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1 Eulers method.

Let us start this introduction to the numerical solution of ordinary differential equations
(ODEs) by something familiar. Given a scalar (one equation only) ODE

v =rfty), to<t<tea  y(to)=uyo, (1)

in which the function f, the integration interval [to tenq] and the initial value yo is assumed
to be given. The solution of this initial value problem (IVP) is a function y(¢) on the interval

[tO, tend] .

Example 1.1. The ODE/IVP
y'=-2y, 0<t<1,  y(0)=10

has as solution the function

But in many practical situations, it is not possible to express the solution y(¢) in closed
form, even if a solution exist. In these cases, a numerical algorithm can give an approximation
to the exact solution. Let us start with Eulers method, which should be known from some
calculus classes. Divide the interval [tg, teng] into Nstep equal subintervals, each of size h =
(tend —to)/N step, and let t,, = to + nh. Euler’s method can be derived by several means. One
possibility is to use the first few terms of the Taylor expansion of the exact solution, which is
given by

1 1
ylto + ) = y(to) + hy (to) + 57y (to) + -~ + A"y (to) + Wy, (2)

(p+1)!

where £ is somewhere between ty and t.,q. The integer p > 1 is a number of our own choice,
but we have to require y to be sufficiently differentiable, in this case that y®*1 exist and is
continuous. If A is small, we may assume that the solution will be completely dominated by
the first two terms, thus

y(to + h) = y(to) + hy' (to) = yo + hf(to, vo),

and we call this approximate solution y;. Starting from the point ¢; = tg + h and y; we can
repeat the process. We have now developed Euler’s method, given by

Yn+1 :yn+hf(tnayn)7 n:0717”' 7N8teps_17
resulting in approximations y,, =~ y(t,).

Example 1.2. Eulers method with h = 0.1 applied to the ODE of Example 1.1 gives



128 Yn
0.0 | 1.0000
0.1 | 1.0000
0.2 | 0.9800
0.3 | 0.9408
0.4 | 0.8844
0.5 ]0.8136 °
0.6 | 0.7322
0.7 | 0.6444
0.8 | 0.5542
0.9 | 0.4655
1.0 | 0.3817

In this case we know the exact solution, y(1.0) = e~10% = 0.3679 and the error at the endpoint
is e1p = y(1.0) — y10 = —1.38 - 1072, If we repeat this experiment (write a MATLAB program
to do so) with different stepsizes, and measure the error at the end of the interval, we get

h ‘ ENstep = y(lo) — YNstep

0.1 —1.38-1072
0.05 —6.50 - 1073
0.025 -3.16 - 1073

0.0125 —1.56-1073

From this example, it might look like the error at the endpoint engtep ~ h, where h =
(tend —tg)/Nstep. But is this true for all problems, and if yes, can we prove it? To do so, we
need to see what kind of errors we have and how they behave. This is illustrated in Figure 1.
For each step an error is made, and these errors are then propagated til the next steps and
accumulate at the endpoint.

Definition 1.3. The local truncation error d, 11 @s the error done in one step when starting at
the exact solution y(t,). The global error is the difference between the exact and the numerical
solution at point t,, thus e, = y(tn) — Yn.-

The local truncation error of Euler’s method is
1
dn+1 - y(tn + h) - y(tn) - hf(tna y(tn)) = §h2y”(§)7

where £ € (tn,tn+1). This is given from the Taylor-expansion of y(t, + h) around ¢, with
p = 1. To see how the global error propagates from one step to the next, the trick is: We have

y(tn + h) = y(tn) + hf(tna y(tn)) + dnJrla
Yn+1l = Yn + hf (tm yn) .

Take the difference of these two, and get

ent1 = en +h(f (tn,y(tn)) = f (tns yn)) + dnyr = (L4 1fy(tn, 0))en +dnyr,  (3)
t

where v is somewhere between y(t,) and y,. We have here used the mean value theorem
(Theorem 1.8 in Burden and Faires) for f (¢,,y(tn)) — f (tn, yn). This is about as far as we get



0 n n+1 tend
Figure 1: Lady Windermere’s Fan

with exact calculations, since { in d,, 41 as well as v in f, are unknown, and will also change
from one step to the next. So we will look for an upper bound of the global error. We will

first assume upper bounds for our unknown, that is, we assume there exist positive constants
D and L so that

1
5 {y”‘ < D for all t € (to,tend) and |fyl < L for allt € [ty,tenq) and for all y.

Taken the absolute value of both sides of (3) and using the triangle inequality gives
lens1] < (14 hL)|en| + Dh2.

Since ep = 0 (there is no error at the initial point) we can use this formula recursively to get
an upper bound for the error at the endpoint:

le1| < DR,
lea| < (1 + hL)Dh? + Dh?

Nstep—1 Nstep
g2 (T4 hL) -1_,
el S 3 (1 LY DI? = S DI

Using the fact that 14 AL < e’ (why?) and h - Nstep = tenq — to we finally reach the

conclusion Net
ehL) step _ 1 eL(tend_tO) —1

Dh = D-h=C"h.
L L

‘eNstep’ S



The constant C' = (ehL — 1) D/L depends only on the problem, and we have proved conver-
gence
|Y(tend) — Ynstep| — 0 when h — 0 (or Nstep — 00).

Summary: In this section we have
1. Formulated the problem.
2. Developed an algorithm.
3. Implemented and tested it.
4. Proved convergence.

This is fairly much what this course in Numerical Mathematics is about.

2 Some background on ODEs.

In this section some useful notation on ordinary differential equations will be presented. We
will also give existence and uniqueness results, but without proofs.
A system of m first order ordinary differential equation is given by

y = f(t.y) (4)

or, written out, as

yi = fl(tayl"" aym)a
yé = f2(tay1"" aym)a

Ym = Fm(ts 15 Ym)-
This is an initial value problem (IVP) if the solution is given at some point ¢, thus
y1(to) = y1,0. Y(to) = y2,0, =+ Ym(to) = Ym,o-
Example 2.1. The following equation is an example of the Lotka-Volterra equation:
Y1 = Y1~ 1y,
Yo = Y12 — 2y

An ODE is called autonomous if f is not a function of ¢, but only of y. The Lotka-
Volterra equation is an example of an autonomous ODE. A nonautonomous system can be
made autonomous by a simple trick, just add the equation

y;n-i-l = 17 ym+1(t0) = t07

and replace t with y;,,41. Also higher order ODE/IVPs

u™ — Fltud,- 7u(m—1))7 u(te) = o, u(to) = 1, -+ ,u(mfl)(to) _ u(()m_l),



where u(™) = d™u/dt™, can be written as a system of first order equations, again by a simple
trick: Let

Y1 = u, yzzfu/’ ...ym:u(m*1)7
and we get the system
Y1 = Y2, y1(to) = uo,
Yo = Y3, ya(to) = ub,
-2
y;nfl = Ym; ym—l(tO) = u((]m )7
—1
y;n = f(t’yl,y% o aym), ym(to) = u((]m )

Example 2.2. Van der Pol’s equation is given by
u + pu? —D)u' +u=0.
Using y1 = u and yo = u’ this equation can be rewritten as
Y= y2,
vo = n(l = yi)y2 — y1.
This problem was first introduced by Van der Pol in 1926 in the study of an electronic oscillator.

Before concluding this section, we present some existence and uniqueness results for solu-
tion of ODEs.

Definition 2.3. A function f : R x R™ — R™ satisfies the Lipschitz condition with respect
toy on a domain (a,b) X D where D C R™ if there exist a constant L so that

1f@&y) = fE9I < Llly—gll,  forall te(ab), y,yeD.

The constant L is called the Lipschitz constant.

It is not hard to show that the function f satisfies the Lipschitz condition if 0f;/0y;, i,j =
1,--- ,m are continuous and bounded on the domain.

Theorem 2.4. Consider the initial value problem
v =1fty),  ylto) =y (5)
If
1. f(t,y) is continuous in (a,b) x D,
2. f(t,y) satisfies the Lipschitz condition with respect to y in (a,b) x D.

with given initial values ty € (a,b) and yo € D, then (5) has one and only one solution in

(a,b) x D.



3 Numerical solution of ODEs.

In this section we develop some simple methods for the solution of initial value problems. In
both cases, let us assume that we somehow have found solutions y; =~ y(¢;), for I =0,1,--- | n,
and we want to find an approximation y,41 ~ y(t,+1) where t,11 = t, + h, where h is the
stepsize. Basically, there are two different classes of methods in practical use.

1. One-step methods. Only y, is used to find the approximation y,1. One-step methods
usually require more than one function evaluation pr. step. They can all be put in a
general abstract form

Yn+1 = Yn + h®(tn, Yn; h).

2. Linear multistep methods: yp+1 is approximated from y,_x11, - , Yn-

3.1 Some examples of one-step methods.
Assume that ¢,,y, is known. The exact solution y(t,4+1) with ¢,+1 = t, + h of (4) passing
through this point is given by

tnt1 tnt1
Y(tn+ 1) = g + / y (T)dr = g + / f(ry(r))dr. (6)

The idea is to find approximations to the last integral. The simplest idea is to use f(7,y(7)) ~
f(tn,yn), in which case we get the Euler method again:

Yn+l = Yn + hf(tna yn)

The integral can also be approximated by the trapezoidal rule

[ 100 = G ) + Fr y(tns)

By replacing the unknown solution y(t,,+1) by yn+1 we get the trapezoidal method

h (f(tn,yn) + f(tnt1, Ynt1)) -

Yn+1 =Yn+ 9

Here y,,41 is available by solving a (usually) nonlinear system of equations. Such methods are
called implicit. To avoid this extra difficulty, we could replace y,41 on the right hand side by
the approximation from Eulers method, thus

Yn+1 = Yn + hf(tm yn)§

h (f(tn,yn) + f(tnt1, Unt1)) -

Yn+1 =Yn+ 9

This method is called the improved Fuler method. Similarly, we could have used the midpoint
rule for the integral,

[ sen = (54 ot + ).



and replaced y(t, + %) by one half Euler step. The result is the modified Fuler method:

- h
yn-i—% =Yn + §f(tn7yn)a

h
Ynt1=Yn + hf(tn + §7yn+%)'
Do we gain anything by constructing these methods? Let us solve the problem from Example
1.1 using improved/modified Euler with A = 0.1. For each step, also the global error e, =
y(tn) — yn is computed. For comparison, also the result for the Euler method is included.

Euler improved Euler modified Euler
tn Yn €n Yn €n Yn €n
0.0 | 1.000000 0 1.000000 0 1.000000 0

0.1 | 1.000000 —9.95-1073 | 0.990000 4.98 - 10~ | 0.990000 4.98 - 10~°
0.2 1 0.980000 —1.92-1072|0.960696  9.34-10~° | 0.960597 1.92-10*
0.3]0.940800 —2.69-10"2]0.913814 1.17-107%* [ 0.913528 4.03-10*
0.4 |0.884352 —3.22-1072]0.852040 1.04-10~%* | 0.851499 6.45-10~*
0.5 | 0.813604 —3.48-10"2|0.778765 3.60-107° [ 0.777930 8.71-10"*
0.6 | 0.732243 —3.46-10"2|0.697773 —9.69-10~° | 0.696636 1.04-103
0.7 0.644374 —3.17-10"20.612924 —2.98-10"%10.611507 1.12-1073
0.8 | 0.554162 —2.69-10"2]0.527850 —5.58-10%|0.526202 1.09 103
0.9 | 0.465496 —2.06-10"2 | 0.445717 —8.59-10"%|0.443904 9.54-10"*
1.0 | 0.381707 —1.38-1072 | 0.369053 —1.17-1073 | 0.367153 7.27-10"4

As we can see, there is a significant improvement in accuracy, compared with the Euler
method.

4 Runge-Kutta methods

The Euler method, as well as the improved and modified Euler methods are all examples on
explicit Runge-Kutta methods (ERK). Such schemes are given by

kl == f(trwyn)a (7)
ko = f(tn + c2h, yn + ha21k1)7
ks = f(tn + c3h, yn + h(azik1 + as2kz)),

s—1

ks = f(tn + Cshyyn + 1Y _ agik;),
j=1

S
Uni1 =Un + D> biki,
i=1

where ¢;, a;; and b; are coefficients defining the method. We always require ¢; = 2;21 ;.
Here, s is the number of stages, or the number of function evaluations needed for each step.
The vectors k; are called stage derivatives. The improved Euler method is then a two-stage



RK-method, written as

kl - f(tnayn)a
k2 = f(tn + h,yn + hkl)a

h
Ynt1l = Yn + §(k1 + ka).

Also implicit methods, like the trapezoidal rule,

Yn+1 = Yn + g(f(tn, Yn) + ftn + By yni1))
can be written in a similar form,
ki = f(tn,yn),
ko = f(tn+h,yn + g(lﬁ + k2)),
Yn+1l = Yn + g(/ﬁ + k2).

But, contrary to what is the case for explicit methods, a nonlinear system of equations has to
be solved to find ks.

Definition 4.1. An s-stage Runge-Kutta method is given by

s
]Cz:f(tn‘i‘Czh,yn‘FhZal]k]), i:1,2,“',8,
j=1

Yntl =Yn +h Z bik;.
i=1

The method is defined by its coefficients, which is given in a Butcher tableau

c1|ai1 a2 -+ Qs
C2 | Q21 G2 - Q2 s
, whereci:Zaij, i=1,---,s.
Cs | Gs1 Qg2 -+ (QOgg j=1
by by -+ b

The method 1s explicit if a;; = 0 whenever j > i, otherwise implicit.

Example 4.2. The Butcher-tableaux for the methods presented so far are

0|0 O 00 O 010 O
0|0
1[1 0 2130 113 1
1
11 11
7 3 01 33
FEuler improved Euler modified Fuler trapezoidal rule



When the method is explicit, the zeros on and above the diagonal is usually ignored. We
conclude this section by presenting the maybe most popular among the RK-methods over
times, The 4th order Runge-Kutta method (Kutta — 1901):

k1 = f(tna yn) 0
ko :f(tn+%ayn+%kl) % %
ks = f(tn+ % un+ 5k2) or 310 3 (8)
ky = f(tn + h,yn + hks) 11{0 0 1
Ynt1 = Yn + (k1 + 2k + 2k3 + ky) 1111
4.1 Order conditions for Runge-Kutta methods.
The following theorem is proved in the exercises.
Theorem 4.3. Let
y=fty), ylto) =y, to<t=ten
be solved by a one-step method
Yn+1 = Yn + h@(tn, yn; ), 9)

with stepsize h = (teng — to)/Nstep. If
1. the increment function ® is Lipschitz in y, and
2. the local truncation error d,1 = O(hPH1) |

then the method is of order p, that is, the global error at te,q satisfies
ENstep = y(tend) — YNstep = O(hp)

A RK method is a one-step method with increment function ®(t,,yn;h) = > iy biki. It
is possible to show that ® is Lipschitz in y whenever f is Lipschitz and h < h;,q., Where
Bmaz 18 some predefined maximal stepsize. What remains is the order of the local truncation
error. To find it, we take the Taylor-expansions of the exact and the numerical solutions
and compare. The local truncation error is O(hP*1) if the two series matches for all terms
corresponding to A? with ¢ < p. In principle, this is trivial. In practise, it becomes extremely
tedious (give it a try). Fortunately, it is possible to express the two series very elegant by the
use of B-series and rooted trees. Here, we present how this is done, but not why it works. A
complete description can be found in the note the B-series tutorial.

B-series and rooted trees

We assume that the equation is rewritten in autonomous form

y() = f(y(®),  ylto) = yo. (10)

10



The Taylor expansion of the exact solution of (10) is given by

P
it + 1) = ylto) + by (t0) + 50" () + -+ + oy to) oo (1)
From the ODE (10) and repeated use of the chain rule, we get v/ = f, y" = f, f, ¥ = fy, ff+
fyfyf , etc. Each higher derivative of y is split into several terms, denoted as elementary
differentials. These can be represented by rooted trees. A node e represents f. A branch out
from a bullet represent the derivative of f with respect to y. As the chain rule apply, this will
always mean that we multiply by v/ = f, represented by a new node on the end of the branch.
We get the following table:

Elementary differentials corresponding trees
y=f .
y' = fyf !
v" = fuf f+ fyfyf ¥ i
Y = Fu fIF+ Fanfuf £+ Fouf Fuf g Iv' VI
Loyl fof + Fubunf £+ Folutof VI Y i

The elementary differentials corresponding to the trees b and 'S} are equal, thus
" = Fy T F+3Ffyf £+ Fofuf T+ Fyfulyf.

And we can go on like that. For each tree 7 with p nodes we construct a set of total p new
trees with p+ 1 nodes by adding one new node to an existing node in 7. This procedure might
produce the same tree several times, and the total number of ways to construct a distinct tree
is denoted by «(7). Let T be the set of all possible, distinct, rooted trees constructed this
way, and let 7 € T'. A tree with p nodes corresponds to one of the terms in y(p), thus we call
this the order of the tree and denote it |7|. The elementary differentials corresponding to a
tree is denoted F'(7)(y).

Example 4.4.

For T = Y we have || = 4, F(1)(y) = fyfyyf 1 a(t) =1

For T = {[ we have || = 4, F(1)(y) = fyyfyff a(t) = 3.

Here, f and its differentials are evaluated in y.

Putting this together: If y(¢) is the solution of (10), then



Insert this into (11), and we can write the exact solution as a B-series:

|7
Yltn + ) = ylt) + 31 alr) P()(y(t). (12)

|
TET’ ‘

The numerical solution after one step can also be written as a B-series, but with some different
coefficients

I7|
PRI o |h (D)) alr) Fr) o). (13)
TeT

where 7(7) is an integer, and ¢(7) depends on the method coefficients, given in the Butcher
tableau in Definition 4.1. Both can be found quite easily by the following procedure: Take
a tree 7. Label the root with ¢, and all other non-terminal nodes by j,k,[,--- . The root
correspond to b;. A branch between a lower node j and an upper node k correspond to
aji. A terminal node, connected to a node with label k corresponds to ¢x. ¢(7) is found by
multiplying all these coefficients, and then take the sum over all the indices from 1 to s.

Example 4.5.
k
J l
The tree T = can be labelled T so that (T Z b; awa]kcka,lcl
i,5,k,l=1
A tree 7 can also be described by its subtrees. Let 7 = [r1, 72, , 7] be the tree composed
by joining the root of the subtrees 71, 79, -+, 7; to a joint new root. The term ~(7) is defined
recursively by
o (o) =1.
o y(r)=|r|-v(r1) - ~(m) for T = [r1, 72, , 7).
Example 4.6.
T:I:[Q]’ 7(7):21:2
T = :[.,Q], ’}/(7’):311:3

\$ YI () =T7-12-2 =168

By comparing the two series (12) and (13) with y(¢,) = y, we can state the following theorem:

Theorem 4.7. A Runge-Kutta method is of order p if and only if

1
o(r) = —= VreT, |r]<p.

12



The order conditions up to order 4 are:

71| eln) =1/3(r)
1 Sbhi=1

2 S bic; = 1/2

3 Sbict =1/3
Y biajjc; =1/6
4 Sbici =1/4
Y- biciaijc; =1/8

bia;c? =1/12
Z J=7

coreenl el Ko eeenloe 0 |

z biaijajkck = 1/24

4.2 Error control and stepsize selection.

A user of some numerical black box software will usually require one thing: The accuracy of
the numerical solution should be within some user specified tolerance. To accomplish this we
have to measure the error, and if the error is too large, it has to be reduced. For ordinary
differential equations, this means to reduce the stepsize. On the other hand, we would like
our algorithm to be as efficient as possible, that is, to use large stepsizes. This leaves us with
two problems: How to measure the error, and how to get the right balance between accuracy
and efficiency.

Local error estimate. As demonstrated in Figure 1, the global error y(t,,) — y, comes from
two sources: the local truncation error and the propagation of errors produced in preceding
steps. This makes it difficult (but not impossible) to measure the global error. Fortunately
it is surprisingly easy to measure the local error, l,41, the error produced in one step when
starting at (¢,,yn), see Figure 2. Let y(¢;t,,y,) be the exact solution of the ODE through
the point t,,y,. For a method of order p we get

ln+1 = y(tn + h7 tna yn) —Yn4+1 = \Il(tTw yn)hp+1 + O(hp+2)7

where O(hP*1) refer to higher order terms ! The term W(t,,y,)hP*! is called the principal
error term, and we assume that this term is the dominating part of the error. This assumption
is true if the stepsize h is sufficiently small. Taking a step from the same point t,,y, with a
method of order p = p + 1 gives a solution ¢,+1 with a local error satisfying

y(tn + h; tm yn) - @n-ﬁ-l = O(hp+2)'

!Strictly speaking, the Landau-symbol O is defined by

f(z) =0(g(z)) forz— z0 if lime—s e, H{]Eg” <K <oo

for some unspecified constant K. Thus f(h) = O(h?) means that ||f(h)|| < Kh? when h — 0, and refer to the
remainder terms of a truncated series.

13



Figure 2: Lady Windermere’s Fan

The local error estimate is given by

lent1 = Unt1 — Ynt1 = V(tn, yn) WP + ORPT2 x 1,14,

Embedded Runge-Kutta pair Given a Runge-Kutta method of order p. To be able to
measure the local error, we need a method of order p + 1 (or higher). But we do not want
to spend more work (in terms of f-evaluations) than necessary. The solution is embedded

Runge-Kutta pairs, which, for explicit methods are given by

C2 | az1

C3 | a31 as2

Cs | Gs1 Qg2 -+ (Qss—1
b1 b bs—1
bl b2 bs—l bs

The method given by the b;’s is of order p, the error estimating method given by the bi’s is
of order p + 1. (Sometimes it is the other way round. The important thing is to have two

14



methods of different order.) The local error estimate of y,41 is then given by

lent1 = Gnt1 = Yny1 = h Y (bi = bi)k;.
i1

Example 4.8. A combination of the Euler method and improved FEuler will result in the
following pair

0
1)1
1
!
2 2

so that

h
ki = f(tnsyn), k2= f(tn+hyn+hk1), Yny1 =yn+hky, L1 =lepir = 5(_k1 + k2).

Example 4.9. Assume that you have decided to use improved Fuler, which is of order 2, as
your advancing method, and you would like to find an error estimating method of order 3.
There are no 2-stage order 3 FRKs, so you have to add one stage to your method. This gives
a method like

C3 | a31 as2

1 1
3 32
by by b3

where we require cs = agy + asz, which give us five free parameters. These have to satisfy all
four order condition for an order 8 method. Using cs as a free parameter, we get the following
class of 3rd order methods:

_303—1 2—363 1

b — -
! 57 6es(1—c3)’

2 2
asy = Cg, asy = €3 — Cg.

6cs 2 6(1—c3)

It is also possible to use the highest order method to advance the solution. In this case,
we still measure the local error estimate of the lowest order order solution, but we get a more
accurate numerical solution for free. This idea is called local extrapolation.

MATLAB has two integrators based on explicit Runge-Kutta schemes, 0DE23 which is
based on an order 3/2 pair by Bogacki and Shampine, (a 3th order advancing and a 2nd order
error estimating method), and ODE45 based on an order 5/4 pair by Dormand and Prince.
Both use local extrapolation.

Stepsize control Let the user specify a tolerance T'ol, and a norm || - || in which the error
is measured. Let us start with ¢,,y,, and do one step forward in time with a stepsize h,,
giving yp+1 and lepqq. If |[lep41]| < Tol the step is accepted, and we proceed till the next
step, maybe with an increased stepsize. If ||le,,11]| > Tol the step is rejected and we try again

15



with a smaller stepsize. In both cases, we would like to find a stepsize hpe,, Which gives a local
error estimate smaller than T'ol, but at the same time as close to Tol as possible. To find the
right stepsize, we make one assumption: The function ¥(¢,,y,) of the principle error term do
not change much from one step to the next, thus ||¥(t,, yn)|| = |¥(tn+1, Yn+1)|| = C. Then

we have: llens1]| =~ C - RO
we want: Tol ~C-ht)

We get rid of the unknown C' by dividing the two equations with each other, and Ay, can be
solved from
llentl - ( hy, >p+1
Tol "~ \ hnew ‘

Rejected steps are wasted work, and it should be avoided. Thus we choose the new stepsize
somewhat conservative. The new stepsize is computed by

1
Bow = P - <__Z}ﬂ__>’”l h,. (14)

llen sl

where P is a pessimist factor, usually chosen somewhere in the interval [0.5,0.95]. In the
discussion so far we have used the requirement ||le,,11]| < Tol, that is error pr. step (EPS).
This do not take into account the fact that the smaller the step is, the more steps you take,
and the local errors from each step adds up. From this point of view, it would make sense to
rather use the requirement lel|,+1 < Tol - hy, that is error pr. unit step (EPUS). The stepsize

selection is then given by )
hnmU::f>-<—¥535—>"hn. (15)
[lenta
Careful analysis has proved that the local extrapolation together with EPS gives proportion-
ality between the global error and the tolerance. The same is true for the use of the lower
order method to advance the solution in combination with EPUS.

5 Stiff equations and linear stability

Example 5.1. Given the ODE
y' = —1000y, y(0) = 1.

with exact solution
y(t) = e~10000

Thus y(t) — 0 as t — co. The Euler method applied to this problem yields
Yn+1 = Yn — 1000hy,, = (1 — 1000h)ys,.

so that y, = (1 — 1000h)™. This gives us two situations:

If |1 —1000h| <1 then y, — 0 asn — co.
If |1 —1000h| > 1 then |y,| — 00 asn — oo
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Clearly, the second situation does not make sense at all, as the numerical solution is unstable
even if the exact solution is stable. We have to choose a stepsize h < 0.002 to get a stable
numerical solution for this problem.

To be more general: Consider a linear ODE

y' =My,  y(0) = yo, (16)
where M is a constant, m x m matrix. We assume that M is diagonalizable, that is
VMV = A

where

A:diag{)\17)\27"' 7)‘m}7 V:[Ul7?}27"' 7vm]7
where A\;, ¢ = 1,--- ,m are the eigenvalues of M and v; are the corresponding eigenvectors.
By premultiplying (16) with V=1 we get
Vil =vIIMVVTly, Vily(te) = Vi
or, using u = V "1y,
u = Au, u(to) =V lyo = ug.

The system is now decoupled, and can be written componentwise as

u; = )\Z-ul-, UZ(O) = ui,o, )\z S (C, = 1, e, M. (17)

We have to accept the possibility of complex eigenvalues, however, as M is a real matrix, then
complex eigenvalues appears in complex conjugate pairs. In the following, we will consider
the situation when

Re(A;) <0 for i=1,---,m, thus y(t) — 0 as t — oo. (18)
Apply the Euler method to (16):

Yn+1 = Yn + hMyn

We can do exactly the same linear transformations as above, so the system can be rewritten
as
Ujp+1 = (1 + h)\i)um, t=1,---,m.
For the numerical solution to be stable, we have to require
|14+ hA| <1, for all the eigenvalues \;. (19)

(The case |14+ hA;h| = 1 is included, as this is sufficient to prevent the solution from growing.)

Example 5.2. Given

/ 2 1 1
y = Y, y(0) =
998 —999 1

with ezact solution yi(t) = ya(t) = e~'. The matriz has eigenvalues —1 and —1000. The initial

values are chosen so that the fast decaying mode is missing in the exact solution. This problem
1s solved by Eulers method, with two almost equal stepsizes, h = 0.0021 and h = 0.002. The
difference is striking, but completely in correspondence with (19) and the result of Example
5.1.

17



Euler, h=0.002100 Euler, h=0.002000

1.5¢ 1.5¢

1 1 1
i i
£ S
5 05t S 05f 1
o o
3 7

0’ O’

-0.5 -0.5

0 0.2 0.4 0.6 0 0.2 0.4 0.6 0.8 1

t t

The MATLAB-file 1insys used to produce these plots are given on the web-page. Use it
to do your own experiments.

Example 5.2 is a typical example of a stiff equation. The stepsize is restricted by a fast
decaying component.

Example 5.3. Let

-2 =2
M = with eigenvalues Ao =—-1%£1.

The requirement (19) becomes
14+ h(=1+d)| <1 or (1—h)?*+h><1 which is satisfied if and only if 0 <h <1.

Stiffness occurs in situations with fast decaying solutions (transients) in combination with
slow solutions. If you solve an ODE by an adaptive explicit scheme, and the stepsize becomes
unreasonable small, stiffness is the most likely explanation. If the stepsizes in additions seems
to be independent of your choice of tolerances, then you can be quite sure. The stepsize is
restricted by stability related to the transients, and not by accuracy. The effect is demonstrated
in the MATLAB-file teststiffness available on the web page. The backward Euler method
is one way to overcome this problem:

Yn+1 = Yn T hf(tn-i-h yn-i-l) (20)
or, applied to the problem of (17)

1
Uint1 = Ui + AU 1, = Uil = = Ui n.
1—h\;

Since |1/(1—hA;)| < 1 whenever Re()\;) < 0 there is no stepsize restriction caused by stability
issues. In fact, u; 41 — 0 as Re(h);) — —oo, so fast transients decay quickly, as they are
supposed to do. But this nice behaviour is not for free: for a nonlinear ODE a nonlinear
system of equations has to be solved for each step. We will return to this topic later.
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Linear stability theory for Runge-Kutta methods.

Given the linear test equation

v =y, reC. (21)
Thus A = a4+ i8. The solution can be expressed by
y(tn +h) = eahezﬂhy(tn).

Clearly, the solution is stable if & < 0, that is A € C~. For the numerical solution we then
require the stepsize h to be chosen so that

|yn+1| < |yn] wheneverA € C™ (22)
When a RK method is applied (21), we simply get
Ynt+1 = R(2)Yn, z = hA

where R is a polynomial or a rational function. R is called the stability function of the RK
method. The numerical solution is stable if |R(z)| < 1, otherwise it is unstable. This motivates
the following definition of the region of absolute stability as

D={ze€C : |R(z)| <1}.
The condition (22) is satisfied for all h > 0 if
C™ CD,

Methods satisfying this condition are called A-stable. The Backward Euler method (20) is an
example of an A-stable method.

Example 5.4. A 2-stage ERK applied to (21) is given by:
k1 = Ayn, ky = XMyn + ha21Ayn), Ynt1 = Yn + hA(b1 + b2)yn + (hA)*baasiyy
If this method is of order 2, then by + be = 1 and byaz; = 1/2, so that

1
R(z) = 1—|—z—i—§zz.

The stability function of an s-stage ERKSs is a polynomial of degree s. As a consequence,
no ERKs can be A-stable! If the order of the method is s, then

S 7

R(z) :Z%.

=0

See Figure 3 for plots of the stability regions. But it has been proved that ERK with p = s
only exist for s < 4. To get an order 5 ERK, 6 stages are needed.

Example 5.5. The trapezoidal rule (see section 3.1) applied to (21) gives

14z
11—z

h
Ynt+l = Yn + 5()\yn + Aynqtl) = R(Z)

In this case D = C~, which is perfect.
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- 2
5 5
Backward Euler Trapezoidal rule

Figure 3: Stability regions in C~: The first four are the stability regions for explicit RK
methods of order p = s. The white regions are stable, the grey unstable.
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To summarise:
e For a given A € C™, choose a stepsize h so that hA € D.
e If your problem is stiff, use an A-stable method.

e There are no A-stable explicit methods.

6 Collocation.

We will now see how the idea of orthogonal polynomials can be used to construct high order
Runge-Kutta methods.
Given an ordinary differential equation

y,(t) = f(tay(t))’ y(tn) = Yn, te [tnatn + h]

Recall also the defintion of a Runge—Kutta method applied to the ODE:

ki = f(tn + cih,yn + hzaijkj)
. = (23)
Yntl = Yn + hz bik;.

i=1

The idea of collocation methods for ODEs is as follows: Assume that s distinct points

€1,C2,...,cs € [0,1] are given. we will then search for a polynomial u € Py satisfying the ODE
in the points ¢, + ¢;h, i = 1,--- ,s. These are the collocation conditions, expressed as
W (tn + c;h) = f(tn + cih,u(t, + c;ih)), i=1,2,...,s, (24)

The initial condition is u(t,) = y,. When finally u(¢) has been found, we will set y,+1 =
u(ty, + h).

Let k; be some (so far unknown) approximation to y'(¢, + ¢;h), and let v’ = p € Ps_1 be
the interpolation polynomial satisfying p(t, + ¢;h) = k;. For simplicity, introduce the change
of variables t = t,, + 7h, 7 € [0,1]. Then

pt) = plta +hr) =Y kiti(r), L) = [[ —=.
j=1

ci—c
k=1 “k
k#j

The polynomial wu(t) is given by
u(t) = u(ty) + / p(t)dt = yn, + h Z k; / ¢;(T)dr, t € [tn,tn + A (thus 7 € [0,1])
t : 0

The collocation condition becomes

U (tn + cih) = f tn—|—cih,yn—{—h2kj/'gj(7-)d7'.
=1 70
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and in addition we get

s 1
u(tn—l—h):yn—l-thj/ gj(T)dT.
=1 70

But v/ (t, + ¢;h) = ki, and yp41 = u(t, + h) so this is exactly the Runge-Kutta method (23)
with coefficients

ci 1
Q5 = /0 Ej(T)dT, ,5=1,...,s, b, = /0 i(T)dr, i=1,...,s. (25)

Runge-Kutta methods constructed this way are called collocation methods and they are of
order at least s. But a clever choice of the ¢;’s will give better results.

Example 6.1. Let Py(x) = 22 — 1/3 be the second order Legendre polynomial. Let ¢; and cz
be the zeros of Pa(2x — 1) (using a change of variable to transfer the interval [-1,1] to [0,1]),

that s
1 V3 V3
o =z=—-, +—.
2 6 6
The corresponding cardinal functions becomes

61(7):—\/§<7’—1—§>, 62(7):\/§<7’—1+§>.

2 6

Cy =

DO | =

This method has order 4 (check it yourself).

Collocation methods using the zeros of the Legendre-polynomials Ps(2x — 1) for the ¢;’s
are called Gauss-Legendre methods, also known as Kuntzmann-Butcher methods. They are
of order 2s, they are also A-stable.

7 Linear multistep methods
A k-step linear multistep method (LMM) applied to the ODE

v =rfty), ylto) =yo, to<t<tena
is given by

k k
> i =Y Bifati (26)
1=0 1=0

where «y, §; are the method coefficients, f; = f(t;,y;) and t; = to+jh, h = (tena—to)/Nstep.
Usually we require
ar =1 and |ag|+|Bo| # 0.
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To get started with a k-step method, we also need starting values y; ~ y(¢;),l =0,1,--- ,k—1.
A method is explicit if 5 = 0, otherwise implicit. The leapfrog method

Yn+2 — Yn = th(tn-i-h yn+1) (27)
and the method given by
3 1
Yn+2 = Yn+1l = h <§fn+1 - §fn> (28)

are both examples of explicit 2-step methods.
Example 7.1. Given the problem
y = —2ty, y(0)=1
with ezxact solution y(t) = e . Let h = 0.1, and y1 = e~ This problem is solved by (28),
and the numerical solution and the error is given by

tn Un len|

0.0 | 1.000000 0.00

0.1 | 0.990050 0.00
0.2 | 0.960348 4.41-104
0.3]0.912628 1.30-1073
0.4 | 0.849698 2.45-1073
0.5|0.775113 3.69-1073 |
0.6 | 0.692834 4.84-1073
0.7 | 0.606880 5.75-1073
0.8 | 0.521005 6.29-1073
0.9 | 0.438445 6.41-1073
1.0 | 0.361746 6.13-1073

The corresponding MATLAB code is given in lmm.m.

7.1 Consistency and order.

We define the local discretization error T,4,(h) by

k

hrosr(h) =Y (ouy(tnsr) — hBY (tnsr) ) - (29)
10

You can think about the h7,,; as the defect obtained when plugging the exact solution into
the difference equation (26). A method is consistent if 7,41 (h) e 0. The term h7,4(h) can
_)

be written as a power series in h

thJrk(h) = COy(tn) + Clhy/(tn) + Cthy//(tn) + o+ thqy(q) (tn) -,
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by expanding y(t, + lh) and y'(t,, + [h) into their Taylor series around t,,
(th)?

b+ 1) = )+ (U () + U (8) o Sy (0 4
_ 1 2, 1M (lh)qil (9)
Y/t 1) = 9 (1) ()" (1) 5 09" () =y )

for sufficiently differentiable solutions y(¢). Insert this into (29), get the following expressions
for Cy:

k k
1
Co=)» o =~ lqa—qlq_lﬂ , qg=1,2,---. 30
0 E_ ! a EO l ) (30)
The method is consistent if Cy = Cy = 0. It is of order p if
Co=Ci=---=C,=0, Cpt1 # 0.

The constant C,1 is called the error constant.

Example 7.2. The LMM (28) is defined by

1 3
ap =0, a1 = -1, ag =1, 502—5, 5125, B2 =0,
thus

Co=ap+a;+ay =0.

Cr=a1+20— (fo+ 1+ B2)=0

Cy = 21| (a1 +2%as — 2(B1 +2B2)) =

a1+ 2%ag — 3(B1 + 2°B2)) = E

Cs = 12

i (
The method is consistent and of order 2.

Example 7.3. Is it possible to construct an explicit 2-step method of order 37 There are 4
free coefficients oy, a1, Po, 81, and 4 order conditions to be solved (Cy = Cy = Cy = C5 =10).
The solution is

a0=—5, (&3] :47 50:2, ,81 =4.

Test this method on the ODE of Example 2.1. (Replace the method coefficients in lmm.m.) The
result is nothing but disastrous. Taking smaller steps only increase the problem.

To see why, you have to know a bit about how to solve difference equations.

7.2 Linear difference equations

A linear difference equation with constant coefficients is given by

Z@lynﬂ = ©n, n = 07 1727 T (31)
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The solution of this equation is a sequence {y,} of numbers (or vectors). Let {g,} be the
general solution of the homogeneous problem

k
Z Yn+1 = 0. (32)
1=0

Let 1, be one particular solution of (31). The general solution of (31) is then {y,} where
Yn = Yn + ¥n. To find a unique solution, we will need the starting values yo, y1, - , Yr_1-
Let us try g, = r™ as a solution of the homogeneous equation (32). This is true if

k k
E "t = g art = 0.
=0 =0

The polynomial p(r) = Zf:o ayr! is called the characteristic polynomial, and {r™} is a solu-

tion of (32) if r is a root of p(r). The kth degree polynomial p(r) has k roots altogether,

r1,T9, -+ , Tk, they can be distinct and real, they can be distinct and complex, in which case
they appear in complex conjugate pairs, or they can be multiple. In the latter case, say
ri =19 =+ =r, we get a set of linear independent solutions {rf'}, {nri'}, ---, {n*~1r}.

Altogether we have found k linear independent solutions {g,;} of the homogeneous equation,
and the general solution is given by

k
Yn = Z Klgn,l + ¢n
=1

The coefficients x; can be determined from the starting values.
Example 7.4. Given
Yn+a — 6Yni3 + 14ynyo — 16yni1 + 8yn =1
vo=1 1y =2 y2=3ys =4
The characteristic polynomial is given by
p(r) =r* —6r® + 14r% — 167 + 8

with roots ry = ro =2, r3 =141, ry =1 —1i. As a particular solution we try ¢, = an + b.
Inserted into the difference equation we find this to be a solution if a =1, b = 2. The general
solution has the form

Yn = k12" + kon2™ + Kk3(1 +9)" + ka(1 —3)" +n + 2.

From the starting values we find that kK1 = —1, Ko = %, ks = —i/4 and kg = i/4. So, the
solution of the problem is
n i(L+4)™ il —d)"
—on <— - 1) - 2

= on <% ~1) = 2" sin (”7:7) 2.
Example 7.5. The homogeneous part of the difference equation of Example 7.8 is
p(r) =12 4+4r —5=(r—1)(r +5).

One root is 5. Thus, one solution component is multiplied by a factor -5 for each step, inde-
pendent of the stepsize. Which explain why this method fails.
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7.3 Zero-stability and convergence

Let us start with the definition of convergence. As before, we consider the error at t.,q, using
N step steps with constant stepsize h = (tenqg — to)/N step.

Definition 7.6.

o A linear multistep method (26) is convergent if, for all ODEs satisfying the conditions
of Theorem 2.4 we get

YN step hj(] y(tend), whenever Y1 h:}O y(tO + lh)a l= Oa 1a o ,k -1

e The method is convergent of order p if, for all ODEs with f sufficiently differentiable,
there exists a positive hg such that for all h < hg

|y (tend — YN stepl| < KhP whenever ly(to+1h) =yl < Koh?, 1=0,1,--- k—1.

The first characteristic polynomial of an LMM (26) is

k
p(r) = Z oy,
1=0

with roots 71,79, -+ ,7rE. From the section on difference equation, it follows that for the
boundedness of the solution y, we require:

1. |r| <1, fori=1,2,--- k.
2. |r;| < 1if r; is a multiple root.

A method satisfying these two conditions is called zero-stable.
We can now state (without proof) the following important result:

Theorem 7.7. (Dahlquist)
Convergence = Zero-stability + Consistency.

For a consistent method, Cy = Zf:o a; = 0 so the characteristic polynomial p(r) will
always have one root r; = 1.

The zero-stability requirement puts a severe restriction on the maximum order of a con-
vergent k-step method:

Theorem 7.8. (The first Dahlquist-barrier) The order p of a zero-stable k-step method satis-
fies

p<k+2 ifk is even,
p<k+1 ifk is odd,
p<k  if B <0.

Notice that the last line include all explicit LMMs.
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7.4 Adams-Bashforth-Moulton methods

The most famous linear multistep methods are constructed by the means of interpolation. For
instance by the following strategy:
The solution of the ODE satisfy the integral equation

Yltns1) — y(tn) = / " Fy ). (33)

Assume that we have found f; = f(t;,y;) fori =n—k+1,--- ,n, with ¢; = to+th. Construct
the polynomial of degree k — 1, satisfying

pkfl(tz):f(thyl% Z:n—k—i-l,,n

The interpolation points are equidistributed (constant stepsize), so Newton’s backward differ-
ence formula can be used in this case (see Exercise 2), that is

k-1
Pro1(t) = pp_1(tn + sh) = fu + > _(~1) <_JS> V7 fa
=1

where

(—1)7 (—JS> _s(s+1)- ]'(s +5-1)
and

Vofn = fna ijn = vjilfn - Vjilfn—l-
Using Yn+1 = Y(tnt+1)- Yn = y(ty) and pp_1(t) = f(t,y(t)) in (33) gives

tn+1 1
Yn+1 — yn/ pr-1(t)dt = h/ Pr—1(tn + sh)ds
tn 0

= hfo + hj: ((—1)1 /01 <_18> ds> Vif,. (34)

This gives the Adams-Bashforth methods

k-1

Yn+1 — Yn = hZVjv]fna Y =1, Vi = (_1)]/0 < . )ds-

=0 J

Example 7.9. We get

1 1
1 s(s+1) 5
o y M /0 sas B% V2 /0 5 S 12

and the first few methods becomes:
Yn+1 = Yn = hifn
3 1
n — Yn — h|= n— SJn—
Ynt1 — Y <2f 5/ 1)

23 4 5
Yn+1 — Yn = h <Efn - gfn—l + Efn—l)
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A k-step Adams-Bashforth method is explicit, has order k (which is the optimal order for
explicit methods) and it is zero-stable. In addition, the error constant Cpq = 7. Implicit
Adams methods are constructed similarly, but in this case we include the (unknown) point
(tn+1, fn+1) into the set of interpolation points. So the polynomial

k
P(E) = DLt + 5h) = fupr + 3 (1Y (‘Sj* 1) Vi fin
j=1

interpolates the points (¢;, f;), i =n—k+1,...,n+ 1. Using this, we get the Adams-Moulton
methods

k 1
*v7 ] * * j —-s+1
Ynt+1 = Yn = hZ%‘vjan, Y=1 7= (—1)]/ < j >d5-
=0 0

Example 7.10. We get

and the first methods becomes

Yn+1 = Yn = hfnt1 (Backward FEuler)

1 1
Yntl —Yn =N <§fn+1 + §fn> (Trapezoidal method)

Yntl = Yn =N <%fn+1 + gfn - 1_12fn1> .

A k-step Adams-Moulton method is implicit, of order k + 1 and is zero-stable. The error
constant Cp11 = ;. Despite the fact that the Adams-Moulton methods are implicit, they
have some advantages compared to their explicit counterparts: They are of one order higher,
the error constants are much smaller, and the linear stability properties (when the methods
are applied to the linear test problem ¢y’ = \y) are much better.

k10 1 2 3 4 5 6
1 1 5 3 251 95 19087
Tk 2 12 8 720 288 60480
« 09 L 1 1 19 3 _ 863
Yk 2 12 24 720 160 60430

Table 1: The +’s for the Adams methods.

7.5 Predictor-corrector methods

A predictor-corrector (PC) pair is a pair of one explicit (predictor) and one implicit (corrector)
methods. The nonlinear equations from the application of the implicit method are solved by
a fixed number of fixed point iterations, using the solution by the explicit method as starting
values for the iterations.
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Example 7.11. We may construct a PC method from a second order Adams-Bashforth scheme
and the trapezoidal Tule as follows:

h

yr[?—]i—l =Yn + 5(3fn — fn-1) (P : Predictor)
forl=0,1,...,m

fr[ﬂq = f(thrl,yﬂq) (E : Evaluation)

h

y,[iﬁ] =yn+ i(f,[@llq + fn) (C : Corrector)
end

_,ml
fot1 = f(tns1, Ynt1)- (E : Evaluation)

Such schemes are commonly referred as P(EC)™E schemes.

The predictor and the corrector is often by the same order, in which case only one or two
iterations are needed.

Error estimation in predictor-corrector methods.
The local discretization error of some LMM is given by

k

hTni1 = Z(Oély(tn—kﬂﬂ = hBY (tn—ks141)) = PP Cppny P (tn_pgr) + O(RPH).
=0

But we can do the Taylor expansions of y and y’ around ¢, rather than ¢, ;1. This will not
alter the principal error term, but the terms hidden in the expression O(hP2) will change.
As a consequence, we get

Y hp+lcp+1y(p+1)(tn) + O(hP?).
Assume that y; = y(t;) fori=n—k+1,...,n, and oy = 1. Then
Wit = Y(tni1) = Ynr1 + O(WPT2) = WPHCH 1y (1) + O(WPF2).

Assume that we have chosen a predictor-corrector pair, using methods of the same order p.
Then
0 0
(P) y(tns1) = ypy = WOy (1),
(C) y(thrl) —Yn+1 = hp+1cp+1y(p+1)(tn),
and . .
Ynt1 = Yokr = WP (CRL = Gy (1),

From this we get the following local error estimate for the corrector, called Milne’s device:

Cpi1 0
Y(tns) — Y1 ~ ——2 (g1 — %)

[0]
Cp-{—l} - Cp+1
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Example 7.12. Consider the PC-scheme of Example 7.11. In this case

5 1 C
50 el

ol
[0]
Cp+1] —Cpa

1
1= 130 Ol =g 6

Apply the scheme to the linear test problem

using yo = 1, y1 = e " and h = 0.1. One step of the PC-method gives

l l l l
1l lyo — 3| [ 19(0.2) — | | Llyi) — 4L

00819112 | 4.49-10~*| 3.81-10~*
1/0.818640 | 2.25-107° | 9.08-107° | 7.86-107°
210.818664 [ 1.12-107% | 6.72-107° | 7.47-107°
310.818662 | 5.62-1078 | 6.84-107° | 7.49.107°

After 1-2 iterations, the iteration error is much smaller than the local error, and we also
observe that Milne’s device gives a reasonable approzimation to the error.

Remark Predictor-corrector methods are not suited for stiff problems. You can see this
by e.g. using the trapezoidal rule on ¢y = \y. The trapezoidal rule has excellent stability
properties. But the iteration scheme

h

will only converge if |hA/2| < 1.
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