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NB! Justify your answers!

Problem 1 Consider the two-dimensional Poisson problem
—Au=f in

u—i-@:g on 0f)
on

and f is a given function, and € is a bounded open set with a regular boundary.
a) The weak formulation for this problem is
find u € V' such that a(u,v) = F(v), Yv eV, (1)

with V' = H'(Q).
Find the expressions for a and F.

Show that a is positive, that is a(v,v) > 0 for all v # 0.

b) We now want to solve problem (1) using the Galerkin method on a finite
dimensional subspace Vj, = span{py, @9, ,on} C V, that is

Find uy, € V}, such that a(uy,v,) = F(vy), Yo, € V.
Show that this problem can be formulated as a linear equation system

Ahu = bh

where up, = SN w0 and u = [uy, - - - uy]”.

Find expressions for A;, and by,
Prove that the stiffness matrix A is symmetric positive definite.

c) Let © = (0,1) x (0,1) be the unit square. Let V}, = X}, the linear finite
element space, defined on the grid given in Figure 1. Assume the gridsizes
in both the vertical and horizontal directions to be h.

Find the stiffness element matrices AX of the the two elements K; and K,
depicted in the figure.

d) Set up a set of sufficient conditions for the existence of a unique solution of
a general problem of the form (1) (Lax-Milgram).
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Figure 1: Triangulation of the unit square.

e) Let IT} : C©(Q) — X} be the linear interpolation operator, defined on each

element K by IT}v|x = ITkv, where

v = v11|k + V22| k + V33K
where v; is the value of v in each of the three vertices of the triangle K, and
@il is the corresponding linear basis function restricted to K.

In the lectures, it was proved that

2

lv — H}(U|Hm(K) < CK,m%W‘HQ(K)u
PK

m=0,1, Vv € H*()

where hy is the diameter and pg the sphericity of K. You can assume that
hi/px < ¢ for all K.

What are pg, hx and § for the grid of Figure 17 (If you do not remember
how to calculate the sphericity, just indicate what it is by a figure).

Use the interpolation error bound above to prove an error bound of the form

||u — uhHHl(Q) S CB |u]H2(Q)

where u;, € X ,1L is the finite element solution, h = max hi and C'is a constant.

Hint: Use Céa lemma.
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Problem 2 According to the abstract definition, a finite element is character-
ized by three ingredients. Which ones?

Problem 3 Integrals of a function f over a triangular domain K € R? can
be approximated by

[ S@a0 % 113 puot)

where p, are the weights and z, are the vector quadrature points, and |K| is the
area of K.

A 3-point quadrature formula is given by

Ny ‘ Zq ‘ Pq
3 1/2,1/2,0) | 1/3
(1/2,0,1/2) | 1/3
0,1/2,1/2) | 1/3

where the quadrature points z, are given in barycentric coordinates.
Where on K are the quadrature points located?

Use this quadrature formula to find an approximation to the integral
/ x - sin(my /2)dzdy
K

where K is the triangle with vertices (0,0), (1,0) and (1/2,1).

Problem 4 Given the one-dimensional eigenvalue problem:
Uy = AU in Q=(0,1), u(0) = u(1) = 0.

a) Set up the weak formulation of the problem, and use this to justify that all
the eigenvalues are positive.

Verify that the values and corresponding functions
\j =152, uj(x) = sin(jnz), j=12...

satisfies the strong form of the eigenvalue problem.
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b) Let the eigenvalue problem be solved by the linear finite element method,
using Vj, = X} with constant stepsize h = 1/(N + 1). This can be written
as a generalized eigenvalue problem

Mhll = )\hAhu.

Find M;, and A, in this case.

c) Find an expression for the eigenvalues \j, ; of the discrete problem.
Discuss how well the approximations Ay ; correspond to the exact values A;.
Hints:

e The matrices M} and A; have the same eigenvectors.

e The egienvalues of a symmetric, tridiagonal matrix of the form
C = tridiag{b, a,b} € R"*" are given by

A;(C) = a+ 2bcos

i =1,2,-- ,n.
n+17 ._7 )= 7n



