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TMA4220 Numeri
alSolution of PartialDi�erential EquationsUsing Element MethodsFall 2013Proje
t 41 Let a(u, v) = ∫

Ω
∇u∇vdΩ.a) Find the element sti�ness matrix AK

h ∈ R
3×3 for an element with nodes (ver-ti
es) xK

1
= (0, 0), xK

2
= (h, 0) and xK

3
(0, h).b) Prove, by invarian
e arguments or wild hand-waving, that your results appliesto any right-triangular element with hypotenuse √

2h at any orientation orposition.
) The mass matrix Mh is given by (Mh)i,j =
∫

Ω
ϕjϕidΩ. Find the element massmatrix MK

h for any right-triangular element with hypotenuse √
2h.2 From the exam set 2006.
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Figure 1: A one-dimensional quadrati
 elementFigure 1 shows a quadrati
 element with domain ΩT 1D

h

= (0, 1). The element has 3lo
al nodes: x1 = 0, x2 = 0.5 and x3 = 1. The shape fun
tion ψ1D
1 for lo
al node 1,presented in the �gure, is given by

ψ1D
1 (x) = 2

(

x− 1

2

)(

x− 1
)
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Proje
t 4a) Copy the �gure to your own answer sheet, and draw the shape fun
tions 
or-responding to node 2 and 3. Write down the shape fun
tions as fun
tions of
x.
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Figure 2: A two-dimensional quadrati
 elementFigure 2 shows the domain Ω = (0, 1) × (0, 1) dis
retized with one quadrati
 �niteelement. The element has 9 lo
al nodes, ea
h labelled as shown.b) Write down the 9 quadrati
 basis fun
tions as fun
tions of x and y.Hint: Use the basis fun
tions from the one-dimensional example in point a).Consider now the Poisson problem
−∆u = 1 in Ω = (0, 1) × (0, 1) (1)

u = 0 on ∂Ω
) Derive the weak formulation of the problem, that isFind u ∈ X su
h that a(u, v) = l(v), ∀v ∈ X.Determine the expressions of the fun
tion spa
e X and the forms a(·, ·) and l(·).We now dis
retize the Poisson problem (1) from point 
) by one quadrati
 elementas depi
ted in Figure 2. We express the the solution uh by help of the basis fun
-tions, insert it into the weak formulation from point 
) and in
ludes the boundary
onditions. This will give the linear system
Ahuh = Fh, (2)where (Ah)i,j = a(ψj , ψi) and (Fh)i = l(ψi).d) How many degrees of freedoms has the linear system of equations?Parts of the lo
al sti�ness matrix for the quadrati
 9-nodal element in point b) is
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Proje
t 4given below.
A
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e) The elements (AT 2D

h

h )1,1 and (A
T 2D

h

h )5,3 are missing. Find them.The lo
al load ve
tor is given by
Fh =

[

1
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]Tf) Solve the linear system (2) and �nd the numeri
al solution uh(x, y).3 a) Prove that the �nite element depi
ted in Figure 2 is a �nite element, whi
hforms a C0 �nite element spa
e.b) Show that the �nite element spa
e 
onstru
ted from triangular 
ubi
 Hermiteelements (p. 75 in B&S) is C0 but not C1.
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