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Project 1

1 Consider the problem

−uxx = 1, 0 < x < 1, u(0) = u(1) = 0.

a) Derive the exact solution u.

b) Show by explicit calculations that∫ 1

0
uxvxdx =

∫ 1

0
vdx

for all su�ciently smooth v satisfying v(0) = v(1) = 0.

c) Compute J(u), where

J(v) =
1

2

∫ 1

0
v2xdx−

∫ 1

0
vdx

d) Let w1(x) = a1 sin(πx). Find the value of the amplitude a1 which minimizes

J(w1). How does a1 compare with the maximum of the exact solution u?

e) Show that J(w1) > J(u). Is there a big di�erence?

f) Let ϕi = sin ((2i− 1)πx), i = 1, 2, 3, . . . . These functions are in�nitely di�er-

entiable, and they all satisfy ϕi(0) = ϕi(1) = 0. Compute

aij =

∫ 1

0
ϕ′jϕ

′
idx and bi =

∫ 1

0
ϕidx.

g) Let VN = span {ϕ1, ϕ2, . . . , ϕN} . Set up and solve the problem

Find wN ∈ VN such that

∫ 1

0
wN,xvxdx =

∫ 1

0
vdx, ∀v ∈ VN .

h) Plot the error u− wN for N = 1, 2, 3.
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2 Given the weak statement:

Find u ∈ V s.t. a(u, v) = F (v), ∀v ∈ V (1)

and the minimization principle:

u = argmin
u∈V

J(v), with J(v) =
1

2
a(v, v)− F (v). (2)

a) Show that (1) and (2) are equivalent whenever a is bilinear, symmetric and

positive de�nite, and F is linear. State clearly which properties you are using

in you arguments.

b) Take V = Rn, and just show, by appropriate choice of a and F , that the

minimizer u ∈ V of J(v) = 1
2v

TGv − vT b for any symmetric, positive de�nite

matrix G ∈ Rn×n and v ∈ Rn satis�es Gu = b.

3 Write a code for solving the equation

−uxx = x4, 0 < x < 1, u(0) = 0, u(1) = 0.

using the �nite element method with equidistant grid (xi = ih, h = 1/N), and the

basis functions

ϕi(x) =


x−xi−1

h , for xi−1 ≤ x ≤ xi,
xi+1−x

h for xi ≤ x ≤ xi+1,

0 otherwise.

for i = 0, 1, 2, . . . , N. Compare the numerical solution with the exact solution, and

plot the error.
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