbers (or vectors). Let {g,} be the
general solution of the homogeneous problem

k
Z Yn+1 = 0. (73)
1=0

Let 1, be one particular solution of (72). The general solution of (72) is then {y,} where
Yn = Yn + ¥n. To find a unique solution, we will need the starting values yo,y1, - , Yr_1-

Let us try g, = r" as a solution of the homogeneous equation (73). This is true if

k

k
Z ™t =n Z arl = 0.
1=0

=0
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The polynomial p(r) = Zfzo ayr! is called the characteristic polynomial, and {r™} is a solu-
tion of (73) if 7 is a root of p(r). The kth degree polynomial p(r) has k roots altogether,

r1,79, - , Tk, they can be distinct and real, they can be distinct and complex, in which case
they appear in complex conjugate pairs, or they can be multiple. In the latter case, say
ri =19 =+ =r, we get a set of linear independent solutions {rf'}, {nri'}, ---, {n*~1r}.

Altogether we have found k linear independent solutions {g,;} of the homogeneous equation,
and the general solution is given by

k
Yn = Z "flgn,l + wn
=1

The coeflicients k; can be determined from the starting values.

Example 6.25. Given

Ynta — O6Ynis + 1dyp1o — 16y, 41 +8yn = n
yo=1, 131 =2, y2=3y3 =4

The characteristic polynomial is given by
p(r) =r* —6r3 + 14r% — 167 + 8

with roots ri = ro =2, r3 =141, ry = 1 — 4. As a particular solution we try ¥, = an + b.
Inserted into the difference equation we find this to be a solution if a =1, b = 2. The general
solution has the form

Yn = K12" + kon2™ + k3(1 4+ 0)" + kg(1 —9)" + n + 2.

From the starting values we find that kK1 = —1, kKo = %, k3 = —i/4 and kg = i/4. So, the
solution of the problem is

n i(L+4)™ il —d)"
—on <— - 1) - 2
Yn 1 1 + 1 +n+
= on <% ~1) = 2" sin (an) 2.
Example 6.26. The homogeneous part of the difference equation of Example 6.2 is
p(r) =12 4+4r —5=(r —1)(r +5).

One root is 5. Thus, one solution component is multiplied by a factor -5 for each step, inde-
pendent of the stepsize. Which explain why this method fails.

6.7.3 Zero-stability and convergence

Let us start with the definition of convergence. As before, we consider the error at t.,,q, using
N step steps with constant stepsize h = (teng — to)/N step.

Definition 6.27.
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o A linear multistep method (67) is convergent if, for all ODFEs satisfying the conditions
of Theorem 6.7 we get

YN step h:)(] Y(tend), whenever U hjo y(to+1h), 1=0,1,--- k—1.
o The method is convergent of order p if, for all ODEs with f sufficiently differentiable,

there exists a positive hg such that for all h < hg

|y (tend — YN stepl| < KhP whenever ly(to+1h)—uil| < Koh?, 1=0,1,--- k—1.

The first characteristic polynomial of an LMM (67) is

k
p(r) = Z ayrt,
1=0

with roots 71,79, -+ ,r;. From the section on difference equation, it follows that for the
boundedness of the solution y, we require:

1. | <1, fori=1,2,--- k.
2. |rj] < 1if r; is a multiple root.

A method satisfying these two conditions is called zero-stable.

We can now state (without proof) the following important result:

Theorem 6.28. (Dahlquist)

Convergence & Zero-stability + Consistency.

For a consistent method, Cy = Zf:o a; = 0 so the characteristic polynomial p(r) will always
have one root r; = 1.

The zero-stability requirement puts a severe restriction on the maximum order of a convergent
k-step method:

Theorem 6.29. (The first Dahlquist-barrier) The order p of a zero-stable k-step method
satisfies

p<k+2 ifk is even,
p<k+1 ifk is odd,
p<k if B < 0.

Notice that the last line include all explicit LMMs.
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6.8 Adams-Bashforth-Moulton methods

The most famous linear multistep methods are constructed by the means of interpolation. For
instance by the following strategy:

The solution of the ODE satisfy the integral equation

Yltns1) — y(tn) = / " Fy ). (74)

Assume that we have found f; = f(t;,y;) fori =n—k+1,--- ,n, with t; = ty+ih. Construct
the polynomial of degree k — 1, satisfying

pkfl(tz):f(thyl% Z:n—k—i-l,,n

The interpolation points are equidistributed (constant stepsize), so Newton’s backward differ-
ence formula can be used in this case (see Exercise 2), that is

k—1
Z%KﬂZM1@ﬁwm=h+§]—W<7vwh
j=1

where

4!

(_1)j<—s> _ s(s+1)---(s+j—1)
and
Vofn="tn, V=V =V
Using Yn+1 = Y(tnt+1). Yn = y(ty) and pp_1(t) = f(t,y(t)) in (74) gives

tn+1 1
Yn+1 — yn/ pr-1(t)dt = h/ Pr—1(tn + sh)ds
th 0

— hfo+ hjii ((_w‘ /01 <_18> ds> Vi, (75)

This gives the Adams-Bashforth methods

k—1

Yn+1 — Yn = hZVjv]fna Yo = 17 Yi = (_1)]/0 < . )ds-

j=0 J

Example 6.30. We get

1 1
1 s(s+1) 5
Yo y M /o sas B% V2 /0 5 S 12

and the first few methods becomes:
Ynt1 = Yn = hfn
3 1
n — Yn — h| = n— SJn—
Ynt1 — Y <2f 5/ 1)

23 4 5
Yn+1 — Yn = h <Efn - gfn—l + Efn—2>
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A k-step Adams-Bashforth method is explicit, has order k (which is the optimal order for
explicit methods) and it is zero-stable. In addition, the error constant Cpq = 7. Implicit
Adams methods are constructed similarly, but in this case we include the (unknown) point
(tn+1, fn+1) into the set of interpolation points. So the polynomial

—s+1

) ijnJrl
J

k
PE(t) = Diltn + sh) = fur + 3 (=1) (
j=1

interpolates the points (¢;, f;), i =n—k+1,...,n+ 1. Using this, we get the Adams-Moulton
methods

k 1
; * ; —s+1
Yt — e =B VIV fr, =1, vj:<—1>ﬂ/< j )ds.
=0 0

Example 6.31. We get

and the first methods becomes

Yn+1 — Yn = Mt (Backward Euler)

1 1
Ynt1 — Yn =h <§fn+1 + §fn> (Trapezoidal method)

Yn+1 — Yn = h (%fn-i—l + gfn - 1_12fn—1> .
A k-step Adams-Moulton method is implicit, of order k + 1 and is zero-stable. The error
constant Cp11 = ;. Despite the fact that the Adams-Moulton methods are implicit, they
have some advantages compared to their explicit counterparts: They are of one order higher,
the error constants are much smaller, and the linear stability properties (when the methods
are applied to the linear test problem y’ = \y) are much better.

k|10 1 2 3 4 5 6
1 1 5 3 251 95 19087
Tk 2 12 B 720 288 60480
<y _1 _1 _1 _19 _ 3 _ 863
Yk 2 12 24 720 160 60480

Table 1: The «’s for the Adams methods.

6.9 Predictor-corrector methods

A predictor-corrector (PC) pair is a pair of one explicit (predictor) and one implicit (corrector)
methods. The nonlinear equations from the application of the implicit method are solved by
a fixed number of fixed point iterations, using the solution by the explicit method as starting
values for the iterations.
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Example 6.32. We may construct a PC method from a second order Adams-Bashforth scheme
and the trapezoidal Tule as follows:

h

Uhir = Y + 53 = fuo) (P : Predictor)
forl=0,1,...,m

f,[ﬁH = f(tn+1,y7[f]+1) (E : Evaluation)

1 h, .

yLi}] =y + §(f,ElL1 + fn) (C : Corrector)
end

_ ,[ml
fot1 = f(tns1, Ynt1)- (E : Evaluation)

Such schemes are commonly referred as P(EC)™E schemes.

The predictor and the corrector is often by the same order, in which case only one or two
iterations are needed.

Error estimation in predictor-corrector methods.

The local discretization error of some LMM is given by

k

htpy1 = Z(aly(tnkarlJrl — BB (tn—ri11)) = PPHEC, Ly P (b, pyr) + O(RPT2).
1=0

But we can do the Taylor expansions of y and y’ around ¢, rather than ¢, ;1. This will not
alter the principal error term, but the terms hidden in the expression O(hP2) will change.
As a consequence, we get

W1 = W Cay®PH (1) + O(RPH2).
Assume that y; = y(t;) fori=n—k+1,...,n, and oy = 1. Then
W1 = Y(tnt1) — Yni1 + O(BPT2) = WPHLC, Ly PH (1) + O(WPH2),

Assume that we have chosen a predictor-corrector pair, using methods of the same order p.
Then

(P) Y(tat1) = yht, ~ WONL P (1),
() Y(tnt1) — Ynt1 & hp+1cp+1y(p+1)(tn)7

and o .
Yt — yohy = WPHHCN — Gy )y (1),

From this we get the following local error estimate for the corrector, called Milne’s device:

Cpi1 0
Y(tns) — Y1 ~ ——2 (g1 — %)

[0]
Cp-{—l} - Cp+1
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Example 6.33. Consider the PC-scheme of Example 6.32. In this case

5 1 C
50 el

ol
[0]
Cp+1] —Cpa

1
1= 130 Ol =g 6

Apply the scheme to the linear test problem

using yo = 1, y1 = e " and h = 0.1. One step of the PC-method gives

l l l l
1l lyo — 3| [ 19(0.2) — | | Llyi) — 4L

00819112 | 4.49-10~*| 3.81-10~*
1/0.818640 | 2.25-107° | 9.08-107° | 7.86-107°
210.818664 [ 1.12-107% | 6.72-107° | 7.47-107°
310.818662 | 5.62-1078 | 6.84-107° | 7.49.107°

After 1-2 iterations, the iteration error is much smaller than the local error, and we also
observe that Milne’s device gives a reasonable approzimation to the error.

Remark Predictor-corrector methods are not suited for stiff problems. You can see this
by e.g. using the trapezoidal rule on 3y’ = Ay. The trapezoidal rule has excellent stability
properties. But the iteration scheme

! ho, n
yLﬁ} =yn+ §A(yy+1 + Yn)

will only converge if |hA/2] < 1.
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