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Project 3
Quarteroni: Section 3.7: Exercise 4 and 5.
Write a MATLAB program for solving the Helmholtz problem
—Ugy + ou = f(x), 0<z<l, u(0) = u(l) =0.

or, using the weak formulation

1 1 1
find u € H}(0,1) s.t. / UgUpdr + 0/ uvdr = / fudz, for all v € H3(0,1) (1)
0 0 0

by the finite element method on X ,3, using the algorithm outlined in the supplemen-
tary note.

To test you code, let o = 1, f = sin(7z) in which case u(z) = sin(7z)/(1 + 72).

Use for example [0,0.1,0.25,0.3,0.4,0.45,0.5, 0.55,0.6,0.7,0.8,0.9, 1] for the parti-
tion of the elements. (That is, the first element is [0,0.1], and there is an extra node
in the middle).

As already pointed out in Exercise 2.4, the discrete problem can be written as

(A+oM)u =b. 2)

So the task is to set up the matrices A and M and the load vector b, and solve the
system. What you have to do is described in the following:

a) Preliminaries:
Set up the element matrices Aﬁ( and M ,f( , corresponding to contribution from
element K to the first and second integrals of (1) resp.
Solution:  Starting from the very beginning: The quadratic shape functions
defined on the reference element K = (0,1), corresponding to the nodes 1 = 0,
x9 =1/2 and x3 =1 is given by
1 1
DO =2AE—5)E 1), vale) = —4EE- 1), sle) = 26(E - ).

The mapping from the K to K = (xy,xp11) is given by x(€) = xj, + hpé and
the inverse mapping is {(x) = (x — xy)/hi, where hy = T4 — xf.

(T 81 L[4 2 -l
AR = o8 16 -8, M = 3—’5 16 2
F\1 -8 7 -1 2 4
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b)

1
3
5
7
9

11

c)

So the contribution from element K to the element matrices Mf and AhK be-
comes:

Th41 1
(Mo = [ e @ @)z = [ (el
T 0
Ky [Tdeldel 1l dig
L4h)aﬁ'_Ll; 7%;"?Erdx'—'ﬁg 0 ]igiﬁ?dg

se the slides on the webpage for details. Altogether, we ends up with:

A L[4 2 -l
AR = o8 16 -8, M = 3—’8 2 16 2
F\1 -8 7 -1 2 4

Write a function computing integrals by the following quadrature formula:

.

+

DO | —

1 1
/ g(x)dr ~ 5(9(01) + g(c2)), c12 =
0

This will be used for to approximate the contribution from an element to the
load vector.
Solution: On an element, the approzimation becomes

/m‘““ (2)dr ~ g(xp + c1hy) + g(ag, + cohy)
g 2

T

But the contributions to the load vector is fgf:“ ¢i(z) f(x)dz, so that

Tr+1 2
b = / pi(a) f(@)de ~ S ilen) fan + ).
Ty j=1

The corresponding function can be

function b = bk (f,x)

/ Calculate a numerical approzimation to the elemental load wector
/ of the function f on an element [z(1),z(2)].

/ using quadratic elements.

h = x(2)-x(1);

cl 1/2-sqrt (3)/6;

c2 1/2+sqrt (3)/6;

b = h*[(c1-0.5)*(c1-1)*f(x(1)+h*xc1) + (c2-0.5)*(c2-1)*f(x(1)+h*c2);
2%¥cl*(1-cl)*f(x(1)+h*cl) + 2*c2*x(1-c2)*f(x(1)+h*c2);
cl*(c1-0.5)*f(x(1)+h*cl)+c2*(c2-0.5)*f(x(1)+h*c2)];

Assemble the prototype matrices Aj, and M, as well as the load vector b.

Solution: For points b)-e), see Figure 1.

d)
)

Remove the rows and columns corresponding to the boundary conditions.

Solve (2), and plot the solution
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f = @(x) sin(pi*x);
sigma = 1;

/ The partition of [0,1].
x = [0,0.1,0.25,0.3,0.4,0.45,0.5,0.55,0.6,0.7,0.8,0.9,11;

Ak = [7/3, -8/3, 1/3; / Element stiffness matric
-8/3, 16/3, -8/3;
1/3, -8/3, 7/31;
Mk = [2/15, 1/15, -1/30; / Element mass matricz
1/15, 8/15, 1/15;
-1/30, 1/15, 2/15]1;
Nk = length(x)-1; / Number of elements.
N = 2xNk+1; / Number of nodes (including the boundaries)

theta = @(k,alpha) 2*(k-1)+alpha; / local-to-global mapping.

Ah = sparse(N,N); 4 Stiffness matriz
Mh = sparse(N,N); / MHass matriz resp.
bh = zeros(N,1); / Load wector

/ Adssemble process:
for k = 1:Nk
h = x(k+1) -x(k); / Size of the element

gi = theta(k,1):theta(k,1)+2;
Ah(gi,gi) = Ah(gi,gi) + Ak/h;
Mh(gi,gi) = Mh(gi,gi) + Mk*h;
bh(gi) = bh(gi) + bk(f,[x(k),x(k+1)]1);
end
/ For the case u(0)=u(1)=0
/4 Remove contributions concerning the Dirichlet boundaries.
A = Ah(2:end-1,2:end-1);
M = Mh(2:end-1,2:end-1);
b = bh(2:end-1);
/ Solve the system
u = (A+sigma*M)\b;
/ Include the boundaries.
u = [0;u;0];

/# For the plot: (Create a z-wector with all the nodes
/ including the midpoints of each element.
xi = x(1);
for k=1:Nk
xi = [xi;x(k)+(x(k+1)-x(k))/2; x(k+1)];
end
/ Plot the numerical and the ezact solution in the nodes.
u_exact = sin(pix*xi)/(1+pi~2);

plot (xi,u_exact ,’r’,xi,u,’b’)

legend (’uyexact’,’u_h’);

Figure 1: Code for solving the Helmholtz equation in 1D by a quadratic FEM
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f) Change the boundary conditions to u(0) = 1 and wu,(1) = 2. Which changes
has to be done in the code?
Solution: The weak formulation of the Helmholtz problem is now

1 1 1 1
findu €'V s.t. / uxvxdx—ka/ wvdr = / fvdx—/ Ry yvpdx+2v(1), for allv eV
0 0 0 0

where v = {v € HY0,1) : v(0) = 0} and R, € H'(0,1) is some function
satisfying Ry(0) = 1. For the numerical solution, we choose Rq = yo(x). The
correpsonding discrete formulation is

N 1 N 1 1 1
Zuj/ %w%mdﬂazug‘/ @jsozde/ feida —/ Pizp0,xdr + 2¢(1)
j=0 0 j=1 0 0 0

fori=1,2,--- ,N. In practice, this means that the column corresponding to the
left hand side Dirichlet condition is moved to the right hand side. In addition, we
add one term in the last equation, to include the contribution from the Neumann
boundary conditions. Line 31-41 in Figure 1 has to be changed to
/ For the case u(0)=1, u_z(1)=2.

32 bh = bh - Ah(:,1)=*1;

bh(end) = bh(end)+2;
34

A = Ah(2:end,2:end);
38 M = Mh(2:end,2:end);
b = bh(2:end);
38
/ Solwve the system

40 u = (A+sigma*M)\b;

e

42 Include the Dirichlet boundary.

= [1;u;];

[=]
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